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PREFACE TO FOURTH EDITION. 


The call for a new edition of this book has given opportunity 
for thorough revision of the text and the inclusion of results of 
recent investigations of machine elements. The task, by cordial 
mutual consent, was undertaken and has been executed solely 
by the junior author, upon whom the entire responsibility for the 
book now rests. 

The original plan of emphasizing fundamental principles 
and methods of reasoning is retained and there has been no 
effort to make the volume cyclopaedic in scope. 

Engineering literature has been freely consulted and the in- 
debtedness to other writers is acknowledged in the text, as in the 
earlier editions. Similarly, references are made to more exhaust- 
ive treatments of many topics than are possible in this volume. 

Thanks are extended to Assistant Professor L. E. Cutter^'" 
Mr. B. M. Green, graduate assistant in machine design, and Mr. 

D. J. -Conant, all of Stanford University, for the preparation of 
many of the drawings for the new illustrations. 
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PREFACE TO THE SECOND EDITION. 


One can never become a machine designer by studying books. 
Much help may come from books, but the true designer must 
have judgment, ripened by experience, in constructing and 
operating machines. One may know the laws that govern the 
development, transmission and application of energy; may have 
knowledge of constructive materials; may know how to obtain 
results by mathematical processes, and yet be unable to design 
a good machine. There is also needed a knowledge of many 
things connected with manufacture, transportation, erection and 
operation. With this knowledge it is possible to take results 
of computation and accept, reject and modify until a machine 
is produced that will do the required work satisfactorily. 

Professor John E. Sweet once said, ‘‘ It is comparatively easy 
to design a good new machine, but it is very hard to design a 
machine that will be good when it is old.’’ A machine must 
not only do its work at first, but must continue to do it with a 
minimum of repairs as long as the work needs to be done. The 
designer must be able to foresee the results of machine operation; 
he must have imagination. This is an inborn power, but it may 
be developed by use and by engineering experience. 

But there is a certain part of the designer’s mental equipment 
that may be furnished in the class-room, or by books. This is 
the excuse for the following pages. Machine design cannot be 
treated exhaustively. There are too many kinds of machines 
for this and their differences are too great. In this book an 



VI 


PREFACE. 


effort is made simply to give principles that underlie all machine 
design and to suggest methods of reasoning which may be helpful 
in the designing of any machine. A knowledge of the usual 
university course in pure and applied mathematics is pre- 
supposed* 
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INTRODUCTION. 


In general there are five considerations of prime importance 
in designing machines: I. Adaptation, II. Strength and Stiff- 
ness, III. Economy, IV. Appearance, V. Safety. 

I. This requires all complexity to be reduced to its lowest 
terms in order that the machine shall accomplish the desired 
result in the most direct way possible, and with greatest convenience 
to the operator. 

II. This requires the machine parts subjected to the action of 
forces to sustain these forces, not only without rupture, but also 
without such yielding as would interfere with the accurate action 
of the machine. In many cases the forces to be resisted may 
be calculated, and the laws of mechanics and the known qualities 
of constructive materials become factors in determining propor- 
tions. In other cases the force, by the use of a “breaking-piece,’^ 
may be limited to a maximum value, which therefore dictates 
the design. But in many other cases the forces acting are neces- 
sarily unknown; and appeal must be made to the precedent of 
successful practice, or to the judgment of some experienced man, 
until one’s own judgment becomes trustworthy by experience. 

In proportioning machine parts, the designer must always be 
sure that the stress which is the basis of the calculation or the 
estimate, is the maximum possible stress; otherwise the part 
will be incorrectly proportioned. For instance, if the arms of a 
pulley were to be designed solely on the assumption that they 
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endure only the transverse stress due to the belt tension, they 
would be found to be absurdly small, because the stresses resulting 
from the shrinkage of the casting in cooling are often far greater 
than those due to the belt pull. 

The design of many machines is a result of what may be called 
‘^machine evolution.” The first machine was built according to 
the best judgment of its designer; but that judgment was fallible, 
and some part ruptured under the stresses sustained; it was re- 
placed by a new part made stronger; it ruptured again, and again 
was enlarged, or perhaps made of some more suitable material; 
it then sustained the applied stresses satisfactorily. Some other 
part yielded too much under stress, although it was entirely safe 
from actual rupture; this part was then stiffened and the process 
continued till the whole machine became properly proportioned 
for the resisting of stress. Many valuable lessons have been learned 
from this process; many excellent machines have resulted from 
it. There are, however, two objections to it: it is slow and very 
expensive, and if any part had originally an excess of material, 
it is not changed; only the parts that 3deld are perfected. 

Modern an:ilytical methods are rightly displacing it in all 
progressive establishments. 

III. The attainment of economy does not necessarily mean the 
saving of metal or labor, although it may mean that. To illustrate : 
Suppose that it is required to design an engine-lathe for the 
market. The competition is sharp; the profits are small. How 
shall the designer change the design of the lathes on the market 
to increase profits? (a) He may, if possible, reduce the weight 
of metal used, maintaining strength and stiffness by better dis- 
tribution, But this must not increase labor in the foundry or 
machine-shop, nor reduce weight which prevents undue vibrations. 
(6) He may design special tools to reduce labor without reduction 
of the standard of workmanship. The interest on the first cost 
of these special tools, however, must not exceed the possible gain 
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from increased profits. (c) He may make the lathe more con- 
venient for the worlcmen. True economy permits some increase 
in cost to gain this end. It is not meant that elaborate and 
expensive devices are to be used, such as often come from men 
of more inventiveness than judgment; but that if the parts can 
be rearranged, or in any way changed, so that the lathes-man 
shall select this lathe to use because it is handier when other 
lathes are available, then econdmy has been served, even though 
the cost has been somewhat increased, because the favorable 
opinion of intelligent workmen means increased sales. 

In (a) economy is served by a reduction of metal; in (b) by a 
reduction of labor; in (c) it may be served by an increase of both 
labor and material. 

The addition of material largely in excess of that necessary 
for strength and rigidity, to reduce vibrations, may also be in the 
interest of economy, because it may increase the durability of the 
machine and its foundation, or may reduce the expense incident 
upon repairs and delays, thereby bettering the reputation of the 
machine and increasing sales. 

Suppose, to illustrate further, that a machine part is to be 
designed, and either of two forms, A or B, will serve equally well. 
The part is to be of cast iron. The pattern for A will cost twice 
as much as for B. In the foundry and machine-shop, however, 
A can be produced a very little cheaper than B- Clearly then if 
but one machine is to be built, B should be decided on ; whereas, 
if the machine is to be manufactured in large numbers, A is 
preferable. Expense for patterns is a first cost. Expense for 
work in the foundry and machine-shop is repeated with each 
machine. 

Economy of operation also needs attention. This depends 
upon the efficiency of the machine; i.e., upon the proportion of the 
energy supplied to the machine which really does useful work. 
This efficiency is increased by the reduction of useless frictional 
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resistances, by careful attention to the design and means of lubri- 
cation of rubbing surfaces. 

In order that economy may be best attained, the machine 
designer needs to be familiar with all the processes used in the 
construction of machines — pattern-making, foundry work, forging, 
and the processes of the machine-shop — and must have them con- 
stantly in mind, so that while each part designed is made strong 
enough and stiff enough, and properly and conveniently arranged, 
and of such form as to be satisfactory in appearance, it also is 
so designed that the cost of construction is a minimum. 

IV. The fourth important consideration is Appearance. 
There is a beauty possible of attainment in the design of machines 
which is always the outgrowth of a purpose. Otherwise expressed, 
a machine to be beautiful must be purposeful. Ornament for 
ornament’s sake is seldom admissible in machine design. And 
yet the striving for a pleasing effect is as much a part of the duty 
of a machine designer as it is a part of the duty of an architect. 

As a guiding principle, the general rule may be laid down 
that simplicity and directness are always best. Each member 
should be studied with strict reference to the function which it 
is to perform and the stresses to which it is subjected and then 
given the form and size best suited to meet the conditions with 
the greatest economy of material and workmanship. When 
combined, the parts must be modified in such manner as may be 
found necessary to the harmonious effect of the whole. 

V. Safety of the operator and others who come into the 
vicinity of the machine is the fifth important point in design. 
It is really a sub-division of Adaptation but, for emphasis, may 
be given the prominence of a separate head. Beyond the pro- 
visions for Strength and Stiffness, it requires that all moving 
parts shall be so formed and guarded as to eliminate, so far as 
may be foreseen, all danger of bodily accident. 
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CHAPTER I. 

PRELIMINARY. 

I. Definitions. — The study of machine design is based upon 
the science of mechanics, which treats questions involving the 
consideration of motion^ force, work, and energy. Since it will 
be necessary to use these terms almost continually, it is well to 
make an exact statement of what is to be understood by them. 

Motion may be defined as change of position in space. 

A Force is one of a pair of equal, opposite, and simultaneous 
actions between two bodies by which the state of their motion 
is altered, or a change in the form or condition of the bodies them- 
selves is effected. 

Work is the name given to the result of a force in motion. 

Energy is the capacity possessed by matter to do work. 

A Machine is a combination of resistant bodies whose relative 
motions are completely constrained, and whose function it is to 
transform available energy into useful work. 

The law of Conservation of Energy underlies every machine 
problem. This law may be expressed as follows: The sum of 
energy in the universe is constant. Energy may be transferred 
in space; it may be stored for varying lengths of time; it may 
be changed from one of its several forms to another; but it can- 
not be created or destroyed. 
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The application of this law to machines is as follows: A 
machine receives energy from a source, and uses it to do useful 
and useless work. 

A single cycle of action of a machine is that sequence of opera- 
tions during which each member of the machine has gone once 
through all the relative motions possible to it. A complete cycle 
of action is such a period that all conditions (velocities, etc., as 
well as relative positions) in the machine are the same at its 
beginning and end. 

During a single cycle of action of the machine, the energy 
received equals the total work done. The 'work done may appear 
as (a) useful work delivered by the machine,, or as (&) heat due 
to energy transformed through frictional resistance, or as (c) 
stored mechanical energy in some moving part of the machine 
whose velocity is increased. The sign of the stored energy may 
be plus or minus, so that energy received in one cycle may be 
delivered during another cycle; but for any considerable time 
interval of machine action the algebraic sum of the stored energy 
must equal zero. 

For a single cycle: 

Energy received == useful work -h useless work ± stored energy. 

For continuous action: 

Energy received = useful work + useless work. 

In operation a machine generally acts by a continuous repetition 
of its cycle. 

2. Efficiency of Machines. — In general, efficiency may be 
defined as the ratio of a result to the effort made to produce that 
result. In a machine the result corresponds to the useful work, 
while the effort corresponds to the energy received. Hence the 
efficiency of a machine = useful work ^energy received.* The 
designer must strive for high efficiency, i.e., for the greatest 
possible result for a given effort. 

* The work and energy must, of course, be expressed in the same units. ■ 
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Since it is usually necessary to do the required work at some 
distance from the necessary location of the water-wheel, Machinery 
of Transmission is used (shafts, pulleys, belts, cables, etc.), and 
the rotative energy is rendered available at the required place.* 

But this rotative energy may not be suitable to do the re- 
quired work; the rotation may be too slow or too fast; a resist- 
ance may need to be overcome in straight, parallel lines, or at 
periodical intervals. Hence Machinery of Application is intro- 
duced to transform the energy to meet the requirements of the 
work to be done. Thus the chain is complete, and the potential 
energy of the water does the required useful work. 

The chain of machines which has the steam-boiler and engine 
for its prime mover transforms the potential heat energy of 
fuel into useful work. This might be analyzed in a similar way. 

4. Free Motion. — The general science of mechanics treats of 
the action of forces upon “free bodies.” 

In the case of a “ free body ” acted on by a system of forces 
not in equilibrium, motion results in the direction of the resultant 
of the system. If another force is introrluced whose line of 
action does not coincide with that of llu; resultant, the line of 
action of the resultant is changed, and the body moves in a new 
direction. The character of the motion, therefore, is dependent 
upon the forces which produce the motion. 
This is called free motion. 

Example . — In Fig. i, suppose the free 
body M to be acted on l^y the concurrent 
forces r, 2, and 3 whose lines of action 
pass througli the center of gravity of M. 
The line of action of the resultant of these 
forces is AB, and tlie l)ody’s center of 
gravity would move along this line. 

* Electric, hydraulic, and pneumatic transniissiun syslcni.s are also em- 
ployed. 
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If another force, 4, is introduced, CD becomes the line of 
action of the resultant, and the motion of the body is along 
the line CD. 

5. Constrained Motion. — In a machine certain definite 
motions occur; any departure from these motions, or the pro- 
duction of any other motions, would result in derangement 
of the action of the machine. Thus, the spindle of an engine- 
lathe turns accurately about its axis; the cutting-tool moves 
parallel to the spindle’s axis; and an accurate cylindrical surface 
is thereby produced. If there were any departure from these 
motions, the lathe would fail to do its required work. In all 
machines certain definite motions must be produced, and all 
other motions must be prevented; or, in other words, motion 
in machines must be constrained. 

Constrained motion differs from free motion in being inde- 
pendent of the forces which produce it. If any force, not suffi- 
ciently great to produce deformation, be applied to a body whose 
motion is constrained, the result is either a certain predeter- 
mined motion, or no motion at all. 

6. Force Opposed by Passive Resistance. — A force may act 
without being able to produce motion (and hence without being 
able to do work), as in the case of the water in a mill-pond without 
overflow or outlet. This may be further illustrated: Suppose a 
force, say hand pressure, to be applied vertically to the top of a 
table. The material of the table offers a passive resistance, and 
the force is unable to produce motion, or to do work. 

It is therefore possible to offer passive resistance to such 
forces as may be required not to produce motion, thereby render- 
ing them incapable of doing work. Whenever a body opposes 
a passive resistance to the action of a force a change in its condi- 
tion is effected: the force sets up an equivalent stress in the 
material of the body. Thus, when the table offers a passive 
resistance to the hand -pressure, compressive stress is induced 
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and no motion results. If the line of action of P become tangen- 
tial, its radial eomptnient becomes zero, and P is wholly applied 
to produce rotation. If a force Q, wliose line of action lies in 
the plane of the paper, be a])plied to the cone, it may be resolved 
into a radial com])one'il, tV, and a component, M, jairallel to 
tlu' si)indle’s a.-'ds. /V is resisted as before by the journal and 
bi'jiriufit surfaces, and il/ is resisted by the shoulder .surface.s of 
the bi'arings, whicdi fit against the shoukUa surfaces of the spindle 
collars. 'I'he force Q can therefore ])roduce no motion at all. 

In geiu'ral, any force ai)i)lieil to the cone pulley may be 
re.solved into a radial, a. tangential, and an a.xial component. 
Of these' only tlu' tangential component is able to produce motion; 
and that motion is the motion ri'(|uired. 'I'he constrainment is 
therefore complete'; i.r., there can be no motion e.xcept rotation 
abenil the' spindle’s axis. 'Phis result is due to the passive rc.sist- 
ance of metallic- surface's. 

lllustralion 11. -R, Idg. .p re'i)re'se'nts, with idl details omitted, 
the "ram,” ew portion of a shaping machine' whie-.h carries the 




cutting tool. It is re'ciuired to f)roduee' plane surfaces, and hence 
the “ram” must have ae-eurate re'e'tiliiu'ar tnotion in the diree'tion 
of I IK. Any deviation from such motion we)uld render the 
machine' usek'ss. 

CemsideT l-’ig. ,p A. Any force whie'h can be ;ii)plied to the 
ram may be re'.solve'd into thre'e components: one vertical, one 
horizontal and parallel to the paper, and one ])e'ri)endicular to 
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the paper. The vertical component, if acting upward, is resisted 
by the plane surfaces in contact at C and D] if acting downward, 
it is resisted by the plane surfaces in contact at E. Therefore 
no vertical component can produce motion. The horizontal 
component parallel to the paper is resisted by the plane surfaces 
in contact at F or G, according as it acts toward the right or 
left. The component perpendicular to the paper is free to pro- 
duce motion in the direction of its line of action; but this is the 
motion required. 

Any force, therefore, which has a component perpendicular 
to the paper can produce the required motion, but no other 
motion. The constrainment is therefore complete, and the 
result is due to the passive resistance offered by metallic surfaces. 

Complete Constrainment is not always required in machines. 
It is only necessary to prevent such motions as interfere with 
the accomplishment of the desired result. 

The weight of a moving part is sometimes utilized to produce 
constrainment in one direction. Thus in a planer-table, and ia 
some lathe-carriages, downward motion and unallowable side 
motion arc resisted by metallic surfaces; while upward motion 
is resisted by the weight of the moving part. 

From the foregoing it follows that, as passive resistances 
can be opposed to all forces whose lines of action do not coincide 
with the desired direction of motion of any machine part, it may 
be said that the nature of the motion is independent of the forces 
producing it. 

Since the motions of machine parts are independent of the forces 
producing them, it follows that the relation of such motions may 
he determined withoiit bringing force into the consideration. 

7. Kinds of Motion in Machines.— Motion in. machines may 
be very complex, but it is chiefly plane motion. 

When a body moves in such a way that any section of it re- 
mains in the same plane, its motion is called plane motion. All 



PRELIMINARY. 


9 


sections parallel to the above section must also remain, each in 
its own plane. If the plane motion is such that all points of the 
moving body remain at a constant distance from some line, AB, 
the motion is called rotation about the axis AB. Example . — 
A line-shaft with attached parts. 

If all points of a body move in straight parallel paths, the 
motion of the body is called rectilinear translation. Examples . — 
Engine cross-head, lathe-carriage, planer-table, shaper-ram. 
Rectilinear translation may be conveniently considered as a 
special case of rotation, in which the axis of rotation is at an 
infinite distance, at right angles to the motion. 

If a body moves parallel to an axis about which it rotates, 
the body is said to have helical or screw motion. E.xample . — 
A nut turning upon a station aiy screw. 

If all points of a body, whose motion is not plane motion, 
move so that their distances from a certain point, O, remain 
constant, the motion is called spheric motion. This is because 
each point moves in the surface of a sphere whose center is 0. 
Example. — The arms of a fly-ball steam-engine governor, when 
the vertical position is changing. 

8. Relative Motion. — The motion of any machine part, like 
all known motion, is relative motion. It is studied by reference 
to some other part of the same machine. Some one part of a 
machine is usually (though not necessarily) fixed, i.e., it has no 
motion relative to the earth. This fixed part is called the frame 
of the machine. The motion of a machine part may be referred 
to the frame, or, as is often necessary, to some other part which 
also has motion relative to the frame. 

The kind and amount of relative motion of a machine part 
depend upon the part to which its motion is referred. Since this 
is so, it is always essential, when dealing with the motion of a 
machine part, to specify clearly the standard relative to which, 
for the time being, this motion is being considered. 
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Points * in a rigid body can have no relative motion, and 
hence must all have the same motion. 

9. Instantaneous Plane Motion and Instantaneous Centers 
or Centres. — Points of a moving body trace more or less complex 
paths. If a point be considered as 
moving from one position in its path to 
another indefinitely near, its motion is 
called instantaneous motion. The point 
is moving, for the instant, along a 
straight line joining the two indefinitely 
’ near together positions, and such a 
line is a tangent to the path. In problems which are , solved 
by the aid of the conception of instantaneous motion it is only 
necessary to know the direction of motion; hence, for such pur- 
poses, the instantaneous motion of a point is fully defined by a 
tangent to its path at the position occupied by the point at the 
instant. 

Thus in Fig. 5, if a point is moving in the path APB, when 
it occupies the position P the tangent TT represents its instan- 
taneous motion. Any number of curves could be drawn tangent 
to TT at P, and any one of them would be a possible path of 
the point; but whatever path it is following, its instantaneous 
motion is represented by TT. The instantaneous motion of a 
point is therefore independent of the form of its path. Any one 
of the possible paths may be considered as equivalent, for the 
instant, to a circle whose center is anywhere in the normal NN. 

In general, the instantaneous motion of a point, P, is equiva- 
lent to rotation about some point, O, in a line through the point P 
perpendicular to the direction of its instantaneous motion. 

Let the instantaneous motion of a point, A, Fig. 6, in a sec- 
tion of a moving body be given by the line TT. Then the motion 

* Tn this volume this term is used as interchangeable with the term “ par- 
ticles ” of mechanics. 
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is equivalent to rotation about some point on the line AB as a 
center, but it may be any point, and hence the instantaneous 
motion of the body is not determined. But if the instantaneous 
motion of another point, C, be given by the line TiTi, this motion 
is equivalent to rotation about some point of CD. But the points 
A and C are points in a rigid body, and can have no relative 
motion, and must have the same motion, i.e., rotation about the 
same center. A rotates about some point of AB, and C rotates 
about some point of CD; but they must rotate about the same 
point, and the only point which 
is at the same time in both lines 
is their intersection, O. Hence 
A and C, and all other points 
of the body, rotate, for the instant, 
about an axis of which O is the 
projection; or, in other words, the 
instantaneous motion of the body . 5 ^ 

is rotation about an axis of which 

O is the projection. This axis is the instantaneous axis of 
the body’s motion, and 0 is the instantaneous center of the 
motion of the section shown in Fig. 6. 

For the sake of brevity an instantaneous center will be called 

a centre. 

If TT and 2"\Ti had been parallel to each other, AB and 
CD would also have been parallel, and would have intersected 
at infinity; in which case the body’s instantaneous motion would 
have been rotation about an axis infinitely distant; i.e., it would 
have been translation. 

The motion of the body in Fig. 6 is of course referred to a 
fixed body, which, in this case, may be represented by the paper. 
The instantaneous motion of the body relative to the paper is 
rotation about O. Let M represent the figure, and N the fixed 
body represented by the paper. Suppose the material of M 
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to be extended so as to include O. Then a pin could be put 
through O, materially connecting M and N, without interfering 
with their instantaneous motion. Such connection at any other 
point would interfere with the instantaneous motion. 

The centro of the relative motion of two bodies is a pointy and 
the only one, at which they have no relative motion; it is a point, 
and the only one, that is common to the two bodies for the instant, 
and which may be considered as being a point of either; it is a- 
point, and the only one, about which as center either body may 
be considered as rotating, for the instant, relative to the other. 

It will be seen that the points of the figure in Fig. 6 might 
be moving in any paths, so long as those paths are tangent at 
the points to the lines representing the instantaneous motion. 

In general, centres of the relative motion of two bodies are 
continually changing their position. They may, however, remaii.. 
stationary; ix,, they may become fixed centers of rotation. 

10. Loci of Centros, or Centrodes.* — As centros change posL 
tion they describe curves of some kind, and these loci of centros 
may be called centrodes. 

Suppose a section of any body, M, to have motion relatively 
to a section of another body, N (fixed), in the same or a parallel 
plane. Centros may be found for a series of positions, and a 
curve drawn through them on the plane of N would be the 
centrode of the motion of M relatively to N. If, now, M be 
fixed and N moved so that the relative motion is the same as 
before, the centrode of the motion of N relatively to M may be 
located upon the plane of M. Each centrode being the locus 
of the centros in its plane, the two centrodes would always have 
one point in common, that point being the centro of the relative 
motion of the two bodies at the particular instant. (Otherwise 

* Centrode is here used in preference to “ centroid,” proposed by Professor 
Kennedy, because the latter term has grown to be generally accepted in mathe- 
matics as synonymous with “ center of mass.” 
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expressed, the corresponding centrodes are two curves simul- 
taneously generated in the two planes by a common tracing 
point.) Now, since the centre of the relative motion of two 
bodies is a point at which they have no relative motion, and 
since the points of the centrodes become successively the cen- 
tres of the relative motion, it follows that as the motion goes 
on, the centrodes would roll -upon each other without slipping. 
Therefore, if the centrodes are drawn, and rolled upon each 
other without slipping, the bodies M and N will have the same 
relative motion as before. From this it follows that the rel- 
ative plane motion of two bodies may be reproduced by rolling 
together, without slipping, the centrodes of that motion. 

II. Pairs of Motion Elements. — ^The external and internal 
surfaces by w'hich motion is constrained, as in Figs. 2 and 3, may 
be called pairs of motion elements. The pair in Fig. 2 is called 
a turning pair, and the pair in Fig. 3 is called a sliding pair. 

The helical surfaces by which a nut and screw engage with 
each other arc called a twisting pair. These three pairs of 
motion elements have their surfaces in contact throughout. They 
are called lower pairs. Another class, called higher pairs, have 
contact only along elements of their surfaces. Examples.— Cssas 
and toothed wheels. 
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12. Linkages or Motion Chains; Mechanisms. 
In 7, h is joined lo c by a turning pair; 
r (I shMing 

d (I '' turning “ 

a h ‘‘ “ 



I'Aicitnilly there is eoinplt‘le i'onstrainnuTt of tlie relative 
motion of a, , and d, h'or, d being (ixi'd, if any motion oeeurs 
in (*ither u, h, or (\ llu‘ otluu* two must have a |jredetermim‘(l 
t orrespomiing motion. 

t‘ may ri*pre,mnt tlu* cross heath h the eonntHling rod, and a 
ihv trank ()f a sttaiin engine td* the onlinary typia If r were 
rigitlly attatiual to a piston upoii whit*h the twpansive ft)rt'e of 
steam acts toward tlie right, a must rotate about ad, This 
n presents a nuu hine, 'Flu* members a, h, r, and d may be 
represented for the study of nLitive motions by the diagram, 
Fig. H. 

'Fids assi*mblage of bodies, eonnecled so that there is com[)lcte 
c'onsirainment of motion, may be railed a motion chain or linkage, 

IS 
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and the connected bodies may be called links. The chain 
shown is a simple chain, because no link is joined to more 
than two others. If any links of a chain are joined to more 
than two others, the chain is a compound chain. Examples will 
be given later. 

When one link of a chain is fixed, i.e,, when it becomes the 
standard to which the motion of the others is referred, the chain 
is called a mechanism. Fixing different links of a chain gives 
different mechanisms. Thus in Fig. 8, if d is fixed, the mechanism 
is that which is used in. die usual type of steam-engine, as in 
Fig. 7. It is called the slider-crank mechanism. 

But if a is fixed, the result is an entirely different mechanism; 
for b would then rotate about tlie ])ernianent center aZ), d would 
rotate about the permanent center ad, while c would have a more 
complex motion, rotating about a constantly changing centro, 
whose path may lie found. 



Fixing b or c would give, in each case, a still different mechan- 
ism. 

13. Location of Centros.— In Fig. 8, d is fixed and it is re- 
(luired to find the centers of rotation, either permanent or in- 
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stantaneous, of the other three links. The motion of a, relat 
to the fixed link is rotation about ad^ the axis of the turn 
pair joining a and d. When two links are joined by a turn 
pair their centre is always at the axis of the pair. When t 
links are joined by a sliding pair their centre lies at infinity 
a direction normal to their relative motion of translation. 1 
motion of c relative to d is translation, or rotation about a cen 
cd, at infinity vertically. The centro ah lies at the axis of 
turning pair joining a and h. This point may be conside: 
as a point in a or 6; in either case it can have but one direct: 
of instantaneous motion relative to any one standard. As 
point in a its motion, relative to d, is rotation about ad. 1 
the instant, then, it is moving along a tangent to the cir 
through ab. But, as a point in b, its direction of instantane( 
motion relative to d must be the same, and hence its mot; 
must be rotation about some point in the line ad~ab, extenc 
if necessary. Also, b has a point, be, in common with c; a 
by the same reasoning as above be, as a j)oint in b, rotates 
the instant about some point of the vertical line through 
Now ab and be are points of a rigid body, and one rotates 
the instant about some point of AB, and the other rotates 
the instant about some point of CD; hence both ab and be 
well as all other points of h) must rotate about the intersect: 
oi AB and CD. Hence bd is the centro of the motion oj 
relative to d. 

The motion of a may be referred to e (fixed), and ae will 
found (by reasoning like that applied to b) to lie at the int 
section of the lines EF and GH. 

The motion chain in Fig. 8, as before stated, is called 1 

slider-crank chain. 

14. Centres of the Relative Motion of Three Bodies are alwi 
in the Same Straight Line. — In Fig. 8 it will be seen that 1 
three centres of any three links lie in the same straight li 


i8 


MACHINE DESIGN. 


Thus ad, ah, and hd are the centres of the links a, h, and d. This 
is true of any other set of three links. 

Proof. — Let a, b, and c, Fig. ?>A, be any three bodies having 
relative plane motion. Consider a fixed. There will be a 
Centro, ah, of the relative motion of h and a; likewise there will 
be a centro, ac, of the relative motion of c and a. Let their 
positions be assumed as represented. There will also be a centro 
he and it must lie either on the line joining ah and ac or off that 
line. Assume it to lie off the line, as shown. 



By definition it is a point of both h and c, but as a point of 
either it must have the same instantaneous motion relative to 
any other link, sucli as a. If he lie off the line ah~ac as shown, 
as a point of h relatively to a it has the instantaneous motion 
M, normal to the line joining it to ah. As a point of c relatively 
to a it has the instantaneous motion N, normal to the line joining 
it to ac. But by the definition M and N, being the instantaneous 
motion of the same point relative to a, must coincide. In such 
case the normal lines hc-ah and hc-ac must coincide. No loca- 
tion of he off the line ah-ae can, therefore, fulfill the conditions 
of the definition; they can only be fulfilled by a location on the 
line ab-ac. Hence it may be stated: The three centros of any 
three bodies having relative planie motion must lie on a straight 



MOTION IN MECHANISMS. 


19 


line. This im})c)rtant j)roposition is called Kennedy’s Theorem, 
after its discoverer. 

15. Lever-crank Chain. Location of Centros.— Fi<j^. 9 shows 
a chain of four links of une<jiULl length joined to each other by 



turning pairs. The centros ah, ad, rd, an<l he may be located at 
oncc‘, sinct' tluw are at llu' ct‘ntm*s of turning pairs which join 
adjacent links to t‘afh other. 'I'he ccaitros of tlie relative motion 
of h, r:, and (/ are be, cd, and bd; and tlu‘se must be in the 
same* straight line. Hence hd is in tlie line B. The centros 
of the relative motion of a, h, and d are <//;, fo/, and ad; 
and tlu‘se also must lie in a straight lint'. Hence hd is in 
the line . 1 . Bt'ing at the .saint' tinu' in .1 and B, it must be 
at their inlerst'ction. Hy employing the same method ar may 
be found. 

16. The ednstrainment of Motion in a linkage is inde- 
pendent of the size of the motion elements. As long as tht* 
cylindrical surfat'es of turning pairs have their axes imchangeth 
the surfaces thi‘mst‘lvt‘S may be of any size whatever, and the 
motion is uncluingt'd. 'File same is true of sliding and twisting 
pairs. 

In Fig. ro, suppose the turning pair connecting c and d to be 
enlarged st> tlial it includes hr, Tlu' link r now 1 >eeomes a 
cylinder, turning in a ring utlat*hed to, and forming part of, 
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the link d. 
an eye at the 


becomes a pin made fast m 
^ A nf b. The centres are 


c and engaging with 
the same as before 



, rf pair «l, “<» 

the enlargement ot xn 

is the same. i„„c<Uatcly sutroundihg ci 

1" Fig. “ f , „„w becomes a fmg movmg m a 

is attached to <- The ^ .if„, a, in Fig. m, *hence t 

oitculat slot. Tins ^ ^ circular slot in g. 

becomes a cur\c(.^ :> relative motion is the same, 

The centros mmam - ^ 

snd the linkage y 

If, in the as in Fig. 13 , demotion 

axis is he enUvrgec ^ the link o’ is now called 

of the mechanism is *• " ^ mechanism is usually 

an eccentric insU-ad ^ main shaft of a steam- 

used to communicate m p^t on the 

strength. _„The mechanism shown in Fig. u 

‘;:!::iltomprihclplea.>madygi- 
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This mccluinism is often iise<l as follows: One end of r, as 
if, is attached to a piston workin.e; in a cylinder attached to (L 
This piston is caused to reciproc'ate by the^ expansive force of 
steam or some otlier (liiid. The other end of 6* is attached to 

r'Kc 1 1 . 



anotlun* piston, wluch also works in a cylinder attached to (L 
'This piston may pumj) water or compr(‘ss pnis (for exam|)Ie 
small ammonia ct)mi)n‘ssors f<»r refrif>:erating plants). The 
t nndv a is attached to shaft, the projhalion of wliose axis is 
ad. Tins sliafl also carrit's a lly whe(*l wliich insures ai)proxi- 
mately uniform nnation. 
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i8. Location of Centros in a Compound Mechanism. — It is 

required to find the centros of the compound linkage, Fig. 15. 
In any linkage, each link has a centro relatively to every other 



link; hence, if the number of links the number of centros = 
n{n — i). But the centro ab is the same as ha\ l.e., each centro 



is double. Hence the number of centros to be located for any 

w(w-i) 
linkage= — ^ — . 


In the linkage Fig. 15, the number of centros 


* The links are a, h, c, dj e, and /. 
The centros: ah he cd de ef 
ac bd ce dj 


2 
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The portion above the link is a slider-crank chain, and 
the character of its motion is in no way affected by the attachment 
of the part below d. On the other hand, the lower part is a 
lever-crank chain, and the character of its motion is not affected 
by its attachment to the upper part. The chain may therefore 
be treated in two parts, and the centros of each part may be 
located from what has preceded. Each part will have six centros, 
and twelve would thus be located, ad, however, is common to 

cf 



the two parts, and hence only eleven are really found. Four 
centros, therefore, remain to be located. They are be, cf, bf, and 
ce. To locate be, consider the three links a, b, and e, and it 
follows that be is in the line A passing through ab and ae; con- 
sidering b, d, and e, it follows that be is in the line B through bd 
and de. Hence be is at the intersection of A and B, Similar 
methods locate the other centros. 

In general, for finding the centros of a compound linkage of 
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the radii of the points. The latter relation can easily be found 
when the center or centro is located. 

20. A vector quantity possesses magnitude and direction. It 
may be represented by a straight line, because the latter has 
magnitude (its length) and direction. Thus the length of a 
straight line, AB, may represent, upon some scale, the magnitude 
of some vector quantity, and it may represent the vector quantity’s 
direction by being parallel to it, or by being perpendicular to it. 
For convenience the latter plan will here be used. The vector 
quantities to be represented are the linear velocities of points 
in mechanisms. The lines which represent vector quantities are 
called vectors. 

A line which represents the linear velocity of a point will 
be called the linear velocity vector of the point. The symbol of 
linear velocity will be VL Thus VIA is the linear velocity of 
the point A. Also Va will be used as the symbol of angular 
velocity. 

If the linear velocity and radius of a point are known, the 
angular velocity, or the number of revolutions per unit time, 
may be found; since the linear velocity length of the circum- 
ference in which the point travels == angular velocity. 

All points of a rigid body have the same angular velocity. 

If the radii, and ratio of linear velocities of two points, in 
different machine members are known, the ratio of the angular 
velocities of the members may be found as follows: 

Let A be a point in a member M, and B a point in a member 
N. fi== radius of A; ^2 = radius of B. VIA and VIB represent 


the linear velocities of A and By whose ratio, 7^, is known. 

K 4jC> 


Then 


VaA = 


VIA 

27tri 


and 


VaB^ 


VlB 

2TZY2 


VaA FM_ 27 rr 2 VlA_r2 VaM 
VaB ~ 27 tn ^ VIB ~ VIB VaN ‘ 


Hence 



26 


MACHINE DESIGN, 


If M and N rotate uniformly about fixed centers, the ratio 
VaM 

is constant. If either M ov N rotates about a centre, the 
ratio is a varying one. 

21. To find the relation of linear velocity of two points in 
the same link, it is only necessary to measure the radii of the 
points, and the ratio of these radii is the ratio of the linear veloci- 
ties of the points. 

In Fig. 1 6 , let the smaller circle represent the path of A, 
the center of the crank-pin of a slider-crank mechanism; the 
link d being fixed. Let the larger circle represent the rim of a 
pulley which is keyed to the same shaft as the crank. The 
pulley and the crank are then parts of the same link. The ratio 

VIA 

of velocity of the crank-pin center and the pulley surface 

VIB 

T 

=— . In this case the link rotates about a fixed center. The 
ri 

same relation holds, however, when the link rotates about a 
centro. 



22. Velocity Diagram of Slider-crank Chain. — In Fig, 17, 


the link d is fixed and 


Vlab 

Vlbc 


ab~bd 
bc-bd ' 


By similar triangles this 


expression is also equal to 


ah-0 

0=F‘ 


Hence j i} the radius of the 
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crank circle he taken as the vector of the constant linear velocity 
of aby the distance cut off on the vertical through O by the line of 
the connecting-rod (extended if necessary) will he the vector of the 
linear velocity of be. Project A horizontally upon bc-bd, locating 
B. Then bc-B is the vector of VI of the slider, and may be 


Fig. 17. 



used as an ordinate of the linear velocity diagram of the slider. 
By repeating the above construction for a series of positions, 
the ordinates representing the VI of be for different positions of 
the slider may be found. A smooth curve through the extremi- 
ties of these ordinates is the velocity curve, from which the Vis 
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of all points of the slider’s stroke may be read. The scale of 
velocities, or the linear velocity represented by one inch of ordi- 
nate, equals the constant linear velocity of ah divided by 0 -ah 
in inches. 

23. Velocity Diagram of Lever-crank Chain. — It is required 
to find VI of be during a cycle of action of the mechanism shown 
in Fig. 18, d being fixed, and VI of ab being constant. The 
two points ah and be may both be considered in the link b. 
All points in b move about hd relatively to the fixed link 

Vlab ab-bd 
Vibe ^ bc-bd ‘ 

For most po.sitions of the mechanism bd will be so located as to 
make it practically impossible to measure these radii, but a line, 
as MN, drawn pai'allcl to b cut.s off on the radii portions which 
are proportional to the radii them.sclvcs, and hence proportional 
to the Vis of the points. Hence 

Vlah ab-M 
Vibe ~ bc-N ' 

The arc in which be moves may be divided into any number of 
parts, and the corresponding positions of ab may be located. A 
circle through M, with ad as center, may be drawn, and the 
constant radial distance ab-M may represent the constant 
velocity of ab. Through Mi, M2, etc., draw lines parallel to the 
corresponding po.sitions of b, and these lines will cut off on the 
corresponding line of e a distance which represents VI of be. 
Through the points thus determined the velocity diagram may 
be drawn, and the VI of be for a complete cycle is determined. 
The .scale of velocities is found as in Sec. 22. 

24. The relation of linear velocity of points not in the same 
link may also be found. 
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Required ~yi o{^j^ referred to d as the fixed link, Fig. 19. 

The centre ah is a point in common to a and h, the two links 
considered. Consider ab as a point in a; and its VI is to that 
of A as their radii or distances from ad. Draw a vector triangle 
with its sides parallel to the triangle formed by joining ab, 



and ad. Then if the side represent the VI of A, the side aibi 
will represent the VI of ab. Consider ab as a point in b, and 
its VI is to that of B as their radii, or distances to bd. Upon 
the vector draw a triangle whose sides are parallel to those 
of a triangle formed by joining ab, bd, and B. Then, from 
similar triangles, the side Bi is the vector of B^s linear velocity. 

VI oi A vector A 1 
VloiB ^ vector B{ 

The path of B during a complete cycle may be traced, and the 
VI for a series of points may be found, by the above method ; then 
the vectors may be laid off on normals to the path through the 
points; the velocity curve may be drawn; and the velocity of 
B at all points becomes known. 
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In general^ to find the instantmieons motion, in direction and 
velocity, of a point X in any link x, relatively to a fixed link d, 
given the motion of any other link a relatively to d: First, locate 
the centre ad. All points of a rotate about this centre relatively 
to d and have linear velocities proportional to their distances 
from ad. Second, locate centro ax'. Its velocity relatively to 
d is known, likewise its direction of motion, since it is a point 
of a and therefore rotates about ad with a linear velocity pro- 
portional to its distance from ad. As a point of it has this 
same motion relatively to d. Third, locate dx. All points o£ 
relatively to d rotate about this centro and have linear velocities 
proportional to their distances from dx. Hence the linear veloc- 
ity of the point X is to the known linear velocity of the point 

X^dx 

ax as — . 

ax — dx 

2$. Angularity of Connecting-rod. — The diagram of VI of 
the slider-crank mechanism, Fig. 17, is unsymmetrical with 
respect to a vertical axis through its center. This is due to the 
angularity of the connecting-rod, and maybe explained as follows : 

In Fig. 20, AO is one angular position of the crank, and BO 
is the corresponding angular position on the other side of the 

vertical through the 
center of rotation. 
The corresponding 
positions of the slider 
are as shown. But 
for position A the 
line of the connecting- 
rod, C, cuts off on 
the vertical through 
0 a vector Oa, which represents the slider’s velocity. For posi- • 
tion B the vector of the slider's velocity is Ob and the velocity 
diagram is unsymmetrical. 



Y 


A 




Fig. 20. 



MOTION IN MECHANISMS. 


31 


If the connecting-rod were parallel to the direction of the 
slider’s motion in all positions, as in the slotted cross -head 
mechanism (see Fig. 14), the vector cut off on the vertical through 
O would be the same for position A and position B and the 
velocity diagram would be s^rmmetrical. 

Since the velocity diagram is symmetrical with a parallel 
connecting-rod and unsymmetrical with an angular connecting- 
rod, with all other conditions constant, it follows that the lack 
of. symmetry is due to the angularity of the connecting-rod. 

The velocity diagram for the slotted cross-head mechanism 
is symmetrical with respect to both vertical and horizontal axes 
through its center. In fact, if the crank radius ( = length of 
link a) be taken as the vector of the VI of aZ>, the linear velocity 
diagram of the' slider becomes a circle whose radius =the length of 
the link a. Hence the crank circle itself serves for the linear velocity 
diagram, the horizontal diameter representing the path of the slider. 

26. Angularity of Connecting-rod, Continued. — During a por- 
tion of the cycle of the slider-crank mechanism, the slider’s VI 
is greater than that of ah. 

This is also due to the an- 
gularity of the connecting-rod, 
and may be explained as fol- “5 
lows: In Fig. 21, as the crank \ y 

moves up from the position 
X, it will reach such a position, 

A, that the line of the connecting-rod extended will pass 
through B. OB in this position is the vector of the linear veloc- 
ity of both ab and the slider, and hence their linear velocities 
are equal. When ab reaches B, the line of the connecting-rod 
passes through B ; and again the vectors — and hence the linear 
velocities — of ab and the slider are equal. For all positions 
between A and B the line of the connecting-rod will cut OB 
outside of the crank circle; and hence the linear velocity of the 
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slidiT will be greater than that of ab. This result is due to the 
angularity of the connecting-rod, because if the latter remained 
always horizontaJ, its line could never cut OB outside the circle 
It follows that in the slotted cross-head mechanism the maximum 
17 of the slider =-the constant VI of ab. The angular space BOA 
hi!,!;. :m, throughout which VI of the slider is greater than the VI 
of (ill, increase's with increase of angularity of the connecting-rod r 

it increases with the ratio 

Length of crank 
Length of connecting-rod ‘ 

27. Quick-return Mechanisms. — A slider in a mechanism 
often carries a cutting-tool, which cuts during its motion in one 
direction, and is idle during the return stroke. Sometimes the 
slider carries the i)iccc to be cut, and the cutting occurs whEe 
ii |tasses under a tool made fast to the fixed link, the return 
stroke being idle. 

'The veloc ity of cutting is limited. If the limiting velocity 
be exceeded, tile tool becomes so hot that it becomes unfit for 
Hitting. 'I’lie limit of cutting velocity depends on the nature 
of the material to be cut, and the quality of the tool-steel used. 
There is no limit of this kind, however, to the velocity during 
die iflle stroke; a.n(l it is desirable to make it as great as possible, 
ill order to inerease the product of the machine. This leads 
to the design and use of “ ciuick-return” mechanisms. 

28. Slider-crank Quick Return. — If, in a slider-crank 
me. b.u.i m, the center of rotation of the crank be moved, so 
til, it the lim- of the slider’s motion does not pass through it, the 
„li.!rr will ha VI' a ([uick-return motion. 

Sit I'd;'. when the slider is in its extreme position at the 
riidit, .1. llie I'l-ank-pin center is at D. When the slider is at B, 
ihr < rank pin center is at C. If rotation is as indicated by the 
arrow, then, while the slider moves from B to A, the crank-pin 
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center moves from C over to D. And while the slider returns from 
A to B, the crank-pin center moves under from D to C. If the 
VI of the crank-pin center be as- 
sumed constant, the time occu- 
pied in moving from D to C is 
less than that from C to D. 

Hence the time occupied by the 
slider in moving from 5 to ^ is 
greater than that occupied in 
moving from A to B. The mean 
velocity during the forward 
stroke is therefore less than during the return stroke. Or the 
slider has a quick-return ” motion. 

It is required to design a mechanism of this kind for a length 
of stroke =-- 5 ^ and for a ratio 

mean VI forward stroke, 5 
mean VI return stroke 7 ' 

The mean velocity of either stroke is inversely proportional to 
the time occupied, and the time is proportional to the correspond- 
ing angle described by the crank. Hence 

mean velocity fonvard 5 angle /? 
mean velocity return 7 angle a 

It is therefore necessary to divide 360® into two parts which 
are to each other as 5 to 7. Hence a: = 210^ and /9 = i5o°. Ob- 
viously ^=^180° — /?==3o®. Place the 30"^ angle of a drawing 
triangle so that its sides pass through B and A. This condition 
may be fulfilled and yet the vertex of the triangle may occupy 
an indefinite number of positions. By trial O may be located so 
that the crank shall not interfere with the line of the slider.* 

*To avoid cramping of the mechanism, the angle BAD should equal or excee.l 
135° 




34 


MACHINE DESIGN. 


0 being located tentatively, it is necessary to find the correspond 
ing lengths of crank a and connecting-rod b. When the crank- 
pin center is at D, - 40 -a; when it is at C, BO^b +a. AO 
and BO arc measurable values of length whose difference = 2<z • 
hence a and b may be found, the crank circle may be drawn 
and the velocity diagrams may be constructed as in Fig. i-; 
remembering that the distance cut off upon a vertical through O, 
by the line of tlie connecting-rod, is the vector of the VI of the 
slider for the corres])onding position when the VI of the crank- 
pin center is represented loy the crank radius. 

It is required to make the maximum velocity of the forward 
stroke of the slider = 20 feet per minute, and to find the corre- 
sponding number of revolutions per minute of the crank. The 
maximum linear velocity vector of the forward stroke = the 
maximum height of the up])cr part of the velocity diagram; 
call it I'Vi. Call the linear velocity vector of the crank-pin center 
F/o=n-rank radius. I>et 3c=lincar velocity of the crank-pin 
center. Then 

Vl\ 20 ft. per minute 
k/y -V ’ 

20 ft. per minute X F/2 
or == ~Vh ■ 

X is therefore exprcsse<l in known terms. If now .x, the space 
the crank-pin center is required to move through per minute, 
be divided l)y Ibe space moved through per revolution, the result 
will equal the number of revolutions per minute =iV; 

■^""27rX length of crank’ 

29. Lever-crank Quick Return —Fig. 23 shows a compoyind 
mechanism. The link d is the supporting frame or fixed link, 
and a rotates about ad in the direction indicated, communicating 
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motion to c through the slider h so that c vibrates about cd. The 
link e, connected to c by a turning pair at ce^ causes } to slide 
horizontally on another part of the frame or fixed link d. The 
center of the crank-pin, ab^ is given a constant linear velocity, 
and the slider, /, has motion toward the left with a certain mean 
velocity, and returns toward the right with a greater mean velocity. 
This is true because the slider / moves toward the left while a 
moves through the angles; and toward the right while a moves 
through the angle (3. But the motion of a is uniform, and hence 
the angular movement a represents more time than the angular 
movement /?; and /, therefore, has more time to move toward 
the left than it has to move through the same space toward the 
right. It therefore has a “quick-return’’ motion: 



The machine is driven so that the crank-pin center moves 
uniformly, and the velocity, at all points of its stroke, of the 
slider carrying a cutting-tool, is required. The problem, there- 
fore, is to find the relation of linear velocities of e/ and ah for a 
series of positions during the cycle; and to draw the diagram 
of velocity of ef. 

Solution. — ah has a constant known . linear velocity. The 
point in the link which coincides, for the instant, with ah, re- 
ceives motion from ah, but the direction of its motion is different 
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from that of ab, because ab rotates about ad, while the coin- 
ciding point of c rotates about cd. If ab~A be laid off repre- 
senting the linear velocity of ab, then ab-B will represent the 
litK'ar velocity of the coinciding point of the link c. Let the 
latter point be called 

I.ocate cf, at the intersection of ef~ce with the line cd-df. Now 
cj and arc both points in the link c, and hence their linear 
velocities, relatively to the fixed link d, are proportional to their 
distances from cd. These two distances may be measured 
directly, and with the known value of linear velocity oix=^ab-B 
give three known values of a simple proportion, from which the 
fourth term, the linear velocity of cj, may be found. 

Or, if the line: BD be drawn parallel to cd-cf, the triangle 
B D ~ah is similar to the triangle cd-cj-ab, and from the simi- 

larity of these triangles it follows that BD represents the linear 
velocity of cj on tlie same scale tliat ah-B represents the linear 
velocity of Hence the line«ar velocity of cj, for the assumed 
])ositi()n of the mechanism, becomes known. But since cj is a 
])oint of the slider, all of whose points have the same linear velocity 
because its motion relatively to d is rectilinear translation, it 
follows that the linear velocity of cj is the recjuired linear velocity 
of the slider. Al ej erect a line perpendicular to the direction 
of motion of the s.lider having a length equal to BD. 

This solution may be made* for as many positions of the 
mechanism as are necc‘ssary to Icx'ate accurately tlic velocity 
curve. The ordinates of this curve will, of course, l,)e the veloci- 
ties of the slider, and the abscissae the corresi)onding positions 
of the slider. 

Having drawn the velocity diagram, suppose that it is reciuired 
to make the maximum linear velocity of the slider on the slow 
stroke per minute. Then the linear velocity of the 

crank-pin center - y can Ixj determined from the propor- 
tion 
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vector A ~ah 

Q maximum ordinate of velocity diagram’ 

^ vector A-ab 

y—U — — 

^maximum ordinate of velocity diagram* 

If r = the crank radius, the number of revolutions per minute = — . 

27zr 

When this mechanism is embodied in a machine, a becomes 
a crank attached to a shaft whose axis is at ad. The shaft turns 
in bearings provided in the machine frame. The crank carries a 
pin whose axis is at ah^ and this pin turns in a bearing in the 
sliding block b. The link c becomes a lever keyed to a shaft 
whose axis is at cd. This lever has a long slot in which the block 
h slides. The link e becomes a connecting-rod, connected to both 
6' and / by pin and bearing. The link / becomes the ‘‘cutter- 
bar” or “ram ” of a shaper: the part which carries the cutting- 
tool. The link d becomes the frame of the machine, which not 
only affords support to the shafts at ad and cd^ and the guiding 
surfaces for /, l)ut also is so designed as to afford means for holding 
the pieces to be planed, and supports the feed mechanism. 



30. Whitworth Quick Return —Fig. 24 shows another com- 
pound linkage, d is fixed, and c rotates uniformly about cd, 
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communicating an irregular rotary motion to a through the slider 
h. a is extended past ad (the part extended being in another 
parallel plane), and moves a slider / through the medium of 
a link e. This is called the ^'Whitworth quick-return mechanism.” 
The point hc^ at which c communicates motion to a, moves along 
and hence the radius (measured from ad) of the point at which 
a receives a constant linear velocity varies, and the angular 
velocity of a must vary inversely. Hence the angular velocity 
of ^ is a maximum when the radius is a minimum, i.e.^ when 
a and c are vertical downward; and the angular velocity of a 
is minimum when the radius is a maximum, i.e.^ when a and c 
are vertical upward. 

31. Problem. — To design a Whitworth Quick Return for a 
given ratio, 

mean VI of / forward 
mean VI ot f returning* 

When the center of the crank-pin, C, reaches A, the point D will 
coincide with 5 , the Hnk c will occupy the angular position 
and the slider / will be at its extreme position toward the left. 

When the point C reaches Fy the point D will coincide with 
Ey the link c will occupy the angular position cd-E, and the 
slider / will be at its extreme position toward the right. 

Obviously, while the link c moves over from the position 
cd-E to the position cd-By the slider / will complete its forward- 
stroke, i.e.y from right to left. While c moves under from cd-JB 
to cd~Ey f will complete the return stroke, i.e.y from left to right. 
The link c moves with a uniform angular velocity, and hence the 
mean velocity of / forward is inversely proportional to the 'angle 
/9 (because the time consumed for the stroke is proportional to 
the angle moved through by the crank c)y and the mean velocity 
of / returning is inversely proportional to a. Or 

mean VI oi f forward a 
mean VI oi f returning 
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For the design the distance cd-ad must be known. This may 
usually be decided on from the limiting sizes of the journals at cd 

and ad. Suppose that the above ratio = that cd-~ad = 2>''^ 

and that the maximum length of stroke of j==i2^\ Locate cd 
and measure off vertically downward a distance equal to 3", 
thus locating ad. Draw a horizontal line through ad. The 
point ej of the slider / will move along this line. Since 

and a +(3 = 360°, 
a ==150° and /? = 2io‘^. 

Lay off a from cd as a center, so that the vertical line through 
cd bisects it. Draw a circle through B with cd as a center, B 
being the point of intersection of the bounding line of a with a 
horizontal through ad. The length of the link c=^cd-B. 

The radius ad~C must equal the travel of /^2==6". This 
radius is made adjustable, so that the length of stroke may be 
varied. The connecting-rod, <?, may be made of any convenient 
length. 

32. Problem. — To draw the velocity diagram of the slider 
/ of the Whitworth Quick Return. The point he, Fig. 25, as a 
point of c has a known constant linear velocity relative to d, and 
Its direction of motion is always at right angles to a line joining 
it to cd. That point of the link a which coincides in this posi- 
tion of the mechanism with he, receives motion from he, but its 
direction of motion relative to d is at right angles to the line he- 
ad. If hc~A represents the linear velocity of he, its projection 
upon hc-ad extended will represent the linear velocity of the 
point of a which coincides with he. Call this point :r. Locate 
the centro af, draw the line af-hc and extend it to meet the vertical 
dropped from B to C. The centro af may be considered as a 
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point in a, and its linear velocity relative to d, when so considered, 
is proportional to its distance from ad. Hence 

VI of a} _a d- a} 

VI of a: ad Aic ' 



But the triangles ad-af-bc and B-C-hc are similar. Hence 

VI of aj BC 

VI of a- ~B A)d 

This means that BC represents the linear velocity of aj upon the 
same scale that B-bc represents the linear velocity of .r. But 
af is a point in /, and all points in / have the same linear velocity 
relative to d since the motion is rectilinear translation; hence 
BC represents the linear velocity of the slider / for the given 
position of the mechanism, and it may be Itiid olT as an ordinate 
of the velocity curve. This solution may he made for as many 
positions as are required to locate accurately the entire velocity 
curve for a cycle of the mechanism. 
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PARALLEL OR STRAIGHT-LINE MOTIONS. 

33. Watt Parallel Motion. — Rectilinear motion in machines 
is usually obtained by means of prismatic guides. It is some- 
times necessary, however, to accomplish the same result by 
linkages. 

The simplest and most widely known linkage used for giving 
rectihnear motion to a point without the use of any sliding pairs 
is the so-called Watt Parallel Motion. It is one of the numerous 
inventions of James Watt and 
consists of four links, three ^ 
moving and one fixed, all con- 
nected by turning pairs, d, 

Fig. 26, is the fixed link, a 
rotates relative to d about ad] 
c rotates relative to d about cd. 

The mechanism is shown in the position corresponding to the 
middle of its motion. Links a and c being equal, P is mid-point 
of b. 

As the points ah and he swing in the dotted arcs, the point P 
will travel in approximately a straight line. The whole path of 
P is a lemniscate, but the part which is ordinarily used approaches 
very closely to a straight line. 

34. Parallelogram. — ^A true parallel motion is given by the 
Parallelogram which is shown in Fig. 27. The links a, b, c, and e 
are connected to each other by turning pairs, and the linkage is 
attached to the fixed link dhy a, turning pair at ac. (This point 
is also ad and cd.) 



cd 
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The lengths ac-ab and ce- be are equal, as arc also ac-ce and 
ab-be. The point P is fixed on e. Draw a line from P to ac; it 
cuts the link b at P'. 

By similar triangles, 

P' --he P — be 
ac—ce P — ce 

p'-be =ac-ce ^ ^ - a constant. 

Therefore the point P' will lie at the same position on b for all 
positions of the mechanism. Likewise, Ipv similar triangles, the 

constant for all jjositions of the 

P' — ac be—ce 

mechanism. Since the line P-P' swings, reluti\-e to </, about the 



Fig. 27. Fid. 28. 

pole ad {aCj cd) at every instant, it is obvious that tlu‘ motions of 
P and P' relative to d will be similar to each oilier in every respect 

P Q 

and always in the ration- It follows llial, if either of 

P'—ac 

these points is guided to move in a straight line' path, the other 
point is constrained to move in a similar paralkd jiatli.* 

*The following demonstration is given for those who jm'fcr an aecurale 
proof: 

The position of the mechanism in Fig. 27 is takt'n a.s a ixTfectly general one 
and, in the same way, the instantaneous motion of the point P is assumed as 
indicated by the arrow. By methods indic'ated in (‘arlier chapters locate the 
centres de andftef. Continue the lines ad — ab and be ~(.ih until they cut the line 
P—de at X and y, respectively. It is necessary to prove that will always 
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35. Grasshopper Motion. — A device which may be used to 
change the direction of rectilinear motion through a right angle 
is the linkage known as the Grasshopper Motion^ shown in Fig. 28. 
This is the ordinary slider-crank chain with crank a and con- 
necting-rod b of equal length. The linkage is further modified 


move in a path parallel to P’s motion and at a constant proportion to it. If 
this is true for instantaneous motion it is true for any motion P may be given 
relatively to d. Draw the line P' —hd. It can be shown that this line will 
always be parallel to P — de, for, since ac — x is parallel to ce — P 

P — be_ X —hd 
be—ce bd—ac' 


Also, by similar triangles 
Hence, 


p-he P-P' 
be—ce P' ~ac 

x-bd _ P-P' 
bd—ac P' —ac' 


which, considering the triangles ac—x—P and ac — bd—P\ shows that P'-“6d 
is parallel to P—x, or to P — de. 

But P is a point of e and as such has an instantaneous motion relative to d in 
a direction perpendicular to P~de. In the same way, P' is a point of b and as 
such, relatively to d, has instantaneous motion perpendicular to P' — hd. These 
two instantaneous motions are therefore parallel. 

It remains to be shown that they will always be in the same proportion as to 
extent. The extent will be directly proportional to the instantaneous linear 
velocities. Both P and be as points of e rotate for the instant about de 

. . . , ^ VIP P-de 

relatively tod, 

Both be and P' are points of b, and as such, relatively to d, rotate about hd, 


Vibe 

VIP' 


be — bd be — de „ . , v 

— — (by similar triangles). 

P' — bd y—‘de ° 


Multiplying, 


VIP ^ Jibe P^de ^J-de VIP 

Vlbe'^VlP'~oe-de'^ ^J>-de^ VIP' 


P-de 

y—de 


= (by similar triangles) , 


P — ce * . 1 

, =a constant value. 

be—ce 

Or, in other words, the linear velocities of P and P' bear a constant ratio to each 
other for all positions of the mechanism, and hence, these points will trace 
proportionately similar paths on d. — Q.E.D. 
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by extending b beyond ah to a point P vsuch that the length 
P-a& = crank length. It is obvious that F is constrained to move 
relative to c? in a straight-line path perj)en(licular to d through 
ad.^ 

36. General Method for Parallel-motion Design.— A general 
method of design which is applicable in many cases is as follows. 
In Fig. 29 d is the fixed link, and a is connected with it by a sliding 
pair, a, 6, c, and e are connected by turning pairs, as shown. 
The constrainment is not complete l)ecause- B is free to move 
in any direction, and its motion would, therefore', depend upon 
the force producing it. It is required that tlie point B shall move 



in a straight line parallel to a. Suppose that B is caused to move 
along the required line; then any point of the link c, as will 
describe some curve, FAIL If a pin be attached to c, with its 
axis at A^ and a curved slot fitting the pin, with its sides parallel 
to FAE, be attached to as in Fig. 30, it follows that B can only 
move in the required straight line. This is the mechanism of the 
Tabor Steam-engine Indicator. 

* This is true because, from the CDnslructitin of the mechanism, the line P-hd 
must always lie parallel iod. The point P^ which rotates about hd as center rela- 
tively to d, always has an instantaneous motion perjHjndicular to P--hd and, con- 
sequently, perpendicular to d. 
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The curve described by A might approximate a circular arc 
whose center could be located, say, at O, Fig. 30. Then the 



Fig. 30. 

curved slot might be replaced by a link attached to d and c by 
turning pairs at O and A. This gives B approximately the 
required motion. This is the mechanism of the Thompson 
Steam-engine Indicator. 

If, while the point B is caused to move in the required straight 
line, a point in 6, as P, Fig. 29, were chosen, it would be found 



Fig. 31. 

to describe a curve which would approximate a circular arc, 
whose center, O, and radius. =f, could be found. Let the link 
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whose length = r be attached to d and h by turning pairs whose 
axes are at 0 and P, and the motion of B will be approximately 
the required motion. This is the mechanism of the Crosby 
Steam-engine Indicator. One very important fact, however, 
is to be noted in connection with all steam-engine indicator 
pencil mechanisms. While it is important that the pencil point 



Fig. 304. 

B (Figs. 29 and 30) travel in a straight-line path parallel to the 
axis of the piston rod a, it is fully as important lliat the motion 
of the point B always be exactly the same multiple of «’s motion. 
To determine in any given case whether this is true or not, lay 
off very accurately and to a large scale, say live times actual size, 
a skeleton oudine of the mechanism for three ])osilions. See 
Fig.304. These positions are taken so that the total distance 
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represents the allowable range of the instrument as 
stated by the maker, usually about 3". B^ is located at the mid- 
position. The links a, c, e and / are drawn for each case in 
their proper relative positions, d being considered as the fixed 
link. 

The subscripts i, 2 and 3 refer to the positions of the links 
corresponding to the three pencil positions B^^ B^ and B.^, 

First take position 5 ^. The centros df and de are located 
at once because they are permanent centers as well. Since <2’s 
motion relative to d is rectilinear translation, the centre ad will 
lie at infinity in a direction at a right angle to the direction of 
motion, or, in this case, at horizontal infinity. The centros c/^, 
and ce.^ are located at once at the axes of the turning 
pairs connecting the respective links. 

Using Kennedy's theorem locate cd^ (on lines de—ce^ and 
df—cf^), and (on lines cd^ — ad and ab^—bc.^). At the 
instant in question, every point of c relatively to d is rotating 
about the centro cd^ and each point will have a linear velocity 
proportional to its distance from cd^. But B^ and ac^ are both 


points of c. Hence we may write 


_ ac.^ — cd 
~ B,--cd[' 


But 


ac. 


is also a point of a and at any instant every point of a has the 
same velocity relatively to d because the motion of a relative to d 


is rectilinear translation 


yu 

Yib, 


ac,~-cd. 


B^ —cdx 


Similarly for the second position. 

Via ac^— cd. 


VI B, B., - cd^ 


^ . 


And for the third position, 


ac^ 


cd. 


Via 

VI B^ B.~cd. 
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But, for proper action, 

Via _ Via ^ 
VI ' VI 

• should equal 

"B,-cd, 


Via ^ 
VI B:, 

ac., — cfli; 
Bt—cd^,’ 


constant for all positions, 
and also equal 

B.J - cd^ 


otherwise the diagrams will give a distortion of the piston, a’s, 
motion. Also for true parallel motion B^ should lie on the same 
horizontal through cd, on which ac, lies; on the horizontal 
through edv, and B, on the horizontal through cd,. 

An examination of existing indicator mechanisms in this 
manner gives very interesting results, and separates clearly 
those instruments which distort from those which are correct. 

37. Problem. — In Fig. 31, B is the fixed axis of a counter- 
shaft; C is the axis of another shaft which is free to move in 
any direction. It is required to constrain D to move in the 
straight line EF. If D be moved along EF, a tracing-point 
fixed at A in the link CD will describe an apimoximate circular 
arc, DAK, whose center may be found at O. A link whose 
length is OA may be connected to the fixed link, and to the link 
CD, by means of turning pairs at O and A. D will then be 
constrained to move approximately along F^F. A curved slot 
and pin could be used, and the motion would lie exact. 

37A. Peaucellier Straight-line Motion. — This is an eight- 
link chain, all link connections being turning pairs, which gives 
true straight-line motion within the limits of its action. The 
mechanism is shown in two positions in Fig. giA, one in heavy 
lines, the other in light lines. The fixed link is d, and when a 
is oscillated about the centro ad, the point P travels in a straight 
line. The linkage is symmetrical: a = d, h-^-c, and c, f, g, and 
h are equal. Because of this symmetry, whatever position of 
the mechanism be considered, A and P will lie in a straight line 
passing through D, as will also the mid-point O of the diagonal 
A-P . Since e, f, g, and k are equal, it can be proven readily 
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that the diagonal B-C bisects A-P at O and makes an angle 
of 90° with it. 

Therefore, 

bC^^DO^ACO^, 

and Cp^Cd^APd\ 

bc^-cp^=bb^-pd^, 

= {DO -PO)iDO+PO), 

= DAXDP. 

DC and CP, being the length of the respective links c and 
are constant for the mechanism irrespective of position; from 



which it follows that the first term in the foregoing equation 
is a constant and, therefore, the product of the variable distances 
DA and DP is a constant. 

Consider a to have swung to the position ad~A\ The 
mechanism will then be constrained to assume the position shown 
by the light lines. From what has just been proven, 

DAXDP^DA'XDP', 

DA DP' 

DA~DP' 
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The triangles DPP' and D.VA. having an angle in common 
with its adjacent sides j^ropnrtinnal, are similar. But the end 
of link a in swinging from position A to A' travels in the cir- 
cumference of a circle \vhost‘ diamelia- DA ui and a being equal) 
and consequently the angle />.1M is a right angka From this 
it follows that the angle DPP' must also 1 h‘ a right angle. The 
proof, being inde])endenl of the positkm chi)sem holds for all 
positions and, therefons the point P travtds in a straight line 
perpendicular to DP. 

The theoretical limits to this motion an^ tht‘ positions on 
either side of the line DP wlum DP' {c ^ /)A'' 

* Descriptions of many varirtios of nuraliol motiiniN maybe found in Kankine’s 
“Machinery and Millwork”; VVeisbaeh's “ .Met Imnii s of InudnecriuK," Vol. Ill 
“Mechanics of the Machinery of 'rransnussii)n"; Kennedy’s “Mechanics of 
Machinery”; and elsewhere. 
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CAMS. 

38. Cams Defined. — A cam is a machine part of irregular 
mtline which, having a motion of reciprocation, rotation or 
)Scillation, communicates motion by means of point or line 
:ontact to another part, called the follower. In most cases the 
bllower is to be given a motion of reciprocation or oscillation 
Lccording to stated conditions governing the positions it is to 
occupy for definite positions of the cam. 

The method of design is the same in all cases, and consists 
n laying down in the plane of the cam the successive positions 
vhich. the follower surface is to occupy relative to it, and then 
n drawing the outline of the cam tangent to these positions, 
t follows from this that the form of the cam outline depends 
LOt only on the law of motion which the follower is to obey, 
)ut also depends upon the form of the contact surface of the 
ollower. These principles can be understood most readily by 
onsidering a few simple cases. 

39. Case I. — A cam — which rotates counterclockwise, with 
iniform angular velocity, about a given center — is to impart 
^ motion of straight-line reciprocation to a follower, the center 
ine of whose action passes through the cam center. The fol- 
ower is to rise with uniform linear velocity from its lowest to 
ts highest position while the cam rotates through 135°; it is to 
emain at rest while the cam rotates through the next 45^^; and 
t is to return with uniform velocity to its lowest position while 
he cam completes its rotation. Three cams will be considered: 
[a) the follower is pointed, i.e., wedge-shaped; (b) the follower 
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The triangles DPP' and l)a\“ing an angle in common 

with its adjacent sides j)roi)()rli(>nal, are sinular. But the end 
of link a in swinging from position A to A' travels in the cir- 
cumference of a circle whose diametca* /)/! (d and a being equal) 
and consequently the angle DA' A is a right angle. Fron^ this 
it follows that the angle DPP' must also Ik* a right angle. The 
proof, being independent of the position ('hosen, liolds for all 
positions and, therefore, the ])oint P (ravtds in a straight line 
perpendicular to DP. 

The theoretical limits to this motion an* the [jositions on 
either side of the line DP wlum DP' (r \ /).* 

♦Descriptions of many varieties of parallel tnotiims may In- found in Rankine’s 
‘^Machinery and Millwork”; Weishaeh’s “Mta hanies of KiiKiueerinf?,” Vol. HI 
“Mechanics of the Machinery of 'rninsmissioti”; Kennedy’s “Moehanics of 
Machinery”; and elsewhere. 
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itationary for the next 45° of the cam’s rotation, the relative 
)03itions of cam element and follower surface are the same for 
ilement 5 as for 4. Divide the remaining 180° of the cam into 
LS many equal parts as may be convenient, say 4, numbering 
he successive radial lines S, 6, 7, 8, and i. Similarly divide the 
listance the follower is to descend during this angle of rotation 
)f the cam into 4 equal parts, numbering the respective posi- 
ions of the follower point S, 6 , 7, 8, and i, on the left-hand side 
if the line of action. (If the follower were not to descend with 
Lniform velocity, these divisions would, of course, no longer be 
nade equal, but would be laid off in direct proportion to the 
notion to be imparted to it.) Continue the layout of simul- 
aneous positions for this portion of the cam. Draw a smooth 
urve through the positions occupied 
ly the follower points on the radial 
ines — the portion from elements 4 
3 5 being a circular arc. This 
^ves the outline of the cam which 
dll give the desired motion to the 
Dllower. 

Example (6) is constructed in 
xactly the same manner. See Fig. 

3. In this case the base circle is 
rawn through the lowest position 
f the follower roller center. The 
ositions which this center is to 
ccupy for the various angles of cam rotation are located, just 
s were the pointed follower tips, and swung to the respective 
adial lines. At each center thus located a circle, the size of the 
3llower roller, is drawn and the cam outline completed by 
rawing a smooth curve tangent to these circles. 

Example (c), Fig. 34, shows the identical construction applied 
) the flat-faced follower — the successive simultaneous positions 
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has a cylindrical roller; and {c) the follower has a flat contact 
surface normal to its line of action. 

Consider first the case with the pointed follower shown in 
Fig. 32. With a center at 0 , the center of rotation of the cam, 

a circle is drawn through the point 
occupied by the tip of the follower in 
its lowest position. This is known as 
the base circle. This circle is now 
divided, in a clockwise direction 
(against the direction of cam rotation), 
into three major portions, of 135^^, 45°^ 
and 180®, respectively, corresponding 
to the major divisions of the follower’s 
cycle of motion. The path of the 
follower point is next divided into 
any convenient number of parts, say 
three, equal in this case since the follower is to rise uniformly. 
The more divisions there are taken, the more accurately will 
the cam outline be determined. The 135° portion of the base 
circle is divided into the same number of equal parts by radial 
lines. Beginning with the lowest, number the follower point 
positions i, 2, 3, and 4, on the right-hand side of the line of 
action. Beginning with the vertical radial line of the cam, num- 
ber these elements similarly i, 2, 3, and 4. When element i of 
the cam is in the vertical position the follower tip is to be at the 
distance O-i from the cam center. When element 2 of the cam 
has swung up to the vertical position, the follower point is to be 
at the distance O-2 from the cam center. With this distance 
as radius, and 0 as center, swing an arc cutting the cam element 
2 and at this point of intersection draw the follower tip, showing 
in the plane of the cam the simultaneous relation of cam and 
follower when element 2 reaches the vertical position. Repeat 
this construction for elements 3 and 4, Since the follower remains 
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stationaiy for the next 45° of the cam’s rotation, the relative 
positions of cam element and follower surface are the same for 
element 5 as for 4. Di\ide the remaining 180° of the cam into 
as many equal parts as may be convenient, say 4, numbering 
the successive radial lines 5, 6, 7, 8, and i. Similarly divide the 
distance the follower is to descend during this angle of rotation 
of the cam into 4 equal parts, numbering the respective posi- 
tions of the follower point 5, 6, 7, 8, and i, on the left-hand side 
of the line of action. (If the follower were not to descend with 
uniform velocity, these divisions would, of course, no longer be 
made equal, but would be laid off in direct proportion to the 
motion to be imparted to it.) Continue the layout of simul- 
taneous positions for this portion of the cam. Draw a smooth 
curve through the positions occupied 
by the follower points on the radial 
lines — the portion from elements 4 
to 5 being a circular arc. This 
gives the outline of the cam which 
will give the desired motion to the 
follower. 

I 

Example (b) is constructed in \ 
exactly the same manner. See Fig. 

33. In this case the base circle is 
drawn through the lowest position 
of the follower roller center. The 
positions which this center is to 
occupy for the various angles of cam rotation are located, just 
as were the pointed follower tips, and swung to the respective 
radial lines. At each center thus located a circle, the size of the 
follower roUer, is drawn and the cam outline completed by 
drawing a smooth curve tangent to these circles. 

Example (c), Fig. 34, shows the identical construction applied 
to the flat-faced follower — the successive simultaneous positio4S 
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of cam element and lower surface of follower being laid down 
and the cam outline drawm by constructing a smooth tangent 
curve to the follower surfaces. This type of follower frequently 

calls for impossible cams, unless the 
given law of motion maybe mod- 
ified slightly. 

It will be noted that, although 
the law of motion for the follower 
is the same in all three cases, the 
form of the cam outline derived 
varies with the form of contact sur- 
face of the follower. 

In the cases considered above 
the follower is given a uniform mo- 
tion up and down. This is done for 
simplicity. As a usual rule, particularly for high-speed operation, 
the follower neither should be started nor ‘stopped abruptly. 
It should not be given a uniform motion throughout its path, 
but should be given a gradually accelerated motion at the start 
in each direction and a similarly retarded motion at the finish. 




Fig. 35. 


In Fig. 35 {a) there is shown a method, which explains itself, 
for so dmding the path, AB, of the follower that the latter will 
be given accelerations and retardations corresponding to simple 
harmonic motion. In Fig. 35 (6) there is shown a construction 
for conveniently dividing the follower path AB to give stiU more 
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gradual starting and stopping accelerations and retardations. 
The law is that of gravity acceleration. Both cases show sym 
metrical motion of the follower about the mid-point, C, of its 
path. This is, obviously, not essential. Fig. 35 {c) shows the 
necessary modification to adapt method {a) for making the fol- 
lower have its maximum velocity at any point, P, of its path- 
The method is equally applicable to construction (&). 

40. Case II. — ^The follower is pointed and is to have a motion 
of straight-line reciprocation, but now its line of action passes 
to one side of, and not through, the center of rotation of the 
cam. The line may be in any position relatively to the center 
of rotation of the cam; hence it is a general case. The point 
of the follower which bears on the cam is constrained to move 
in the line MN^ Fig. 36. O is the center of rotation of the cam. 
About O as a center, draw a circle 
tangent to MN at /. Then A, B, 

C, etc., are points in the cam, 
found by dividing the base circle 
with radial lines corresponding to 
the angles through which the cam 
is to rotate while the follower oc- 
cupies successive positions, accord- 
ing to the method described in the 
preceding section. When the point 
A is at / the point of the follower 
which bears on the cam must be at A'; when B is at / the 
follower point must be at B'; and so on through an entire revolu- 
tion. Through A, B, C, etc., draw lines tangent to the circle. 
With O as a center, and 0 ^' as a radius, draw a circular arc 
A'A"', intersecting the tangent through A at A'\ Then A^' 
will be a point in the cam curve. For, if A returns to /, AA'" 
will coincide with JA', A'' will coincide with A', and the cam 
will hold the follower in the required position. The same process 
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for the other positions locates other points of the cam curve. 
A smooth curve drawn through these points is the required 
cam outline. Often, to reduce friction, a roller attached to 
the follower rests on the cam, motion being communicated 
through it. The curve found as above will be the path of the 
axis of the roller. The cam outline will then be a curve drawn 
inside of, and parallel to the path of the axis of the roller, at 
a distance from it equal to the roller's radius. The path of the 




point of contact between the follower and the cam is not confined 
to the line MN it a, roller is used. 

41. Case m — This is the same as Case I (c), except that 
the positions of the follower surface, instead of being parallel, 
converge to a point. O', Fig. 37, about which the follower vibrates. 
The solution is the same as in Fig. 34, except that the angle 
between the lines representing the corresponding positions of the 
lower, or contact, surface of the follower, and the radial lines, 
instead of being a right angle, equals the angle between the 
corresponding positions of the follower surface and the vertical. 
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In these cases the cam drives the follower in only one direc- 
i; the force of gravity, the expansive force of a spring, or 
le other force must hold it in contact with the cam. To 
ve the follower in both directions, the cam surface must be 



ble, i.e., it takes the form of a groove engaging with a pin 
Dller attached to the follower, as in Fig. 
rhis method is inclined to produce excessive wear. A better 
lod is to have the follower provided with two rollers on 
)site sides of the cam-shaft engaging complementary cams. 

Fig* 3^- 

2am A is designed to give the desired motion to. the follower 
ugh the medium of roller i. Every position of this roller 
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for the other positions locates otlu-r points of the cam curve. 
A smooth curve drawn througli tlicsc- points is the napiired 
cam outline. Often, to reduce friction, a rolh-r attached to 
the follower rests on the cam, motion heing communicated 
through it. The curve found as ahove will he the [lath of the 
axis of the roller. The cam outline will then he a curve drawn 
inside of, and parallel to the patli of tlu- axis of the roller, at 
a distance from it equal to the roller’s radius. Tin- path of the 




point of contact between the follower and the i .ini is n*»t conlined 
to the line MN if a roller is used. 

41. Case III.— This is the same as Case 1 (< ). except that 
the positions of the follower surface, insteatl of lieing parallel, 
converge to a point. O', Fig. 37, about whit h the fothiwer vibrates. 
The solution is the same as in h’ig. .pj, extepi that the angle 
between the lines representing the ctirresjamding positions of the 
lower, or contact, surface of the follower, anti the ratli.al lines, 
instead of being a right angle, etpaals the angle between the 
corresponding positions of the follower surface and the vertical 
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In these cases the cam drives the follower in only one direc- 
tion; the force of gravity, the expansive force of a spring, or 
some other force must hold it in contact with the cam. To 
drive the follower in both directions, the cam surface must be 



double, i.e.j it takes the form of a groove engaging with a pin 
or roller attached to the follower, as in Fig. 37^. 

This method is inclined to produce excessive wear. A better 
method is to have the follower provided with two rollers on 
opposite sides of the cam-shaft engaging complementary cams. 
See Fig. 38. 

Cam A is designed to give the desired motion to the follower 
through the medium of roller i. Every position of this roller 
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sum of the radial lengths a + J = a constant = the distance be- 
tween the centers of rollers i and 2. 

This method is also applicable to cams engaging flat-faced 
followers. In this case the complementary cams operate on 
parallel faces of a follower yoke as shown in Fig. 38.4. 

In the si)ecial case in which the law of motion of the fol- 
lower for one-half the revolution of the cam may be the reverse 
of that for the other half-revolution, it is not necessary to use 
complementary cams. A follower with two rollers can then 
be used on a single cam as shown in Fig. 38^. One half the 
cam is first designed (sec full lines) to give the follower the de- 
sired motion in one direction. The other half of the cam (sec 
dotted lines) is then determined by the condition that the fol- 
lower rollers must always l)e the same distance apart, hence 
- etc. 

The same construction can l)e applied to a forked or yoke 
follower, as shown in Fig. 38C, the distance between the parallel 
tangents being uniformly eciual to A B. 

42. Case IV. To lay out a cam groove on the surface of a 
cylinder to give the follower a motion of reciprocation parallel 
to the cam axis. -/I, Fig. 39, is a cylinder which is to rotate 
continuously about its axis. B can only move parallel to the 
axis of A. B may have a i)rojccting roller to engage with a 
groove in the surface of A. CD is the axis of the roller in its 
mid-position. KF is the development of the surface of the cylinder. 
During the first ((uarter-revolution of A, CD is re([uired to move 
one inch toward the right with a constant velocity. Lay off 
CH I ", and IIJ \KF^ locating J. Draw C/, which will l)e the 
middle line of the cam groove. During the next half-revolution of 
A the roller is reciuired to move two inches toward the left with a 
uniformly accelerated velocity. Lay off 2", and LM = .^ZjP. 
Divide LM into any number of ecjual parts, say four. Divide 
JL into four parts, so tluit each is greater than the preceding one 
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by an equal increment. 'I'liis may he diinc as lulltnvs; r -(-2 + 
3 + 4=10.* Lay of from o. i.//.. Im atiii}.': o; tluai a..;.//, fro^i 
a, locating h] and so on. 'Fliniugh a. l\ and < draw vertical 
lines; through m, n, aiui o draw hori.aiiital lines, '['(n. 
intersections locate </, <■, and /. 'Fiirough these |ii»ints draw the 
curve from J to .1/, which will he the reijnireil middle line 
of the cam-groove. During the remainitjg quarter revolution 
the roller is required to return to its starting [.oitu witii a 

I. i 




unifonnly accelerated velocity. 'Fhe . nrve \f.V is drawn in 
the same way a.s 7.1/. Using tlte line as a hu us of 

centers, swing in circles of a diaim-ter equal to that of the ful 
lower roller. I he cnvelojx* of these is the tlevrlujxal i am groove. 
This groove can now In: projectetl hac k, from the .ieveloiH-d 
cyhnder to the cylinder A, hy the ordinary method ..f th-st rii.tive 

*The most frequent tyjK; of uniformly iuiclrratnl im.o.in A ih<u •.! failinit 
bodies, in which the 8ucco«avf distames none iltrouKl* in r»im,i intrfvaH of time 
are in the ratios: t, 3, 5, 7, etc. 
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geometry. In other words, wrap EF upon the cylinder Aj and 
the required cam groove is located. 

The same method is applicable for determining a cam groove 
on a conical surface to give the follower a motion parallel to 
the cone surface element. 



The fundamental method laid down in this chapter is capable 
of indefinite application. Fig. 39^ shows a method by which 
two cams, operating simultaneously on two attached follower 
links, can cause a given point of the mechanism to trace almost 
any close;!, jilane path, however complex. Nor is the method 
confined to generating plane motion. The wide usefulness of 
cams in machines requiring intricate motions is, therefore, ap- 
parent. 
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43. The subject of riioiioi, .-mil v. Imu'jv, i„ , ,Tt;iin Kimnl 
machines, has been Ircatcl au,l iibc trair.i, 1, ,uJto 

consider the pussajte of r/irri^y tlll■■ll!.;b -.itni!.!!- tn-t, bln.-, bv,,!, 
this the solution of force [irobleiiK uill bdlMU . " 

During the passage of eiierey tfinMi!.!i .1 hinr. , ij.,,-,, 
machines, any one, or all, of tour < li.uiue*. in.iv , i, , ur 

l. The energy may In- tn.ustVne.l in p.o.-, pv 

ergy is received a. one e.ul of a shaft and tran ,fen, .1 ,l,e other 
end, where it is received and utilised bv a iii.i. bine. 

11. The energy may Ih' lonveri.d into .neuber f..rui 

Heat energy into nu-. bani. ,d In the steam' 

engine machine chain, (/d Me. bani. al . ..etgv i,H„ In-.u bv iric- 
tion. (c) Mechanical energy inn. e!,-.tn..d em nn. as' i„ 
dynamo-electric machine; or ..I.a tri.al en.Tgv into' hanica 
energy m the electric motor, ett . 

m. Enc-rsy h ,h, j,, „„ ^ 

Enow per „„,l • 

fortcfaelorim.la wlirty | y 

|.mc Ei.her,a..,„r 

»- 

force H,u the 

eespondmsly, !„,« 

eny^ per ^ 

«y .00 feet per nrmu.e, r,„,| ^ 


ttj 
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tional resistance is neglected. A cutting-tool in the machine 
does useful work; its velocity is 20 feet per minute, and the re- 
sistance to cutting is 300 lbs. Then, energy received per minute 
= 120X50-^6000 foot-pounds; and energy delivered per minute 
= 20X300 = 6000 foot-pounds. The energy received therefore 
equals the energy delivered. But the velocity and force factors 
are quite different in the two cases. 

IV. Energy may be transferred in time. In many machines 
the energy received at every instant equals that delivered. There 
are many cases, however, where there is a periodical demand for 
work, i.e., a nuctuation in the rate of doing work; while energy 
can only be supplied at the average rale. Or there may be a uni- 
form rate of doing work, and a lluctuating rate of supplying 
energy. In such cases means are provided in the machine, or 
chain of machines, for the sloring oj energy till it is needed. In 
other words, energy is transjerred in iime. Examples.— {a) In 
the steam-engine tliere is a, varying rale of supi)lying energy dur- 
ing each stroke, while tliere is (in general) a uniform rate of doing 
work. 'There is, therefore, a periodical excess and deficiency of 
effort. A heavy wheel on tlie main shaft absorl)s the excess of 
energy with increased velocity, and gives it out again with re- 
duced velocity when llie effort is delicient. {b) A i)ump delivers 
water into a i)i])e system under pressure. The water Is used in a 
hydraulic jiress, whose action is periodic and beyond the capacity 
of the |)ump. A hydraulic accumulator is attached to the pipe 
system, and while tlie press is idle the pump slowly raises the 
accumulator weight, thereby storing potential energy, which is 
given out rajiidly by the descending weight for a short time while 
the press acts, (r) A dynamo-electric machine is run by a steam- 
engine, and the cdec'tric'al energy is delivered and stored in storage 
batteries, upon wliich there is a periodical demand. In this case, 
as well as in case (W, there is a transformation of energy as well 
as a transfer in tinu‘. 
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44., Force Problems. — Siipposi* tlie slitkT rraiik nurhauism in 
Fig. 40 to represent a shaping inaehinc, llu- velocity diagram of 



the slider being drawn. The resistanct' offered to cutting metal 
during the forward stroke must 1 h‘ (oa^rconu*. 'This resistancx‘ 
may be assumed constant. Throughout tlie cutting stnike there 
is a continually varying ralv oj tcork, d'his is InH aust* the 

rate of doing work ^ resisting force (t'onstant) • vtdcH'ity (vary- 
ing). This product is continually varying, and is a maxinmm 
when the slider’s velocity is a nuaxinnutt. slider must Ik^ 

driven by means of energy transmitted thnnigh the t rank «/. I'he 
maximum rate at which energy ttuisl 1 h‘ suppliisl etjuals the maxi- 
mum rate of doing work at the slider. Draw tlte nux'hanism in 
the position of maximum velocity of sliding ^ ij\, Inrdtv thv exmter 
of the slider-pin at the base of the maximum ordinati* tlu* veloc- 
ity diagram, and draw h and a in t!u‘ir t'orresiMualing [M>silions. 
The slider’s known velocity is n^invsentinl lyv y, ant! tlieerank^ 
pin’s required velocity is represented by a <»n the same* scale. 
Hence the value of a becomes known lyv simple pniporliiin, I'he 
rate of doing work must be tiu* same at c ami at ah (ru'gleeting 
friction). t Hence Jivi in wliic'h R and tg nqirt^sent the 

* It is customary to assume the slhler’s |HwUtt>n f«u’ llii * i !»» Ik* that 

corresponding to an angle of 90® In'tweeri rnink nml 1 tmtm UIiIh Ih tm 

exactly true, but is a sutheiently close apiiroximatitiu fur the tinliiiiyv |»ro|Mtrti«ii.H 
of crank and connceting-nsl lengths. For mvtlunl of drlrniiifiiititiri of 

slider^s position see Ai)pen(li.x. 

tThe effect of acceleration to redistribute energy hi /.ero in tltin |«»Hitton, 
cause the acceleration of the slider at maximum veltKity m /.vrtK liiitl the angular 
acceleration of b can only produce nrmurc in the muifud at .iJ, If iCt et|uals 
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force and velocity factors at c] and F and represent the tangen- 
tial force and velocity factors ab. R and are known from the 
conditions of the i)roblcm, and is found as above. Hence F may 
Rvi 

be found, force which, applied tangentially to the crank- 

pin center, will overcome the maximum resistance of the machine. 
In all other positions of the culling stroke the rate of doing work 
is less, and F would be less. Hut it is necessary to provide driv- 
ing mechanism capable of overcoming line maximum resislance, 
when no ily- wheel is used. If now F be niulliplied l)y the crank 
radius, the product ectuals the maximum torsional moment { 
required to drive the machine. If the energy is received on some 
different radius, as in case of gear or l)elt transmission, tlie maxi- 
mum driving force M c- the new radius. During the return 

stroke the culling-tool is idle, and it is only necessary to overcome 
the frictional resislance to motion of llie bearing surfaces. Hence 
the return stroke is not considered in designing the driving mech- 
anism. When the method of driving this machine is decided on, 
the ca/)a6’/7y of the driving mechanism must l,)e such that it shall 
be capable of suj)plying to the cratik-shafl the torsional driving 
moment M, determined as above. 

This method ai)plies as wi‘ll to the (iiiick-return mechanisms 
given. In each, when the velocity diagram is drawn, the vector 
of the maximum linear vcloc'ity of the sIhKt, - Li, and of the 
constant linear velocity of the crank pin center, are known, 

and the velocities corresponding, t/i and also known, from 

the scale of velocities. The rate of doing work at the slider and 

the force tiecessary to produce acceleration of the slider mass at any pt»sition and 
the force nc'cessiiry at the crank pin to pn^luct' tangential acceleration of the 
rotating mass (assuming a variable velo<ity of the crank pin as well slider), 
then the equation in its most general form will be {RY (Fi J^a)V‘2. 

Vifith uniform rate of rotation of the crank this becomes (i? } and 

for position corresfionding to maximum velocity of slider, as above, Rvi^Fv^. 
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at the mnk-pin aiitcr i> t!ii' .anu-, U u::- ; 1., in.. iu'<a:i(.fu.(i_ 
Hence Rvr /’‘'e. an- i.n,|,„rti(,nal 

tothcvekK-itk'i;theyr(-piVM-n!. A’/,, A/ ..; .nui A 
fore the resistuiu'c tu i!u' .‘!i<iei •. A, nn (In. cmtjjjg 

stroke, multiplied hy tlu* raiin fi litir.ii \» !m, iiv \viUn\, "1^ 

slider and crank piiu tMiuals l\ thr \i\,i\‘innni Imim ih;ii 
applied tangentially at tlu' tianlp!!i in .iuv nmiiun. 

F multiplied by the rraitk ra«iiu. tn.iWAVJn !*•! Mnnal driving 
moment re(iuired by i!um rani diaii. If I\ : ^ ai \ and knmvn, 

find where thv iwW m' dtun>: v.iU'L. ! . a ni.uanniti, and solve 
for that positicHt in the sinie uav a aln.u . 

Where the mass lu 1 h' um rh-jatr*! i. ^ t.iPk- 

mum elTorl will be tailed h^l at thr b* eiA.innn m| raih .Hfroke. 
If there is a {|uiek return Ui*- unixaneaa lUnei »aill uane at the 
beginning of the return stn^kv, \ pl.mri tall-. i«*r al«nu twice 
as much [Kjwer at (he iH-einnine mI it', iieain ^!lM'le * 0 ^ it thn’s 
during its cutting Mrokt" 

45. Force Problems, Continurd. I^t thr ir„n4! !\pr of sirann. 
engine the slider crank inrthaiaau i'. u^d, lau rsinev 'aipplird 
to the slider (vvhii'h rcprrNna-. p;; i,«i. and criiss' 

head), and the n^sifUaiue ih- mi tin- trank and 

attached shaft. In any piraiain .*1 tiu^ lurJiaiuMii s Fig. 41 g 
force apj)lied to tlie irank pm tfiiMi'.-di fliA * • !in,n i'ahI inav 
be resolved nttti tW‘o coni|Hiaia4'.. Mar- rad^.d .e d laogeiilial 
The tangential ctiinpcineni tmd'-. Im jo^^dn. ^ ilu' radial 

component pnalures iirevairc ih^- i!-ti,^ diaft, 

journal and its In'aring. *rhe i.iiigfCitcd Meo]»Mj5,rni ir. a|-i|iriijci' 
matelya maximum when tiie angle !»r! =vrra i i.ml au-d * iniiirt liiig> 
rod equals p^^and it \mnmv'. ai-iM wlim 1* omi, Iif‘. A or li 
If there is a uniform rt'sislance the I'ait- of d*»nig i‘.i MiiiHtaiil. 

* Sxr liiia |j<>lr Mii * 4.,’- f''|. 
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Hence, since the energy is supplied at a varying rate, it follows 
that during part of the revolution tlic effort is greater than the 
resistance; wliilc fluring the remaining portion of the revolution 
the effort is k‘ss than the resistance, and tlie machine will stop 
unless other means arc provided to maintain motion. A fly- 
wheel ” is keyed to the shaft, and this wheel, because of slight 



variations of velocity, alternatt'ly stores and giv(‘S out the excess 
and deficiency of energy of tlie effort, tluTeby adapting it to the 
constant work to lx? done.* 

46. Problem.— (liven length of stroke of the slider of a steam- 
engine slider-crank mecdianism, the required horse-power, 01 
rate of doing work, and numl)er of revolutions. Required the 
total mem pressure that must be ai)plied to the piston. 

Let L l(*nglh of strokc‘ i foot; 

UP horse 1)0 wer 20; 

N strokes |)er minute ™ 200; 

F r(‘(|uirefl mean force on piston. 

Then A' XL 200 feet per minute mean velocity of slider 


Now, tlu‘ m(‘an rate* of doing work in the cylinder and at the 
main sliaft during (‘aeli stroke is the same (friction neglected); 
hence FV ^ // Px 33000, 


_ II PX 33000 20 X 3000 

P " ■ tr ' —sr^o^OO lbs. 

200 


V 


^ Scf Cliapu r XVI. 
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47. Solution of Force Problem in the Slider-crank Chain, 
—In the slidcr-crank chain tin* wUu'ity of the slicin' necessarily 
varies from zero at the ends of its stroke to a niaxinuim value 
near mid-stroke. The muss oi the slider and attaduHl parts 
is therefore positiv(dy and iu‘i^atively aecaderated eac;h stroke. 
When a mass is i)()silively act'cku'ated it stores (mer^^y; and 
when it is negatively acetderated it gives out entugy. 'rhi‘ amount 
of this energy, stored or given out, di‘pends tipon the mass and 
the acceleration. The slider stores miergy duritig tlu^ first part 
of its stroke and gives it out durini^ the sia'cntd part of its stroke. 



Fas 4 *. 


While, therefore, it gives out all tht' energy it receives, it gives 
it out differently distrilnited. In ordiT to ihid exacilv how the 
energy is distributed, it is neeessary \o find tlte ataaderation 
throughout the slider's stroke. 'Fhis may Ik* (loin* as follows; 

42, shows the velocity diagram fd the slider a slider- 
crank mechanism for the forward stroke, the ordinates repre- 
senting velocities, the ca)rn‘sponding ahstdssa* ri*}ircasenting the 

slider positions. The acceleration najuired at any point 

in which Jv is the increase in vekHuty during any interval of 
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time At, assuming that the increase in velocity becomes constant 
at that point. Lay off the horizontal line OP-^-MN. Divide 
OP into as many i'(pid i)a.rts as lherc‘ are unequal |)arts in MN. 
These divisions may each represent Al. At m erect the ordinate 
mn^m\n\j and at 0 erect the ordinate op Oxpi. Continue 
this construction throughout OP, and draw a curve through the 
upper extremities of the ordinates. Fig, 42, B, is a velocity 
diagram on a ^Time base.” At O draw the tangent OT to the 
curve. If the increase in velocity wtTc uniform during the time 
interval re|)resented by Oni, the incTement of velocity would be 
represented l)y mT. Therefore niT is pro])ortional to tlie accel- 
eration at the point O, and may be laid off as an ordinate of an 
acceleration diagram (Fig. 4,2c). dims Qa-^niP. The divi- 
sions of QR are the same as those of AfN; Le,, they represent 
positions of tlie slider. This construction may l)e repeated for 
the other divisions of the curve Ji, dims at n ihv tangent n 7 \ 
and horizontal nq are drawn, and q'Pi is ])ro])orti()nal to the 
acceleration at n, and is hiid off as an ordinate be of the ac- 
celeration diagram, d'o find tlie value in acceleration units 
of Qa, ml' is rt^ad off in veku'ity units Av l)y the scale 
of ordinates of the velocity diagram, dliis value is divided 
by At, the lime inertunent corrc‘S[)onding to Om. dlie result 
. . . Av 

of this division acceleration at M in acc'eleratioii units. 


iL-“dhe time of one stroke, or of one half revolution of the (Tank, 
divided by tlie number of divisions in OP. If llu‘ linear velocity 
of the ('enter of the crank ])in in Let per second, v, lie repre- 
sented by the length of the crank radius tlien the scale 


of velocities, or veloc'ity in feel i>er stTond for r inch of ordinate, 

V 7tDN ^ 

1 ) is the actual diameter of the crank circ'le, N 
a a()o ’ 

is the numlier of revolutions per minute, and a is the crank radius 

measured on the figure. 
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47. Solution of Force Problem in the Slider-crank Chain. 
—In the slider-crank chain the vchnity (»f tlic slidn* necessarily 
varies from zero at the ends of its stroke to a maximum value 
near mid-stroke. The mass ot the slider aiai attaeluni parts 
is therefore positively and lua^atively at I'elerattnl each stroke. 
When a mass is positively accelerattul it stores eru^rgy; and 
when it is nepfalively acetderatetl it gives tnit tuu'rity. d'he amount 
of this energy, stored or given <nit, tlepends tipon the mass and 
the acceleration. The slidtT stort'S etierg,}' dtiring tlie first part 
of its stroke and gives it out during the seeomi part of its stroke. 



Fire 4.*, 


While, therefore, it gives out all tlie tuiergy it rtaanves, it gives 
it out differently distrilniled. In order tf» find i’xaetly Innv the 
energy is distributed, it is nert*ssarv to fmti the acceleration 
throughout the slider’s stroke, 'Fin’s may Ir done as follows: 
Fig. 42, 4 , shows the velocity diagram of the slider of a slider- 
crank mechanism for the forward stntke, the (irdinales repre- 
senting velocities, the corresponding ahsrissif re[irt‘senting the 

slider positions. The acceleration re(|uinai at ariv point 

in which Jv is the increase in vekni’ty during any interval of 
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time At, assuming that the increase in velocity becomes constant 
at that point. Lay off the horizontal line OP MM. Divide 
OP into as many apial parts as there are unequal parts in MN. 
These divisions may each represiait At. At m enal the ordinale 
mri^~rd{n\^ and at 0 (U’cn't the ordinate op 0\p{. Continue 
this construction throughout OP, and draw a curve' through the 
u[)per extremities of the ordinatt's. Fig. 42, B, is a velocity 
diagram on a “time base.’' At O draw the tangent OT to the 
curve. If the increase' in ve'loe'ity we're uniform during the time 
interval repre'senti'd by Om, the iru;re‘ment of velocity would be 
represente'd l)y niT. Therefore inP is proportional to the accel- 
eration at tile point O, and may be laid off as an onlinate of an 
acceleration diagram (Fig. 42(''). Thus Qa m'P. The divi- 
sions of QR are the same' as lliose' of d/A/'; /.c., tiu'y represent 
positions of the slider. 'This t'onstruction may be repeaU'd for 
the other divisions of the' curve' B. Thus at n tlie tangent nTi 
and horizontal nq are drawn, and ql\ is proportional to the 
acceleration at n, and is laid off as an ordinate' he of the ac- 
celeration diagram, d'o hnd the value in ae'e-eleralion units 
of Qa, mT is re 'ad off in veloea'ty units Av by the scale 
of ordinates of the' ve*locity eliagrani. d’his value is divide'd 
by At, the time' ineTe’ment corre'speinding to Om. The result 
Av 

of this division acce'leratieni at M in acce'leration units. 

iT= the time of one stroke, or of one* half revolution of the* ('rank, 
divided by the numbt'r of divisions in OP. If the* linear ve'loc'ity 
of the ('enter of the crank pin in fe'et per second, v, be re])re- 

MN 


sented by the length of the crank radius 


a, tlu'u the scale 


of velocities, or velocity in feel per .sec'ond for i inedi of ordinate, 
V nDN 

. D is the actual diameter of tlu^ crank circle, N 
a ai)o ' 

is the number of n*volutions {ler minute, and a is the crank radius 

measured on the figure. 
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poncnts lhercf()re^-y This (|iKinlily will always have a 

negative value, since in the slider-crank niechanisin a must al- 
ways be smaller lluin b. 

To construct the accelera,ti()n curve, lay off a lengtli MN 


Fic. 43 ^1. 


— bftl" 


/ (td C I 


Fic. 4-*. 

(Fig. 43C) proportionate to tlie U^ngth of the stroke of the .slider. 

At M erect an ordinate, Ml\ whose value etiuals y j — . It 
is best to use for these ordinates a scale on which a (the length 
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of the crank) represents the value . At N erect the negative 


ordinate iV(2 = y — — •* 

There is a position of the slkler, O, where tin- aecehTutiou 
equals zero. This must correspond to the imsitioii of the slider 
* The following construction for graiiliiciilly olituining oKliii.u,-. i-.'i.i-cwniing 

— + — and^ wfm It ti v 

^and, hence, a is due to lh’()fv?i.sor Ia' ( ’uide. 





5 

f " 

ti % 

A 



*****«•■.., 

ffi»d 

\ 

ut'd 

y 


Fid. 44.1 . 

Reference is to Fig. 44A. M ami N rqm'Sent llio i».siii,,ii „f th,. slider at the 
beginning and end of the stroke, respectively. 

At aJ, erect the vectors (-, 1 ) nml from M ,1, n line iliiimBli its ui.perestiMnitv 

Prolong this line until it cut.s the ia-ri»eiulirulnr thr.nigh .11/, ilms deieiiniiane tl'ir 
length 

At ab lay off downward the vector v (««). From ,V dr.iw line to the I„wer 
extremity of this vector, cutting off the length y, on the perp.-ndi. nl.ir through .«/ 

Then will y, represent and y, repn-m-nt ~ . 

« /I II 

For, taking slider position M, by similar trinngle.s, -'u ^ 

il'lj'r,’'. 

For position AT , by similar triangles, ^ ^ 

i -r— i-r- 
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^^hen it lias its maximum velocity, which may be taken from 
he original velocity diagram of the slider, or, willi greater 
^ccuracy, from Curve B in the Appendix. Through POQ draw 
. smooth curve. For ir.ost ])urposes this curve will be accurate 
nough. 

Where more ])oii]ts of the curve are desired for the sake of 
greater accuracy the mc'thod illustrated in Fig. 44 may be 
Lsed. Assume the slider in tlie position at which its a,cceleration 
5 desired and draw the crank a and connecting rod h in their 
:orrcspon(ling ])ositions. L(K'atc‘ the centres ad., ah, ac, and hd. 
Tom ac draw a ])ara.llel to he ad until it cuts the crank, ])rO“ 
onged if necessary, at A, iM'om A <lraw a parallel to ad-ac 
intil it cuts the conned ing rod at B. From B draw a perpen™ 
licular to the connecting rod until it cuts he ad, prolonged if 
lecessary, at C. Tlien ad C is the desired ordinate of the 

iccclcration diagram on the scale by which the length a . 

The |)roof is as follows, reference^ l)i‘ing niad(‘ to h’ig, 4.1. 

At this instant evtny point of h la^latively to c is swinging 
ibout the Centro he with a velocity proportional to its distance 
xom be. 

vel. of hd rel. to e hd he ae ad 
vel of ah rel. to e ah he ae aP 

But ac ad re])resents the velocity of e relatively to d (or d 
relatively to e) on the same scale that ad ah represents the 
»^elocity of the point ah n*lalivc‘ly to (L Therefore ac ah repre™ 
,cnts the velocity of ah rotating about he relatively to c on the same 
;cale that ad ah repn^sents the velocity of ah relatively to d. 

Hence the radial acceleration of ah toward be * (or conversely 

* The accelcTation of a point A with re.spect to another point H in the aecel* 
iration of A with respect to a non-rotating h<Kjy of which E is a point. 
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of 6 c toward ^ i whu*h is ropivseiitnl by tlic length 

ab-B, as can be shown as follows: 

By similar triangles 

ah -B ah A ah ac 
ab -ac ah ad ah hr’ 


ah-B 


ah ar” 
ah hr 


ah ar’ 


The radial acceleration of ah toward ad , whose 

a 

value we represent by the length a. d'lu* rumptinent of this 
acceleration in the direction hr-ah ah- p. 


The acceleration of hr, relatively to d, along the path hr ah 
is made up of two components: ist, the acetderation of hr toward 
ab{-=^B-ah) plus, 2cl, the aeceltTalion of ah relatively to d along 
the same path {^^ah-D). 

In the position shown this algebraic* stun is tlu* negative 
quantity represented by B-D, But the ac*tual direetion of 6 c’s 
acceleration relatively to d is along the line hr ad. Its aeeelera- 
tion in this direction must therefore he the ([uantity wliost* com- 
ponent along ah-hc is B-I), namely, C ad. 

If the weight W of i)arts aeceleralinl is known, tin* force F 
necessary to produce the acceleration at any slider position may 
be found from the fundamental formula of mechanics, 


F^Mp 

o 

p being the acceleration corresj bonding to the position considered. 
If the ordinates of the acceleration diagnim are taken as rejirc- 
senting the jorces which prcKluce the acceleration, the diagram 
will have force ordinates and space abseisste, and areas will 
represent work. Thus, Qas, Fig. 42C, n‘pn‘senls the work stored 
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luring acceleration, and Rsd rei)resents the work given out during 
ctardation. Let MN, Fig. 4.5, re])resent the lengtli of the 
lider’s stroke and NC the resistance of cutting (uniform) on the 
ame force scale as that by which Qa, lag. 42C, re})resenls the 


Wp 

orce ' ^ at the beginning of the stroke; then energy to do cutting 

ler stroke is represented by the area MBCN. Rut during the 
arly part of the stroke the reciprocating parts must be acceler« 
,ted, and the forces necessary at the l)eginning, found as above, 
=^BD -^ Qa. Tlie driving gear must, tlierefore, be able to over- 
ome resistance equal lo MB ‘\ BD. Tlie acceleration, and hence 
he accelerating force, decreases as the slider advances, becoming 
ero at IL From K on the acceleration l)ecom(‘s negative, and 


lence the slidcn* gives out energy and helps to overcome the resist- 
,nce, and the driving gcair has only to furnish energy rei)resented 



by the a,rea ARFN ^ though tlie work really 
c done against resista.nce e(|uals that repre- 
^ sented l)y tl\e area CEFN. Flu‘ energy 
represcaUed by the difference of these areas, 


ACE, is that which is stored in the 


lider’s mass during acceleration. Since l)y the law of con- 


ervation of energy, energy given out pern cycle - tliat received, 
L follows that area ilCVi area DEB, and area BCMN 


iDMN. This redistribution of energy would s('em to mexlify 
he problem on pagcj 62, since that ])rol)lem is based on the 
.ssumption of uniform resistance during cutting stroke. The 
)osition of maximum velocity of slider, however, corresponds to 
Lccelcration «o. The maximum rate of doing work, and the 
orresponding torsional driving momtmt at the crank-shaft would 
irobably correspond to the same position, and would not be 
latcrially changed. In such machines as shaj)ers, the accelera- 
ion and weight of slider are so small that the redistribution of 


nergy is unimportant. 
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48. Solution of the Force Problem in the Steam-engine Slide 
crank Mechanism. (Slider ropresenis piston « i,h 
cross-hcad.)-The steam nets upon tho pisi,,,, with •, 
which varies during the stroke. The p,vssun. is rodistril^n 
before reaching the cross-hettd pin, iKrause iltc. roeiproratin. • 
are accelerated in the first part of llu. stroke, with ,ae.-on,o.mvin! 
storing of energy and re<Iue.ion of pressure on the eni.ss he.a] 
pm; and retarded m the .second p.irt of tit., stroke, with aceoni 
panying giving out of energy and increase of pressure o„ the 
cross-head pm. Let the ordintttes of the ftdl line .liagra.n tihove 
OX, Fig. 46A, represent the total elTediw pn-ssure on the piston 
throughout a stroke. Fig. 4P/I is the velocity diagrant of . lide 







Km. 46. 




0 


,K 


Find the acceleration throurfiouf stmk r 

taoTO value of weight of SkI rid i , 

Draw diagram Fig "‘"i '“f*'' 'luf m ureelonili,,,,. 

ujugram tfjg. 46c, who.se on inates ret.rese.o .1, 
due .0 eccelerafion, .k,, 



pin. These orillT't'Tr; 

giving^). The product of IK T '* i’usc iijio, 

of/apd^!:r.: 7 Xtwi'i:':;™^ 

the value of Gi? in coundev i f/o' .i/rohr, 'I'hu, 

" T“"*X'’ulu= of »• in t,,., per s,.c,„„l i|,e 
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xtc of doing work in foot |)ounds jKn- scrond upon the cross- 
ead pin, wluii the ct'nli'r of tlu‘ cross l‘u ‘ad pin is at K, 'Fhc 
xtc of doing work at tlic crank pin is tlic same as at the cross- 
cad pin. lienee dividing this rate of doing work, ^ EFxCxIl, 
V the constant tangential vtdocity of the crank-pin center, gives 
xc force acting tangentially on tlu‘ crank pin to produce rotation. 
1ic tangential forces a('ling throughout a lialf revolution of 
1C crank may be thus found, and plott(‘d ipxm a horizontal 
asc line length of half the ('rank circle (h'ig. .17/’^). The work 
one upon the piston, cross head pin, and crank during a })iston 
.roke is llie same. Hiaice the art‘as of A and /), Fig. 46, are 
(]ual to each otlu‘r, and to the area of the diagram, Fig. 47/:?. 
die forces acting along the ('onnecting rod for all positions 
uring the piston strokt‘ may be found by drawing force triangles 
nth one side horizontal, oiU‘ vculit'ul, and one parallel to ])ositi()n 
f coniKX'ting rod axis, tlu‘ horizontal sid(‘ Ixang t‘([ual to the 
orresponding ordinate* of kh’g. 46/). Th(‘ verlic'al sides of these 
riangk^s will iX'piwsent the guide* r(‘a('lion, while* the* side parallel 
) the connerling rod axis re‘pre*se*nts the forex* transmitt(*d by 
lie connecting rod. 

The tangential forex's acting on the* crank-pin may be* found 
raiihically by the method shown in Fig. 47/I. l.et (UI rei)re- 
ent the net effective force acting in a horizontal direction at the 
enter of the cross head pin. 

It has l)een shown that EF represents the ve*locity of the 
lidcr on the same* scale that FA re‘presenls that of the center of 
he crank pin; also that the rate of doing work, after having 
aade the nt‘C't*ssary t‘orrt*ctions for acceleration, is the same at 
he center of the crank-pin as at the slider, t.c., 67 / tan- 
;ential force at center of crank^pin XFA. Hence the tangential 

KF 

orce at center of crank pin 67/X 
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Lay off AB=-GIl, and draw /■>(' paralU-l in EF. 
similar triangles, 


AB~EA' 


Be ' 


A B 


ICE 

EA 


(III 


EE 

ICA 


'I'lu-n, by 


the tangential force acting at llie crank inn i cntcr lor the assumed 
position of the mechanism, on the sanu' scale as (/'// net effective 
horizontal force on slider. 

Lay olT AD--BC. 

Following through this construction fora mnnherof positions 
of the mechanisms, a polar diagram is delennined which sliows 



Fio. .} /li- 
very clearly the relation e-Kisting between the varying tangential 
forces and the corresponding crank positions, before this dia- 
gram may be it.scd in the solution of the lly wlieel prolileni (see 
Chapter XVI) it should be transferred to a straight lint' base 
whose length for one stroke eciuals the semi i-ircurnferenee of the 
crank-pin circle. 'I'hat is, the alrsei.ssa' will lie the distance moved 
through by the center of the crank pin and the ordinates will be 
the corresponding radial intercepts AD. 'I'he diagram so ob 
tained will be identical with that shown m Fig. 47/L 
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48A. General Method for Determining Velocity and Accele- 
ration Diagrams.- Tlie const riu1 ion used lirst in .Sec. 47 for 
determining the acceleration diagram of the slider-crank chain 
is capable of wide adaptation. It can be u.sed to determine not 
only the acceleration diagram, but also the velocity diagram (upon 

A » l I I I I I I 6 

I k* U t U IJ 7 





1 n :i i f» rt 7 


FICJ. 47a 

which the acceleration diagram is based) for any })oint in any 
body, provided only that the path of tlie point be known together 
with the positions it orcu|)ies at the end of eciual intervals of 
time througliout its cycle. Sec Fig. 4jC. At A is shown the 
path, a-b, the i)oint traverses in the given time. Starting at 
I, the positions 2, 3, 4, 5, 6, and 7 are those reached after sue- 
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cessive equal intervals of time. At B a convenient distance, 
c-d, is taken as base-line to represent the time recfuired l)y the 
point to travel the distance a-b. c-d is divided into as many 
equal parts as a-b has unequal parts, and these distances 1-2, 
2-3, etc., represent equal increments of time, Ji. At 2 on c-d 
erect the ordinate MAT = distance I-2 of a-b. Similarly at 3 on 
c~d, erect an ordinate = distance 1-3, of a-b. Continue for all 
points on c-d. The ordinate at 7 will, of course, ecjual a h 
itself. Draw a smooth curve through the ends of these onlinates. 
This will give a displacement curve on a time base, ddie ordinates 
represent distances, the abscissa', time. At N draw tl\e tan- 
gent NP and the horizontal NO. Then will OP represent the 

, . 1 . . . . r , . ds Js 

velocity of the point when it is at position 2 ; for velocity ^ 

and, since OP equals the displacement increment for the time 

NOj if the velocity at N held for the entire interval NO, 

OP expressed in distance units divided by NO In time units, 
gives the actual velocity of the point at iiosition 2 in vc^lot'ity 
units. It is clear since the same vector, ^^NO, is taken eacii 
time to represent Jt, that the intercepts OP, 777 , etc'., may be 
taken themselves as the velocity vectors for the respcx'tive 
positions. 

At C, then, which is the velocity diagram of the point on a 
time base, OP — which is the velocity vector for {losition 2 is 
laid oS as an ordinate at 2. Similarly for the other positions, 
as TU at 4. The smooth curve ePUd is then drawn. 

From the velocity diagram on the time base, since accelera- 

tion=— , the vectors are derived for the acceleration diagram 

as described in sec. 47. Such an acceleration diagram is shown 
at D, laid off on a time base. It could be transferred readily 
to the position base shown at A. 
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PROPORTIONS OF MAC'HINF PARTS AS DlCTATKT) BY STRESS. 

49. The size and form of machine parts * are governed by 
six main considerations: 

(1) The size and nature of the work to be accommodated (as 
the swing of engine lathes, etc.). 

(2) The stresses which they liave to endure. 

(3) 'Fhc maintaining of truth and accuracy against wear, in- 
cluding all (|uestions of lubrication. 

(4) The cost of production. 

(5) Appearance. 

(6) Pro])erties of materials to be used. 

Tlu‘ first is a given condition in any problem; the second will 
be discussed Iutc; the third will be treated in the cha])ters on 
Journals and Sliding Surfaces; the fourth is touched upon here; 
the ])rinci])les governing the fifth are treated in Chapter XIX 
and here. 

It is assumed in this and following cha|)ters that tlie reader is 
familiar with the propcTties of the materials emi)loyed in machine 
constructiorpf and with the general princijiles of the science of 
mechanics. A few tables are appended to this chapter for 
convenience. 

50. The stresses acting on machine parts may be constant, 
variable, or suddenly applied. 


* On this gtm(iral subjcM t see an excellent article by Prof. Sweet in the Jour- 
nal of the Franklin Institute, 3<1 Series, Vol. 125, pp. 278-300. The reader is 
also ref(‘rre<l to “A Manual of Ma(‘hine ('onstruction," by Mr. John Richards, 
and to the IntrcKluction of this volume, 
t See Smith's “Materials of Machines.'^ 
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A CONSTANT stress is fre([ui‘nlly si)()k(‘n of as a stkaoy, ot 
BEAD, LOAD. 

A VARIABLE stress is knenvn as a live load. 

A SUDD7i:NLY APPLIKI) StlVSS IS kllOWIl aS a SIKX'K. 

51. Constant Stress.— If a. mac'liiiu' pari is suhjceti'd to a con- 
stant stress, 'f.c., an iinvaryint^ load constantly applied, its dcsi,Ln\ 
becomes a simple matter, as the amount of such a strt‘ss can 
generally be very closely estiniaU‘d. Knowing!: this and the 
properties of the materials to be list'd, it is only necessary to cal- 
culate the area which will sustain tlu‘ load without excessive 
deformation. 

Thus, in simple tension or coinprt'ssion, if we let V the ulti- 
mate strength of the maU'rial in pounds per stpian* inch, F the 
total constant stress in pounds, A tlu' unknown anxi in stjuare 
inches necessary to sustain we write 


where K is a so-called factor of saficlv, introduced to nnluce 
the permitted unit stress to such a point as will limit tlu‘ (Udorma- 
tion (strain) to an allowable amount, ancl also to provide for pos- 
sible defects in the material itself. In exceptional cast's where 
the stresses permit of accurate calculation, and the matt'rial is of 
proven high grade and positively known stri'iigtli, K has been 
given as low a value as i jij but vahu's ol 2 arul are ordinarily 
used for wrought iron and steel frt'c from wt'lds; whilt' .| tci arc 
as small as should be used for cast iron, on atx’ount of the unt'cr- 
tainty of its composition, the danger of sponginess of structure, 
and indeterminate shrinkage stresses. 

The SAFE UNIT STRESS— / = in pounds pt'r stjuare int'h. 

52. Variable Stress. ^We pass next to the consideration of 
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variable stresses or live loads. Mere the problem is much more 
com])lex than with dead bnids. 

Kxj)eriments l)y W<)liler,* and Bauschingcr,f with the work 
of Weyrauch t arid others have given us the laws of bodies sub- 
jected to repeated stresses. In su 1 )stancc Wohler’s law is as 
follows: Ma'cioriai. may m: brokion J 5 V rkbkatrd applications 

OF A FORC'K WIIKMI WOULD BK INSUFFICIENT TO PRODUCE RUPTURE 
BY A SINC'.LE APPI.K'ATION. IhiK BREAKING IS A FUNCTION OF 
RANGE OF S'l'RESS; AND AS 'rilE VALUE OF THE RECURRING STRESS 
INC'REASES, THE RANGE NEC'ESSARY TO PRODUCE RUPTURE DE- 
CREASES. If 'PHE STRESS mo reversed, the range equals 
THE SUM OF THE POSITIVE AND NEGATIVE STRESS. 

Baus('hinger\s coiu'lusions were as follows: 

(ij With repeated tensile stresses whose lower limit 

WAS ZERO, and whose UPPER LIMIT WAS NEAR THE ORIGINAL 
ELASTIC LIMI'i', RUPTURE DID NOT OCXHJR WITH FROM 5 TO 16 
MILLION RKPE/riTioNS. Me ('autioiis the designer (a) that this 
will not liold for defective material, /.c., a factor of safety must 
still be ust‘d for tins rcxi.son; and (/>) that the clastic limit of the 
material must l)e cartdully dt‘tc‘rmined, because it may have been 
artificially raisc'd by (*old working, in which case it does not accur- 
ately r(‘prest‘nt tlu* material. 1110 original elastic limit may be dc- 
termin(‘d by testing a. pit‘C(‘ of the material after careful annealing. 
( 2 ) With often repeated stresses varying between zero 

AND AN UPPER S'CRESS WHK'H IS IN THE NEIGHBORHOOD OF OR 
ABOVE THE ELASTIC' LIMIT, THE LATTER IS RAISED EVEN ABOVE, 
OFTEN FAR ABOVIC, THE UPPER LIMEP OF STRESS, AND IT IS RAISED 
HIGHER AS THE NUMBER OF REPETITIONS OF STRESS INCREASES, 

* “ Ufherdit* FcstigkfUHV(*rsiK*h<* mit Kisen und Stahl,” A. Wc'lhler, Berlin, 1870. 

t “MiUlteilungcn drr Kdnig. Tech. Hochschule z\x Mtlnchen,” J. Bau- 
schinger, Munich, iSSfMind 1897, 

X “Structun's of Iron and .Steel,” by J. Weyrauch. Trans, by A, J. BuBok, 
New York, 1877. 
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WITHOUT, HOWEVER, A KNOWN I.IMMTNC \ AU K, /., BKINT, EX- 
CEEDED. 

(3) Repeated STRE.SSES between /ero and an (t-peu umit- 
BELOW L DO NOT CAl^SE RnUTKE; lU I' IE THE M'l-EK I.IXUT IS 
ABOVE i RUPTURE WILL OCCl'K AETEH A l.I.MITI.NC NTMUER oi' 
REPETITIONS. 

From this it will he smi thai kccpiii!; within the orioinai. 
ELASTIC LIMIT in.surcs sah'ty ajtain.st |■n|ltlll■(• fnim repeated 
stress if the stress is not reversed; and th.at, ulieii the stre.ss is 
reversed, the total raiifte should mit e.viced the okkunai, elas- 
tic RANGE of the material. 

Various formula' have been proposed by dilferent authorities 
embodying the foregoing hiws. 

Unwin’s is here given as In'ing most simple and general: 

Let U be the breaking strength of the material in pounds 
per square inch fora load once gra<lually applied. 

Let /max. be the breaking strength in iiound-. pm- Mptare inch 
for the same material subjected t<i a viuiable load ranging be- 
tween the limits j mux. and / min., and rejieated an indelinitely 
great number of lime.s. /min. is i if the slivss is of the same 
kind as /max., and is if the stress is of the opptKsite kind, 
and it is suppo.sed that / min. is not greater than /ma.K. 'I'hen 
the range of .stress is J /ma.x. I / min., the upjHT sign being 
taken if the strc.s.se.s are of the same kind and the lower if they 
are different. Hence J is alwtiys positive. The formula * is 

/max. ^ i\/fw 

where i) is a variable eoellieienl whose value ha*i tt<*en experi- 
mentally determined. For tiuctile iron and steel ^ 1.5, in- 

creasing with hardness of the materktl to a value of 

♦Unwin’s “Machine Design," Vet, ,, ,„o,, pi,- ,i6. 
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This formula is of general application. 

Three cases may l)e considered: 

(1) A constant stress, or dead load. In this case the range 
of stress, J o, and conse(iuently / max.^U, as it should be. 

(2) The stress is variable between an upper limit and zero, 
but is not reversed. 

Here J /max., since / min. and consequently / max. = 

2 (\/ + I -r))[L 

(3) The stress is n‘versed, l)eing alternately a compressive 
and tensile stress of the same magnitude. 

Here / min. - / max. and J — 2/ max. 

/max. 

2rj 

In each c'ase it is necessary to divide the l)rcaking load, / max., 
by a factor of safety in order to get the safe unit strc.ss /, i.e., 
f max 

f ^ K is a factor of safety wliose numerical value depends 

' K 

upon the material u.sed. (See Sec. 51.) 

53. Problem, ('onsider that there arc three pieces to be 
designed using mac’hinery steel having an ultimate tensile strength 
of 60,000 lbs. pt‘r s(|uare inch. 

The first pitaa* sustains a steady load having a dead weight 
sus])ended from il. 

The sec'ond ])itH*e is a member of a structure which is alter- 
nately load(‘d and unloaded without shock. 

The third piece is subjected to alternate strcs.ses without 
shock. 

In each case the maximum load i.s the same, being 30,000 lbs. 
-"-F. This material is generally reliable and uniform in quality. 
A factor of safety of 3 is common; in each case; 
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Case I. 




/ max. U and / 
U 60000 


/ max. 


20,000 lbs. pt‘r s([. in. 


Chfj necessary area A to sustain F is tltlormim'tl by the 


c 


^ F ]oooo 

' - u sq. in, 

f 20000 


Case II. 


/ max. 2(\ ry- ( i rj)lL 
)y==i.5 and U 60,000 lbs. juT s<{. in. 

/ max. ' .6054?/ 36^424 lbs. {xn* sep ir 
/ max. 


f = 12,108 lbs. |K‘rs{i. in. 

3 


^ F 30000 ^ , 

A =1 = 12108 


Case III. 


/max.— U. 

' 27 ? 


^ 60000 

/ max. 20,000 11 )s. |H*r sq. in. 
3 


, / max. 

/==-— ™ ^ 6667 lbs. per sep in. 


3 


. F 30000 


The importance of considerini^ tlu‘ qiU‘stion nf ranf^e 
in designing is brought hom(‘ l)y this illustration, ('on 
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of results shows that with the same maximum load in each case, 
the second iiiece must be given nearly twice the area of the first, 
while the third must he three times as great in area as the first, 
the only dilTerence in the three cases lieing the range of stress. 

"rable A (page 88), of allowal)le working stresses, as compiled 
by Unwin, is introduced for convenience of reference. Such 
tallies are to l)e used with judgment in reference to the particular 
conditions in each case. 

54. Shock.—Oonsideration of the design of parts subjected 
to shocks or suddtaily af)pli(‘d loads. 

(1) A load is applic‘d on an unstrained member in a single 
instant, but without vidocity. 

In this cast', if tht‘ stri'ss does not exceed the limit of elasticity 
of the matt'rial, Iht' stress produced will be just twice that pro- 
duced by a gradually a])plied load of the same magnitude. If 
jP- maximum total load as before, then the maximum total 
stress 2 h\ The design of the mt'mber is then, made as in Case 
II or Case III of the i)receding section. 

(2) A load is applit'd on an unstrained member in a single 
instant, but with velocity. 

In this case Iht' strc'ss on the member will exceed that due to 
a gradually applit'd load of tlu' same magnitude by an amount 
depending on the energy possessed by the load at the moment 
of im|)ingemt‘nt. 

Assume' tluit a mt'mbm* is stressed by a load F falling through 
a height h. 'The unknown area of the member and the 
allowalile strain (/.c,, c'xtension or comi)ression) -^1 As before, 
/-allowable unit stre.ss (determined by the question of range by 
the use of Unwin’s formula). 

The energy of the falling load is /'X/z + A). 

The work clone in straining the member an amount 1 with a 

maximum fiber stress / is provided the elastic limit is 
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Table A. — Ordinary Working Stress 


CASE A. DEAD LOAD INDUCING PERMANENT STRESS 


Material 

1 

Tension 

! 

Compression; 

Bending 

Ciooo Hoot) 

15000 

Shear 

2300 

I 2000 

'rorsion 

4<>no 6000 

7500 

Cast iron 

Wrought iron; 

Wrought bar or forged . 

Wrought plate il 

Wrought plate X 

Mild steel 

Cast steel 

Steel castings 

Phosphor bronze 

4200 

15000 

15000 

12000 

i 3000 -’i 7 n‘><> 
17000-21000 
8000- 1 2000 
10000 
4200 
4000 
3000 

12000 

15000 



l 00(»0 

: 10000 1 3000 

1 13000 1 7000 
7otH) j 2000 
7000 


13000 1 7000 
17000 -2 loooj 
I2000-ibooo 

13000 i7oo(t 
17000 21000 
toooo l.jOOO 

1 8000 12000 
i 1 2000 Ifiooo 
7000 12000 
4200 

Rolled copper 



2400 


Brass 





— 


CASE B. VARYING LOAD. STRESS I'TUIM i ERG TO A MAXIMUM 


Material 

Kind of St resr 


Tension 

Compression 

Hooo 

1 0000 

« , 1 . 
Beudini-' | Shear ! Torsion 


2800 

10000 

10000 

8000 

8600 1 1400 

1 1400-14000 
5300- 8000 
6600 
2800 
2600 
2000 

4000 5300 

10000 

1500 j 2(too 4000 

8000 i 5000 






O500 : 

Mild steel 

80 ()O 1 1400 
r 1400 14000 
8000 lOtXIO 

Hooo 1 1 4«»o 

O500 SOoo 5300 Hooo 

Cast steel 

11400 14000 Hf)oo 1 1 400 Hoot» loOoo 

Steel castings 

()ftoo 0400 

4700 Hooo 47«»o Hooo 
4ftoo 

*OVi AT* 

irllUIapilUi , • « . . 




vjru.U’"ItiCUa.i • , ♦ • 

T?a11a/^ AAA'AA'r 



lOoo ■ . . , . 

iVUilCU. uupp'-*i 









CASE C. VARYING LOAD. ALTERNATE EQUAL STRESSES OR ( ll>P< (KITE SIGN 



— , 




Material 

Tension and 

Bending and 

Shear anil 

Tor-iion and 

Compression 

Bending 

Sheaf i 

Turraun 

Cast iron 

1400 

2000-2700 

770 1 

1300 2000 

Bar iron 

5000 

5000 

4000 1 

2500 

Mild steel 

4300-5700 

4300 5700 

3300 4300 

i7or» 4000 

Cast steel 

5700-7000 

5700-7000 

4300 5700 

4000 5300 

Steel castings 

2700-4000 

3300 4700 

2300 4000 

2300 4000 

Gun-metal 

1400 
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not exceetlccL E(|uating these values of energy expended and 
work done and solving for A gives A=2F{h + X) Resilience 

is the |)hysic'al quality determining shock-resisting capacity. 

55. Form Dictated by Stress. Tension —Suppose that A and 
B, Fig. 48, are two surfaces in a machine to be joined by a member 

B subjc‘cted to simple tension. What is the proper 
form for tlie mem1)er? The stress in all sec- 
tions of the member at right angles to the line 
of ai)plicalion,yl/^, of the force will be .the same. 
Therefore the ar(‘as of all such sections sliould be equal; hence 
the outline's of tlu' meml)ers should l)e straight lines parallel to 
AB. Tlu' distaru'e' of the material from the axis AB has no 
effect on its ability to resist tt'usion. Therefore there is nothing 
in the cha, racier of tlu' stress that indicates the form of the 
cross-section of tlu' member. The form most cheaply produced, 
both in the rolling mill and the machine-shop, is. the cylindrical 
form, lu'onomy, l!u*r(‘fore, dictates the circular cross-section. 
After tlu' rt'ciuin'd area necc'ssary for safely resisting the stress is 
determined, it is only necessary to find the corresponding diam- 
eter, and it will bt' the diameter of all sections of the required 
member if they are made circular. Sometimes in, order to get a 
more harmonious dt'sign, it is necessary to make the tension 
mem1)er just considtu’ed of rectangular cross-section, and this is 
allowable although it almost always costs more. The thin, wide 
rectangular section should be avoided, however, because of the 
difllculty of insuring a uniform distribution of stress. A unit 
stress might result from this at one edge greater than the strength 
of tile material, and the piece would yield by tearing, although 
the AVKRAOE stress might not have exceeded a safe value. 

56. Compression. - If the stress be compression instead of 
tension, the samt‘ considerations dictate its form as long as it 
is a ‘‘short l)lock/’ f.c., as long as the ratio of length to lateral 
dimensions is .such that it is sure to yield by crushing instead of 
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by “buckling.’’ A short block, therefore, should have its longi^ 
tudinal outlines parallel to its axis, and its cross-section may be 
of any form that economy or appearance may dictate. Care 
should be taken, however, that the least lateral dimension of 
the member be not made so small that it is thereby converted 
into a “long column.” 

If the ratio of longitudinal to lateral dimensions is such that 
the member becomes a “long column,” the conditions that dic- 
tate the form are changed, because it would yield l)y l)uckling or 
flexure instead of crushing. The strengtii and stiffness of a 
long column are proportional to the moment of inculia of tlie 
cross-section about a gravity axis at right angle's to tlie ])lane 
in which the flexure occurs. A long column witli “fixed” or 
“rounded” ends has a tendency to yield l)y I)uckliiig whicli is 
equal in all directions. Therefore the moment of imulia needs 
to be the same about all gravity axes, and tliis of course points to 
a circular section. Also the moment of inertia sliould l)e as large 
as possible for a given weight of material, and this ])()ints to the 
hollow section. The disposition of the metal in a. cinailar hollow 
section is the most economical one for long-column macliine 
members with fixed or rounded ends. This form, like that for 
tension, may be changed to the rectangular hollow sedion if 
appearance requires such change. If the long-column machine 
member be “pin connected,” the tendency tf) biU'kle is grealc'st 
in a plane through the line of direction of the comprt'ssivt' force 
and at right angles to the axis of the pins. The momt'ut of iner- 
tia of the cross-section should therefore be grc'atest about a. gra vity 
axis parallel to the axis of the pins. Example, a st (‘am engine 
connecting-rod. 

57. Flexure. — ^When the machine member is subjev'ted to 
transverse stress the best form of cross-section is proliably the I 
section, a. Fig. 49, in which a relatively large moment of inertia, 
with economy of material, is obtained by i)utling tlie exc'ess of 
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. material wlu-ra it i» m.,al cftcclivc to resist flomro, i.r., at the 
“ disla.u -0 (torn tho itivoo stavity aais. Somctra.es. ho,v- 
ts 1 -etion has to be ,.ro,Iuoe<l by euttatg away the 
" mri 1 at -■ aa.l in t'b' .-tehimashop. instead of productng 
r h m, diteolly in tin- ro«», if » 

""t inTLin n»de of cast mttterial, as is often the case, the 

r ll, is trequenllvltreleroble for the following reasons; 

T, T iK M mat-rittl is almost sure to be in the thmn^t par 
of a isting, anti Iber.d.ne in this case at / and j. where .t is most 

'“'f ‘VJr^foi'nrihe form 1. is more cheaply produced and 
^ ^^1 !i' r, Iliat tor a The hollow box section, when 

;:Sr'b;‘rnsrat‘:ns“of construction and expense is still 

Tf the surface is left without finishing from the mold, any 
im,«rfecliona <lue to the foumlry work are more eastly correcte 

hfochine 'members sul.jeeUsl to transverse stress, which con- 
, i L ge their ,.osition reUrtively to the force wh.ch pro- 
tmually j,,, ih, „me moment of inert, a abou 

duces the t. . „„ strarned 

all gmavity a»'». . s. 

transversely by tin - ,,at. The tat form of cross- 

due th.. tens.... o - <^2 Sphe hollow section would give 
section m tins east ' numbers are ex- 

, . luce ii, wrought material, such as is almost mva- 
pustve to piodit. _ g ^setmg 

'■"’nr -‘I ^7“; 

d,,,!^,rp:,,armo„.e„.ofl^^^^^^^ 

^ogritrri^grgLfo 
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in Fig. 49 are therefore not correct forms for the resistance of 
torsion. The circular solid or hollow section, or the rect- 
angular solid or hollow section, should be used. 

The I section, Fig. 50, is a correct form for resisting the stress 
P, applied as shown. Suppose the web C to be divided on the 
line CD, and the parts to be moved out so that they occupy 
the positions shown at a and h. The form, thus obtained is 
called a “box section.’’ By making this change the moment 
of inertia about ah has not been changed, and therefore the 
new form is just as effective to resist flexure due to tire force P 
as it was before the change. The box section is better able to 



resist torsional stress, because the change made to c'onvert tne 
I section into the box section has increased the polar moment 
of inertia. The two forms are equally good to resist tensile and 
compressive force if they are sections .of short blocks. But if 
they are both sections of long columns, the box section would be 
preferable, because the moments of inertia would be more nearly 
the same about all gravity axes. 

59. Machine Frames. — ^The framing of machines alnuxst always 
sustains combined stresses, and if the combination of stresses 
include torsion, flexure in different planes, or long^column com^ 
pression, the box section is the best form. In fact, the box sec^ 
tion is by far the best form for the resisting of stress in machine 
frames. There are other reasons, too, besides the resisting of 
stress that favor its use.* 


* See Richard's “Manual of Machine Construction." 
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(1) Its appearance is far finer, giving an idea of complete- 
ness that is always wanting in the ribbed frames. 

(2) The faces of a Ik>x frame are always available for the 
attachment of auxiliary pa.rts without interfering with the per- 
fection of the design. 

(3) Tlie strength ('an always be increased by decreasing the 
size of the core, without changing the external appearance of 
the frame, and therefore without any work whatever on the 
pattern itself. 

The cost of patterns for the two forms is probably not very 
different, the pattern itself being more expensive in the ribbed 
form, and the necessary cort' boxes adding to the expense in the 
case of the box form. The expemse of production in the foundry, 
however, is greatcu* for the box form than for the ribbed form, 
because core work is more exiiensive than “green-sand” work. 
The balance of advantage is very greatly in favor of box forms, 
and this is now recognized in the practice of the best designers 
of machinery. 

To illustrate the a[)plieation of the box form to machine 
members, lc‘t the table of a planer be considered. The cross- 
section is almost universally of the form shown in Fig. 51. This 
is evidently a form that would yield easily to a force tending to 



twist it, or to a forc'i* acting in a vertical plane tending to bend it. 
Such forces may be brought upon it by “strajiping down work,” 
or by the support of lu*avy pie(‘es u|)on centers. Thus in Fig. 52 
the heavy piece li is supported betw(?en the centers. For proper 
support the centers need to In* screwed in with a considerable 
force. This causes a reaction tending to separate the centers and 
to bend the table between C and J 9 . As a result of this the V’s 
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on the table no longer have a bearing throughout the entire 
surface of the guides on the bed, but only touch near the ends, 
the pressure is concentrated upon small surfaces, the lubricant is 
squeezed out, the V’s and guides are “eut,” and the planer is 



Fig. 53. Fig. 5.}. 


rendered incapable of doing accurate work. If a tal)le were made 
of the box form shown in Fig. 53, with partition.s a.t intervals 
throughout its length, it would be far more cai)able of maintain" 
ing its accuracy of form under all kinds of stre.ss, and would be 
more satisfactory for the purpose for wliich it is designtHl.* 

The bed of a planer is usually in the form shown in section 
in Fig. 54, the side members being connected by “cross-girts 
at intervals. This is evidently not the best form to resist flexure 
and torsion, and a plancr-bcd may be subjected to l)oth, either 
by reason of improper support or because of changes in the form 
of foundation. If the bed were of box section with cross parti- 
tions, it would sustain greater stress without undue yielding. 
Holes could be left in the top and bottom to admit of supi)orting 
the core in the mold, to serve for the removal of the core sand, 
and to render accessible the gearing and other mechanism inside 
of the bed. 

* Professor Sweet has designed and constructed such a table for a large mill- 
ing-machine. 
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This same reasoninj; applies to latlie l)e(ls. They arc strained 
transversely by force Uiulinij; to separate the centers, as in the 
case of ^Tiuicking”; torsionally by the reaction of a tool cutting 
the surfat'e of a, pic‘ct‘ of largi* diameter; and both torsion and 
flexure may result, as in the case' of the planer-bed, from an 
inii)roperly <lt‘sigiu‘d or yielding foundation. The box form 
would l)e tlu‘ best possible form for a lathe-bcd; some diffi- 
culli(‘S in adaptation, however, have prevented its extended use 
as yet. 

These examplt's illustrate principles that are of very broad 
apjdication in tlu‘ d(‘signing of machine's. 

6o. Brackets. Often in machines there is a part that pro- 
jects either vertically or horizontally and sustains a transverse 



Fic. 55. 


stress; it is a cantilever, in fact. If only transverse stress is sus- 
taitU'd, and tl)e thickiu'ss is uniform, the outline for economy of 
material is paraboli(\ In such a case, however, the outline curve 
of the mc'mber should start from the point of apiflication of the 
forc'e, an<l not from tlu* extreme end of the meml)cr, as in the 
latter cast' tlu'n; would be an exces.s of material. Thus in Ay 
Fig. 55, P is tlu' c'Xtremt' position at which the force can be ap- 
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plied. The parabolic curve a is drawn from the point of appli- 
cation of P. The end of the member is supported by the auxil- 
iary curve c. The curve b drawn from the end gives an excess 
of material. The curves a and c may be replaced by a single 
continuous curve as' in C, or a tangent may be drawn to a at its 
middle point as in B, and this straight line used for the outline, 
the excess of material being slight in both cases. IVIost of the 
machine members of this kind, however, arc subjected also to 
other stresses. Thus the “housings” of planers have to resist 
torsion and side flexure. They arc vciy often supported by two 
members of parabolic outline; and to insure the resistance of the 
torsion and side flexure, these two members are connected at their 
parabolic edges by a web of metal that really converts them into 
a box form. Machine members of this kind may also be sup- 
ported by a brace, as in D. The brace is a compression member 
and may be stiffened against buckling by a “web ” as shown, or 
by an auxiliary brace. 

61. Other Considerations Governing Form. — One considera- 
tion governing the form of machine parts has Ix'en touched upon 
in the preceding sections. It may be well to slate it here as a 
general principle: Other considerations being equal the form of 
a member should be that which can be most cheaply produced 
both as regards economy of material and labor. 

Another element enters into the form of cast members. Cast- 
ings, unless of the most simple form, are almost invariably sub- 
jected to indeterminate shrinkage stresses. Some of these are 
undoubtedly due to faulty work on the part of the molder, others 
are induced by the very form which is given the piece by the de- 
signer. They cannot be eliminated entirely, but the danger can 
be minimized by paying attention to these general laws : 

(a) .A.void all sharp comers and re-entrant angles. 

(b) All parts of aU cross-sections of the member should be 
as nearly of the same thickness as possible. 
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(c) If it is necessary to have thick and thin parts in the same 
casting, the change of form from one to the other should be as 
gradual as possible. 

(d) Castings should t)e made as thin as is consistent with con- 
siderations of strength, stiffness, and resistance to vil)ration. 

The following tahl(‘S of properties of materials, and formuke 
of mechanics are grouj)ed here for convenient reference. Tables 
of strength of materials must be understood to represent ap- 
proximate a\'eragi‘ ri'sults. This j)roperly varies not only with 
the chemical constitution but also with the physical condition 
as adected by lu‘at treatment, hot or cold working, etc., and 
even l)y the size arul form of tlu‘ part. It is im;)ossil)le to tabulate 
with referenci‘ to tlu‘se factors. The machine designer mmst 
have an exhaustive knowledge of the properties of materials 
of construdion and of tlie factors alTecting these properties. 
Only SLU'h knowh^dgt' c*an guidi‘ him in the selection, say, of 
wrought iron rather than mild steel for a piece whose subsequent 
strength might bt‘ imperiled by overheating in the course of its 
manufacture; or, again, in the selection of a suitable tough, 
shock-resisting, alloy st(*el for a piece destined for severe service, 
which miglit readily fail if made of a harder, less yielding, but 
apparently “ stronger ” material. 
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Table B.— Tiiysical Pkdpkrtiks of Metals. 


Metal 

Melting- 

point 

Degrees 

Fahr. 

Speoitic 
gravity 
at ordin- 
iry temps 

Strurt- 
uro * 

>ll(‘i't rii' roll ' 
iluftivitv. 
Silver 1 00 at 
.6^'' h'. i 

Appnix. valiu- ■ 
per iHivind, | 
Dollars | 

Weight 
tier cubic 
iiu'h, 
Pounds 

Aluminum 

1214 

2 . 65 

M 


50. 2 i 

i 

0. K) 

.0056 

Antimony 

1166 

6.71 

H 


4. 1 

0. 15 

.2421 

Barium 

1562 

3 - 7 S 

M 



2800 . 00 

- 1353 

Bismuth 

Sib 

C) .80 

B 


i.i 

-■..So 

•353b 

Cadmium 

610 

8 . ()4 

M 


Lj . 2 

>35 

.3118 

Calcium 

I 43 <' 

1 .55 

M 


21.3 

3 . 00 

•0559 

Chromium 

2712 

6 . 50 

B 



I . 50 

. 2346 

Cobalt 

2714 

8 .()0 

M 


i (».3 i 

4 . 00 

• 3«03 

Copper 

1982 

8.85 

M 


02.2 1 

o 14 ^ 

.3194 

Gold 

1944 

10-32 

M 


60.8 

300 . 00 § 

.6072 

Iron, cast 

220ot 

7.20 

B 


1 .0 

0.01 

. 2508 

Iron, pure 

Iron, wrought. , . . 

2975 

28oot 

7 . 8(» 
7.70 

M 

M 


1 S .0 

k'i.S 

0 . 0.! 

. 2836 
--779 

Lead 

621 

11-37 

S 


7.6 

0 . O.l 

.4103 

Magnesium 

1172 

1.74 

M 


35 • 2 

.■ , 50 

.0628 

1 tiff 

Manganese 

Mercury 

2205 t 
--- 37 . 8 

8.00 
13 .()0 

B 

V 


l A) 

1 50 

0. 75 

i . 2887 
! . 4 ()oH 

Nickel 

2647 

8.80 

M 


n .7 

0,50 

.3175 

Platinum 

3190 

21.50 

M 


15.0 

8 oc :3 . cx) 

’ .7758 

Potassium 

144 

0 . 8() 

S 

M 


6.4 

Hj .cx) 

: .0314 

Silver 

1760 

10.50 


1 00 . 0 

8 00 

i .3789 

Steel, machinery. 

257 ot 

7.7 

M 


10. 0 

O.O.! 

i .278 

Steel, tool 

257 ot 

7.8s 

M 

J 

1 

1 3 > 4 t 

to 

0 , o( > 1 

to I- 

1 .^833 

Tin 

449 

7.20 

M 


[ 10. ot 

11 . I 

I . CX) J 
0 . 34 

1 

' .2631 

Tungsten 

5544 

17.60 

li 


33.0 

1 75 

■ .b 35 i 

Vanadium 

Zinc 

2947 

784 

5-50 

7.10 

M 

M 


27.0 

104 ,00 

0 . 0() 

. 1985 
j .2562 


* B =Brittle, F == Fluid, M =M«'illcablu, S s»Soft. 
t Varies. Approx. Av. Value Only, 
t Glass hard, 3-4- Soft, 10.00. 

\ 120.67 per ounce troy. 
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* Cast iron has very variable properties and no clearly defined elastic limit. 

t Twenty-five to thirty-five per cent nickel steel have coefficients of expansion from o.ooooioo to 0.0000140. 
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Table D.— Elements of Usual Sec-'fions. 
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'Fabli-: I). I^l.KMHNTS OF UsuAL SkCTI()NS.— G^W//?Z 2/6Vi. 
Approximate. 


. I xt . f Section Modulus, Distance of „ ^ 

Sluipc of i Moiut'iil ot j IJitso frt)ni C'cntcr iwcstist RtXciiu.s 


Section. i hiertia, /. 


of C'.ravity. ’ | A Gyration. 




Poku* Mojuent of Inertia J. Polar Modulus of Section 


~n ! 






6 'V/PA'/F 


L blzhl 

3 V 2bi 


hh 


0,0QH2(di*—d2^) 


0 . 1 964- 


dA-d> 2 ^ 




JL 

32 \ a ) 
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Table E. — Beams of Unii-'orm Cross-Section 



Muxiniuin 

nuniu'iil, 

Maximum 

deflection 

Cantilever, single load at end 

IVl 

1 fr/ 

I IFP 

3 lit 

I WE 


1 ir/ 

8 El 

T B7''» 


1 117 

48 El 

5 WE 

Beam fixed at one end, supported at other, load near 

0. i()j 117 

,^84 El 

0 . 0008 ■ - -• 

Beam fixed at one end, supported at other, uniform 

1 na 

i 117 

^ El 
WE 

0.0054 

r B7'‘ 

l o'J eT 

Beam fixed at both ends, load at middle 

1 117 

Beam fixed at both ends, uniform load 

I/I.H 17 

I WE 
584 lil 

PF=: total load, / = length, K -■ YmmR’s moduliu;. i 

' luomi'ut of inertia. 


Soe further any haiuUiook, or treulise on ;;trcuKili of nnUrriiil;;. 

Table F. — Stress and Strain I-'ormclae 


Unit stress in tension or compression 


Strain in tension or compression 


Unit stress in shear 


Unit torsional stress 


Unit torsional stress, circular shaft 


Torsional strain 


Unit stress in flexure 


Deflection in flexure 


Unit stress, combined flexure and ten. or comp. 


ft ovf- 


X— " 
^ .1/': 


M.= Pu 




\UMt 

Tr(E 


JG 
M hr 

/ 

See 'Fabk* E 


^ A .1 


(straight axis) 
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Table F— Stbess and Strain Formula:— 


Combined torsion and nexure 

Mv.b= o-3S-^'^ft+o.65V M b-+Mr 

~ — - - 

Ditto, unit resultant normal tensile stress; dr. 
shaft 

7rr^ 


Ditto, unit resultant diagonal shear; cir. shaft. . 

P, 2^Mr-\-Mb- 

Combined tension and torsion 

/=o-35//+o.65V^,2^4/? 

TT- P Mr 

'W'' nr 

Combined c()mi;)ression and torsion, long column 

Long Columns 

/c= factor of safety 


One end free, other fixed 

P __TT- El min 

I~ 4/“ 


Both ends free, guided in direction of load 

P r'EJ min 
k'^ P 

One end fixed, other free but guided in direction 
of load 

2 Tr~JM min 

I P 


Both ends fixed in direction 

P min 

k'^ “ P 



P = force, /I s-aroa, /-•^'length, Ijcnding moment, torsional moment, ~ = 

J 

section modulus, llcxurc, — — section modulus, torsi<.m, /'i = modulus of elasticity, 6’ = 
modulus of shear. 


Table G.— Stresses tn Pressure Vessel Walls 

(/j = unit excess internal pressure, lbs. per sq. in,); (/-thickness of plate, ins.). 


Thin cylinder, stress in long, section 

. . . (/J)d= inner diam., in.) 

Thin cylinder, stress in cir. section 


Thin sphere, stress in any section 

Thick ('ylinder, stress in long, seex ITec 
ends. Di = external diam. (Max. strain 
theory) 

f-DrP 

^ At 

n-n 7/^ Birnic, and 

’ ^y\of—isp Grashof. 


Ditto, fixed or solid ends. (Max. strain 
theory.) 

D = /). -xl ^ 4P 

‘ \of—i^p Claverino. 


Ditto 

Q. 42 pD‘i 

/— p Sames. 


Ditto, free ends. (Max. .stress theory.). . . . 

2 I Barlow. 

Ditto, cither free or fixed ends. (Guest’s 
max. shear law.) 

P_ ±( _±\ 

7 Dll Moss. 
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Table G.— Stresses in Pressure Vessel Vs! mJuS.— Conti mic , 


Flat Plates, Uniformly loaded. 


Uniformly stayed, rows o> inches apart 
jb— unit flexural stress 

f/,= 1™“/; 
i)E 

Integral cast-iron cyl. head. i? 2 = inner rad. 
r= rad. of inner curv. of flange 

Bach. 

Flanged steel, riveted cyl. head. Rt and r 
as above. <^== j to | 

Bach. 

Flat circular unstayed plate, not flanged, 
to f for cast-iron heads 
=1 to f for free-lying steel heads 
= 1 to for St. heads, rigidly fastened at 
circumference 

= I to i for St. heads fastened at cir. but 
yielding to equalize stress at center 
and cir. 

Bach. 

Elliptical plate; a, major, 6, minor axis, 
to S, cast iron 

^ Bach. 

Kectangular plate; a, major, minor side. 
<^=1 to t, cast iron 

Same as foregoing. 

Square plate; side= a. 0= } to S, cast iron 

' = Bach. 

Concentrated Load at Centcr= R. 

(Plates supported, but not fixed, at edges) . 

Circular plate, rad. of load=jRo. <^=f, cast 
iron 

Bach. 

Rectangular plate, a, major, 6, minor side.. 
<f>=i to 2 ^ cast iron 

Elliptical plate, a, major, 6, minor axis. 
<^=f to t, cast iron 

,> Is ®+*C“) +4;)' I, /■ 

Bach. 
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RIVKTED JOINTS. 


62. Methods of Riveting. — rivet is a fastening used to unite 
metal plates or rolled structural forms, as in boilers, tanks, built- 
up machine frames, etc. It consists of a head. A, Fig. 56, and a 
straight shank, B. It is inserted, usually red-hot, into holes, 
cither drilled or punched in the parts to be connected, and the 
projecting end of the shank is then fonned into a head (see dotted 
lines) either by hand- or machine-riveting. A rivet is a permanent 
fastening and can only be removed by cutting off the head. A 
row of rivets joining two members is called a riveted joint or 
SEAM OF RIVETS. In hand-rivcting the projecting end of the 
shank is struck a quick succession of blows with hand hammers 
and formed into a head by the workman. A helper holds a sledge 



Fro. 56. 



B 


Ml' 

Fro. S7. 



Fig. 58, 


or “dolly bar” against the head of the rivet. In “button-set” 
or “snap ” riveting, the rivet is struck a few heavy blows with a 
sledge to “upset” it. Then a die or “button set,” Fig. 57, is 
held with the spherical depression, B, upon the rivet; the head, 
A, is struck with the sledge, and the rivet head is thus formed. 
In machine-riveting a die similar to B is held firmly in the ma- 
chine and a similar die opposite to it is attached to the piston of 
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a steam, hydraulic, or pneumatic cylinder. A rivet, properly 
placed in holes in the members to be connected, is put between 
the dies and pressure is applied to the piston. I he movable die 
is forced forward and a head formed on the rivet. 

The relative merits of machine- and hand-riveting have been 
much discussed. Either method carefully carried out will pro- 
duce a good serviceable joint. If in hand-riveting the first few 
blows be light the rivet will not be properly upset, the shank will 
be loose in the hole, and a leaky rivet results. If in machine- 
riveting the axis of the rivet does not coincide with the axis of 
the dies, an off-set head results. (Sec Fig. 58.) In large shops 
where work must be turned out economically in large (luantities, 
machines must be used. But there arc always places inacces- 
sible to machines, where the rivets must be driven by hand.* 

63. Perforation of Plates. — Holes for the reception of rivets 
are usually punched, although for thick plates and very careful 
work they are sometimes drilled. If a row of holes l^e punched 
in a plate, and a similar row as to size and spacing be drilled in 
the same plate, testing to rupture will show that the punched plate 
is weaker than the drilled one. If the punched plate had been 
annealed it would have been nearly restored to the strength of 
the drilled one. If the holes had been punched - inch to ^ inch 
small in diameter and reamed to size, the plate would have been 
as strong as the drilled one. These facts, which have been ex- 
perimentally determined, point to the following conclusions: 
First, punching injures the material and produces wea.kness. 
Second, the injury is due to stresses caused by the severe action 
of the punch, since annealing, which furnishes opportunity for 
equalizing of stress, restores the strength. Third, the injury 
is only in the immediate vicinity of the punched hole, since ream- 
re l^ss on a side removes all the injured material. 

* See Sec. 75 for discussion of the importance of holding rivet under f^ressure 
until it is cooled; and the advantage of large rivets over small. 
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In ordinary boiler work the plates are simply punched and riveted. 
If better work is required the plates must be drilled, or punched 
small and reamed, or punched and annealed. Drilling is slow 
and therefore expensive; annealing is apt to change the plates 
and requires large expensive furnaces. Punching small and ream- 
ing is probably the best method. In this connection, Prof. A. 
B. W. Kennedy (see Proc. Inst. M. E., 1888, pp. 546-547) has 
called attention, to the phenomenon of greater unit tensile strength 
of the plate along the [)crforations than of the original unperforated 
plate.* Stoney wStrength and Proportion of Riveted Joints,” 
London, 1885) has comi)iled the following table: 


TAiiLK 1 .— Rf.lativf. Pkrckntaof of Stuenotii of Steel Plates Perforated 
IN DrFFEur:NT Ways. 


Spcc'itru'ns. 

Unit Str(‘nj.q.h of Net St'ction between Holes compared 
with that of the Solid Plate (loo Per Cent). 

i Inch. 

i hieh. 

J Inch. j 

1 Inch, 

Punc'hed 

Per Cent. 
lOI .0 

10 c;. 6 
113.8 

Per Cent 
94.2 
105.6 
r 1 1 . 1 

Per Cent. 

^2 . 5 

101 .0 
106.4 

Per Cent. 

75.8 
100.3 
,to6. I 

PiiDi'ht'fl and aniu'ah'd 

Drilled 


For punched and reamed holes the same percentages may 
be used as for drilled. 

Professor Kennedy gives constants which may be obtained 
from the following formula: Excess of unit strength of drilled 
steel plates in net section over un[)erforated section 

/ is the thickness of plate in inches and r the ratio of pitch 
divided by diameter of hole. No data exist relative to iron 
plates in this matter. If ^==4.5, or more, there is no excess. 

64. Kinds of Joints.—Rivetcd joints are of two general kinds: 
First, LAP-JOINTS, in which the sheets to be joined are lapped on 

’“This reported phenomenon is corroborated by tests made at Watertown 
Arsenal. Sec Tests of Metals, 1886, pp. 1264, 1557. It is fully explained by the 
condition of localized stress and the consequent prevention of lateral contraction. 
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each other and joined by a seam of rivets, as in Fig. 59a. Second, 
BUTT-JOINTS, in which the edges of the sheets abut against each 
other, and a strip called a ^‘cover-plate’’ or “butt-strap” is riv- 
eted to the edge of each sheet, as in In recent years a lap-joint 




o o 
o o 



Fig. 60. 


with a single cover-plate has been used somewhat. It is shown 
in Fig. spe. 

There are two chief kinds of riveting: Single, in which there 
is but one row of rivets, as in Fig. 59a; and double, where there 


are two rows. 









RIGHTED JOINTS, 


109 


Double riveting is subdivided into chain-riveting,” Fig. 596, 
and “ “ staggered ” riveting, Fig. 59^/. 

Lap-joints may l)e single, double chain, or double staggered 
riveted. 

Butt-joints may have a single strap as in c, or double strap; 
i.c., an exactly similar one is placed on the other side of the joint. 
Butt-joints with either single or double strap may be single, 


double chain, or double staggered riveted. In l)utt-joints, single- 
cover-plates should have a thickncss=^/ + J''; and double cover- 

plates==- ] * t being the thickness of the main plates. 

2 8 

To sum up, there are: 

f Single-riveted 

Lap-joints j Double ehain -riveted 

[ Double slaggcrcd-ri voted 

Single-riveted 
Double chain-riveted 
Double staggered-riveted 
Single-riveted 
Double chain-riveted 
Double staggered-riveted 

The demands of modern practice have added triple, quad- 
ruple and (quintuple joints to the foregoing. In high-pressure 


Butt-joints. 


Single-strap. . 
Double-strap. 


rr^l , 
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cylindrical boilers, for instance, common practice is to employ 
for the longitudinal seam the highly efficient joint shown in 
Fig. 6o. Here we have a triple-ri\'cted Imtt-joint with double 
cover-plates; on each side of the joint two rows of rivets arc in 


/^1 - 1 
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Fig. 6 o/ 5. 


double shear and one row, the outer, is in single slicar. 
Quadruple and quintuple joints are shown in Figs. 6o.4 and ()oB. 

65. Failure of Joint. — A riveted joint may yield in any one of 
four ways: First, by the rivet shearing (Fig. 6r a ) ; second, by the 
plate yielding to tension on the line AB (Fig. 61 h)] third, by the 
rivet tearing out through the margin, as in c\ fourth, the rivet 
and sheet bear upon each other at D and E in r/, and are both 
in compression. If the unit stress upon these surfaces becomes 
too great, the rivet is weakened to resist shearing, or the plate 
to' resist tension, and failure may occur. This pressure of the 
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rivet on the sheet is called “bearing pressure.” It is obvious 
that the strongest or most efficient joint in any case will be one 
which is so ])roportione(! that the tendency to fail will be equal 
in all of the ways. 

66. Strength of Materials Used. — As a preliminary to the 
designing of joints it is necessary to know the strength of the 
rivets to resist shear, of the plate to resist tension, and of the 
rivets and ])lates to resist l)earing pressure. These values must 
not be taken froni tables of the strength of the materials of which 
the plate and rivets are made, l)ut must be derived from experi- 
ments upon actual riveted joints tested to rui)ture. The reason 
for this is that the conditions of stress arc modified somewhat in 
the joint. For instance, in single-strap 1 )ult-j()ints, and in lap- 
joints, the line of stress l)eing the center line of plates, and the 
plates joined being offset, flexure results and the plate is weaker 
to resist tension, the rivets in the mean time being subjected to 
tension as well as shear; if the joint yield to this stress in the 
slightest degree tlu' “l)earing pressure ” is localized and becomes 
more destructive. 'The effect of friction between the surfaces 
of the plates undta- tlie pn-ssun' at wliich they are “gripped” 
by the rivets is another item of considerable importance. Ex- 
tensive and accurate experiments have been made upon actual 
joints and the results have been published."^ 

The table on page r 1 2 has been compiled as representing fair 
average results, and tlic values there given may l:>c used for ordi- 
nary joints. 

The Master Steam Boiler-Makers^ Assn., as the result of 
tests conducted by its committee, recommends, for iron rivets, 
/g = 42000 and ^ 40000; for steel rivets, 4^000, 44000. 

It will be noted that the values of ft arc not given for steel. 

* Sec Proc. Inst, of Mcch. Kng., 1881, 1882, 1885, 1888; Tests of Metals, 
Watertown Arsenal, 1H85, 188O, 1887, 1891, 1895, 1896. Stoney’s “Strength and 
Proportions of Riveted Joints,” London, 1885. 
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Table II —Values of 


ft, js, AND jc FOR Different Kinds of Joints. 


Kind of Joint. 


Lap-joint, single-riveted, punched 

holes 

Lap-joint, single-riveted, drilled holes. 
Lap-joint, double-riveted, punched 

holes 

Lap-joint, double-riveted, drilled hole^ 
Butt-joints, single cover : Use values 
given for lap-joints. 

Butt-joints, double cover, single-riv- 
eted, punched holes • 

Butt-joints, double cover, single-riv- 
eted, drilled holes • 

Butt-joints, double cover, double-riv- 
eted, punched holes • 

Butt-joints, double cover, double-riv- 
eted, drilled holes 

* Original plate 

* Original bar 


Iron. 

Steel. 

ft 

fs 

fc 

ft 

fs 

fc 

0 0 

0 0 

8 8. 

1 't 

38000 

36000 

67000 

67000 


47500 

45000 

85000 

85000 



45000 

50000 

40000 

3800c 

67000 

67000 

48000 

46000 

85000 

85000 



.JjOOOO 

u 

42500 

h 

89000 

// 

48000 

// 

r 00000 


45000 

41000 

89000 

46000 

r 00000 


45000 

38000 

89000 

47500 

100000 


50000 

50000 

36000 

89000 

45000 

100000 

60000 

45000 


52000 







The tensile strength of steel varies through a considerable range 
due largely to differences in chemical constitution; it also follows 
a rough law of inverse proportion to the thickness of plates; 
i.e., thin plates will be almost sure to show higher tensile strength 
than thicker plates of the same composition. Furthermore, the 
method of perforation greatly affects the strength of the plates, 
as has been pointed out in § 63. Ordinary boiler plates have a 
unit tensile strength ranging from 55,000 lbs. to 62,000 lbs. per 
square inch. For ordinary calculations ft may be taken as 
55,000 lbs. for punched plates and 60,000 for drilled plates. 
The shearing strength of rivets also varies inversely as their size, 
but these differences are slight. 

The Boiler Code Committee of the A. S. M. E. recommend: 
for iron rivets, /s= 38,000 and /'« = 35,000; for steel rivets, 

* If the original material varies from this, the values given above should be 
varied proportionately. 
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/,== 42,000 and /',.=== 39,000. They also recommend as the max- 
imum values to be used: for iron rivets, = 38,000 and /'.s. = 38,000; 
for steel rivets, /, = 44,000 and 44,000. They recommend 
//="55>ooo for mild steel, and 7^ = 45,000 for wrought iron, where 
the actual tensile strength of the plates is not known. Similarly 
for compressive strength they recommend/, ■•=95,000 for mild steel. 
Late editions of (k)de give the above maximum values only. 

67. Strength, Proportions, and Efficiency of Joints. — No 
riveted joint can be as strong as the unperforated plate. The 
ratio of strength of joint to strength of unperforated plate is 
called the joint F.FFK’rKNCY. 

As stated in § 65 the highest efficiency for a joint is obtained 
when the relations between thickness of plate, diameter of rivet, 
pitch, and margin arc such that the tendency for the joint to 
fail in any one way does not exceed the tendency for it to fail 
in any othcT way. Fornuike can be developed for finding their 
proper values for each form of joint. 

Let •diameter of rivet-hole in inches; > rivet; 

a - pitch of rivets in inches; 

^-dhickness of jilates in inches; 

// tensile strength of plates in pounds per square inch; 

^ crushing strength of rivets or plates, if rivets are in 
single shear, pounds per square inch ; 

// ===H’rushing strength of rivets or plates, if rivets are in 
double shear, ])ounds per square inch; 

/« = shearing strength of rivets in single shear, pounds per 
s(|uare inch; 

//--shearing strength of rivets in double shear, pounds 
per square inch. 

Each joint may be treated as if made up of a successive series 
of similar strips, each unit strip having a width equal to a, the 
distance between centers of two consecutive rivets in the same 
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row (see Fig. 62). If the stresses and pro|)orlions for one such 
strip are determined, the results ol)laine(l will, of course, apply 
to all of the others, and conseqiUMilly to tlie wliole joint. Con- 
sider such a strip of thickness / and width a. 





Let P=ultimatc tensile strength of iinpcn-forated stri]), jxninds; 

r== ultimate tensile strength of nt‘t section of strip, jxninds; 

5 == ultimate shearing resistance of all rivt‘ts in strip, 
pounds; 

C=ultimate crushing resista.n(‘e of all rivets or sides of 
holes, iiounds; 

E=efficicncy of joint. 

To illustrate this method, consider first tlu‘ simplest joint, 
i.e,, the single-riveted lap-joint. 

The unperforated strip has a tensile strength 

(1) 

Along the row of rivets the net width of platt‘ is k‘ss than the 
total width of the strip by an amount cx|ual to the diameter of 
the rivet, and consequently the net tensile strength of the strip 
is expressed by the equation 

T=={a-d)tji (2) 

In each unit strip there is but a single rivet with l)ut one sur- 
face in shear, hence 

4 


(3) 
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The crushing resistance of the rivet, or of the plate around 
the hole, may be written as 

C-dtU ( 4 ) 

For highest elTiciency T =S^^C. 

Equating S and C, (3) and (4), .7854^2/, = 

'^-i-27^|- (S) 

This equation gives tlie ])roper theoretical value of d for a 
given value of /, and for materials represented by }c and js. 
Equating T and S, (2) and (3), 

.7854#/^. 


/. a 


.7854^^-7^ 

^7/r 


-jr-d. 


( 6 ) 


This gives the pro|)er tlieoretieal ])itch. The efficiency of the 
joint is olMained by dividing 7 \ or C by P. 

In most cases the values of d and a as determined by (5) 
and (6) cannot ])c strictly adliered to. Stock sizes of rivets 
must be used in i)ractice, and there are also limitations connected 
with the largest sizes it is convenient to drive. These equations, 
furthermore, do not take, into consideration the stresses set up in 
the rivets when their shrinkage, due to cooling, is resisted by 
the i)lates, an item whicli may become excessive with the smaller 
diameters. Tlie spacing of the rivets must also be modified quite 
freciuently by tlu‘ proportions of the i)arts to be connected, by 
allowance for proi)er space to form the heads, and by provision 
for tightness. In practice it is therefore often necessary to depart 
from these values. 

It must be borne in mind, however, that any departure from 
the values of d and a given in (5) and (6) destroys the equality 
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between T, S, and C, and if such departure is made, the actual 
value of T, S, and C should be determined (by substitution of 
the values of d and a decided upon). The efficiency of the 
joint will then be found by dividing whichever has the smallest 
value, T, S, or C, by P. 

If the REAL efficiency of the joint is desired, the value of 
T must be obtained by increasing ft by the amount called for by 
the perforation of the plates. As explained in § 63 this will be 

^2 greater than the ft of the original, un- 

perforated plate. 

68 . Problem. — The following problem illustrates the method 
of using Table II in connection with the formuhc (5) and (6). 

What should be the dimensions of rivet-hole and pitch for a 
single -riveted lap-joint for f-inch iron plates using iron rivets? 

Table II gives as values of ft, /„ and 40,000, 38,000, and 
67,000 lbs. per square inch, respectively, for this form of joint. 

^ = r = -375"- 

Substituting these values, equation (5) becomes 


d = i.27X.37SX 


67000 

38000 


= .84" 


and equation (6) 


.7854X.84^X38ooo 

•375X40000 


-f .84 = 2.24 inches. 


69. Proportions of Single-riveted Lap-joints. — Table III 
and Table IV have been computed in this way. As Table IV 
refers to steel joints, the values of ft, /„ and fc are 55,000, 47,500, 
and 85,000 lbs. per square inch, respectively. 
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Table III. — Proportions of Single-riveted Lap-joints, Iron Plates, and 
Rivets, Punched Holes. 


t 

a=i . OL'jt— 

h 


d 

a 


.42 

1 . 12 




..56 

1.49 



IS 

.70 

1.86 


If 

i 

.84 

2.24 

« ' 

lJ-2 

i 

I . 12 

2.98 

f-tt 


f 

1.40 

3-73 

l-i 

2-2I 

} 

1 . 68 

4.47 

i-ij 

2i-2f 

i 

1.96 

5.22 

i-if 

2 i -3 

I 

2 . 24 

5-96 

i-i| 

2i-2f 

ij 

2.52 

6.71 

li-ij 

2 f -3 


Column I gives the thickness of plate; columns 2 and 3 give 
the corresponding calculated values of d and a for joint of maxi- 
mum efficiency; columns 4 and 5 give the values of d and a 
as compiled by Twiddell in the Proc. Inst, of M. E., 1881, pp. 
293-295, from boiler-makers’ practice. It will be noted that the 
rivets used in practice (see column 4) are considerably smaller 
in diameter than those called for in column 2, and that this differ- 
ence grows more and more marked as the thickness of the plate 
increases. The reason for this is that the difficulty in driving 
rivets increases very rapidly with their size, i| or i| inches 
being the largest rivet that can be driven conveniently. The 
equality of strength to resist bearing pressure and shear is there- 
fore sacrificed to convenience in manipulation. As the diameter 
of the rivet is increased the area to resist bearing pressure in- 
creases less rapidly than the area to resist shear (the thickness 
of the plate remaining the same), the former varying as d and the 
latter as therefore if d is not increased as much as is neces- 
sary for equality of strength, the excess of strength will be to re- 
sist bearing pressure. If the other parts of the joint are made 
as strong as the rivet in shear, and this strength is calculated 
from the stress to be resisted, the joint will evidently be correctly 
proportioned. As machine-riveting comes into more general 



ii8 


MACHINE DESIGN 


use and pneumatic tools are used in “hand-work,” this dis- 
crepancy will tend to disappear. 


Table IV —Proportions of Single-riveted Lap-joints, Steel Plates, and 
Rivets, Punched PIoles. 


t 

d = i . 

. 7S54d % 
a ^—— + d 

d 

a 

A 

*43 

1.08 

•47 

I* 

i 

•57 

1*45 

. 61 

lA 

A 

•71 

1. 81 

.81 

2 

f 

.86 

2.17 

•94 

2 A 


1. 14 

2.89 

1. 19 

3 


Column I gives the thickness of the plate; columns 2 and 3 
give the values of d and a calculated for joint of maximum elTi- 
ciency; columns 4 and 5 give proportions from practice, the 
authority being Moberly (see Stoncy, “ Strength and Proportions 
of Riveted Joints/’ p. 80). It will be noted how closely the 
theory and practice agree here for boiler joints * 

70. Single-riveted Butt-joints. — To develop the general 
formulae for the values of a and d for single-riveted butt-joints 
with double cover-plates the same general method used in § 67 
applies. 

In this case the rivets are in double shear. Therefore 


5 


2— V 

2 ^ /a , 


while T = {a—d)tftj (2), as before and 

C^dtfJ, 

Equating S and C, (7) and (8), 


(7) 

(8) 


* For further data, compiled from American practice, see sec. 73. 
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and 


4 2 

d = .64^, i- - - - 

/« 


( 9 ) 


Equating T and S, (2) and (7), 

(a-d)//« = 1.57^2//; 

, . d— n + d- 
tjt 


(10) 


For Double-riveted Lap-joints the unit strip contains two rivets, 
each in single shear. The following equations cover the case : 

T-=(a-d)ifty 


5 = 2— /, = 1.57(72/,, 

4 


C == 2dtjc, 


d^i,2^jt (ii) 

h 


tjt 


(12) 


71. Double-riveted Butt-joint. — For double riveted butt- 
joints, double cover-plate, either chain or staggered riveting, there 
are two rivets in double shear for each unit strip. 
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C = 2dtfc', 


// 

d-.6i!jTt 

u 

• • • (13) 

3-ud^U 

a- r +d 

■ • . (14) 


72. General Fonnulee. — ^The following general equations for 
riveted joints have been developed by Mr. W. N. Barnard:* 
The unit strip is of width equal to the pitch, the maximum 
pitch being taken unless all rows have the same pitch. 

The general expression for the net tensile strength of the unit 
strip is 

T==(a-d)ijt (is) 


The general expression for resistance to shearing of the rivets 
in the unit strip is 


„ nnd^ , 2m7:d^ , , 

5= /, + //, 

4 4 


• . (16) 


in which n equals the number of rivets in single shear and m 
equals the number of rivets in double shear. 

The general expression for resistance to crushing of the unit 


strip is 

C = ndt (17) 

The tensile resistance of the solid strip is 

P^atjt (18) 


Equating S and C, (16) and (17), and transposing, we get 


^nf, + 2mj/ ■ 


(tq) 


♦ See article, General Formulas for Efficiency and Proportions for Riveted 
Joints,'' by Professor J. H. Barr in Sibley Journal of Engineering, Oct., 1900. 
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Equating T and C, (15) and (17), 

(.0) 

Or, equating T and 5 , (15) and (16), 

The following equation for efficiency has been developed 
on the assumption that T ==5 = C. 

From jE = p we get, by substitution and transposition, 

■E = -— A (22) 

T+ h 

This equation is useful in finding the limiting efficiency of 
joint for any form and materials; the actual proportions adopted 
may give a lower efficiency, but can never give a higher efficiency.* 
73. Proportions of Joints. — In American practice it will be 
found that there is more or less departure from the proportions 
which would be arrived at by the strict application of the prin- 
ciples laid down in the preceding articles. This variation is 
due to several considerations. Chief among them is the practical 
difficulty of driving large rivets, thus leading to the adoption of 
rivet diameters with reference to convenience of manipulation 
rather than efficiency of joint. As machines displace handwork 
the reason for this departure disappears and there is an increasing 
tendency to use the larger and more correct rivet diameters. 
Conservatism must be reckoned with here and also in the failure 
to recognize the fact that rivet diameters do not depend solely 


* In the Proceedings of the Inst, of M. E., i88i, there is an article entitled 
“On Riveting, with Special Reference to Ship-work,*^ M. Le Baron Clauzel, 
which enters deeply into the development of general formulas. 
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upon the thickness of plates, but also should vary with the kind 
of joint. Practice tends to hold to one diameter of rivet for each 
thickness of plate, irrespective of the kind of joint. 

Another item of practical importance is tightness against 
leakage under pressure. Most formuhe are developed witliout 
consideration of this important factor. From a practical point 
of view, the joint fails when it begins to leak; actual ru])turc 
need not take place. The topic of the allowable ma.ximum 
pitch as governed by experience with tightness of joints is 
discussed in § 8o. 

The margin in a riveted joint is the distance from the edge of 
the sheet to the rivet hole. This must be made of such value that 
there shall be safety against failure by the rivet tearing out. 
There can be no satisfactory theoretical determination of this 
value; until recently it has been held that i)ractice and ex])eri- 
ments with actual joints showed that a joint would not yield in 
this way if the margin were made = d = diameter of the rivet 
hole. This is a safe rule for iron rivets in steel ])lates for any 
type of joint. Where steel rivets are used it will be well to 



increase this to - d. 

The American Machinist, May 3, 1906, says: The minimum 
distance from the center of any rivet hole to a slieared eilgc 
ought not to be less than i\" for J" rivets, rj" for J" rivets, i J" 
for f" rivets, i" for rivets; and to rolled edges i j", i ’", 1", 
and I", respectively. The maximum distance from any edge 
should be eight times the thickness of plate, 

The distance between the center lines of rows may be taken 
not less than 2.5^ for double-cliain riveting, and r.«8d for 
double-staggered riveting. This will insure safety against zig- 
zag tearing of the plate, but brings the heads very close together. 
It is customary to use 2.5^ to 2.75^ for both. From these values 
and those of margins, as just discussed, the proper amount of lap 
can readily be determined for any kind of joint. 
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74. Relative Efficiencies of Various Kinds of Joints. — The 

actual efficiencies of joints when tested show some departure 
from the calculated ideal efficiencies. The following Table (V) 
has been compiled from the results of tests to show roughly the 
relative efficiencies of various types of joints: 


Table V. — Relative Efeiciency of Iron Joints- 


Original solid plate 

Lap-joint, single-riveted, punched 

' ‘ ^ ^ drilled 

‘ ' double ‘ ‘ 

Butt-joint, single cover, single-riveted. . 
“ “ * ‘ double-riveted, 

double '' single-riveted. 

double-riveted. 


Efficiency 
Per Cent. 


100 

45 

50- 

60 . 

45-50.- 
60 

55 

66 


Relative Efficiency of Steel Joint.s. 


Efficiency Per Cent. 


Original solid plate 

Lap-joint, single-riveted, punched 

“ “ drilled 

** double-riveted, punched 

'' “ drilled 

Butt-joint, double cover, single-riveted, drilled 

" double-riveted, punched. . . 

drilled 


Thicknesis of Plates. 


4-1 

4-4 

4-4 

100 

100 

100 

50 

45 

40 

55 

50 

45 

75 

70 

65 

80 

75 

70 

70 

65 

60 

75 

70 

6s 

80 

75 

70 


These tables are from Stoney’s '^Strength and Proportions of Riveted Joints. 


Triple riveted butt-joints with double cover-plates show 
efficiencies ranging from 80 to 90 per cent.* 

Quadruple joints, of this form, range from 90 to 95 per cent; 
and quintuple, from 95 to 98 per cent. 


For details of joints tested, see Tests of Metals, Watertown Arsenal, 1896. 
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75. Slippage— At about 25 to 35 per cent of its ultimate load 
SLIPPAGE takes place in a riveted joint. This is probably due 
to the fact that at this load the friction between the plates, owing 
to the pressure exerted on them by the rivets, is overcome. It 
has been found the larger the cross-sectional area of the rivet 
the greater the percentage of ultimate load which can be with- 
stood without slippage. It has also been found that large rivet- 
heads are better than small ones for the same reason. 

The importance of the consideration of slippage has been fully 
established by the work of Professor Bach Die Maschincn- 
elemente,” 9th ed. pp. 164-195). His careful and exhaustive 
experiments prove that: 

1. In cooling the rivet shrinks away from the walls of the 
hole. 

2. In consequence of this, there is no tendency to shear off 
the rivet until after the joint has failed, for all practical purposes, 
by losing tightness because of slippage. 

3. The percentage of the ultimate or rupture load at which 
slippage takes place varies according to three items : 

a. It is directly proportional to the square of the diameter 

of the rivet. From this the desirability of using large 
rivets rather than small is further established. 

b. It is increased by calking, especially if both rivet heads 

are calked as well as the plate edges. 

c. It is greatly increased by holding the rivets under maxi- 

mum pressure until they are cool enough to have set. 
This gives better results than blows, light pressure, 
or early removal of pressure. 

Professor Bach argues that joints should not be proportioned 
with reference to the ultimate or rupture strength. He claims 
that the maximum pitch is determined by the condition of tight- 
ness against springing open between rivets when pressure is 
applied. The minimum pitch is that fixed by the spacing 
of rivet heads which is the least which will permit calking them. 
Between these limits he chooses pitch: 
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1. So that the safe resistance to slippage (as experimentally 
determined by him) is equated to the stress on the joint due to 
the diameter of the vessel and the pressure. 

2. So that the unit stress in the plate between the rivets shall 
not exceed the safe working value of the plate material when the 
strength of the perforated section is equated to the stress due to 
the diameter and pressure. 

Plate I shows graphically the proportions of riveted joints as 
determined from Professor Bach’s formulas by M. Shibata in 
the American Machinist^ Vols. 26 and 27. 

76. Rivet Size and Proportions. — In general the rivet should 
have a shank A- inch smaller in diameter than the hole to be 
filled, while the head should have a diameter of from 1.6 to 2 
times the diameter of hole, and a height of from .6 to .75 times 
the hole diameter. Especial care should be taken in the case 
of machine-riveting to have just enough metal projecting beyond 
4 he hole to allow for the necessary upset for the shank to fill 
the hole, with just enough left over to fill the die for the head. 



Fig. 63. 

TABLE OF DIMENSIONS OF RIVET HEADS. 


Diameter 
of Rivet. 

Pan Head. 

A 

Button Head. 

B 

Counter Sunk. 

C 

d 

E 

F 

G 

E 

G 

E 

G 

i 


19 

A 



I* 


« 

li 

li- 

Vf ■ 


i 

I A 

A 

i 

li 


fl 

H 

A 

H 

1 

i 


ff 

f 

lA 

i 

If 

A 

I 

If 

If 

« 

If 


If 

i 
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77. Problem. — How far must the tail of the rivet project in 
order to satisfy the above conditions for the following case : Two 
plates I inch thick each are to be connected, using Jdnch rivets 
in -H-inch holes. The head is to be cone-shaped, having an out- 
side diameter of i| inches and a height of J inch. 

The cubical contents of the cone head = area of baseX j 
altitude = 2.76 square inches X -25 inch = .69 cubic inch. 

The difference in cubical contents between a hole E inch in 
diameter by | inch long and a shank J inch in diameter and 
I inch long = |X.7854(}|^-|^) = .o67 cubic inch. 

The amount required for head and upset therefore equals 
.694- .067 = .757 cubic inch. 

The area of the |-inch shank = .60 square inch. .757 cubic inch, 

• 7^7 

therefore, calls for a length of -^ = 1.25 inches. This amount 

would then be the projection through the plate. The length of 
rivet-shank called for would equal f inch-1- 1 J inches == 2 inches. 

Note. — Had the head been cup-shaped, its cubical contents 
should have been taken as that of a spherical segment. For cup- 
shaped heads the diameter is about 1.7 X diameter of hole, and 
the height about .bxdiameter of hole. The volume of the 
spherical segment is given by the following rule: Multiply half 
the height of the segment by the area of the base and the cube 
of the height by .5236 and add the two products. 

78. Countersunk Rivets. — Fig. 63 C shows the pro[)ortions for 
a countersunk rivet. Cbuntersunk rivets make a much weaker 
and less reliable joint than the ordinary form, and should only 
be used where it is absolutely necessary that the surface of the 
plate be free from projections. 

79. Nickel-steel Rivets. — ^Where peculiar conditions call for 
great strength of rivet combined with small area, it may be found 
desirable to use nickel-steel rivets. Experiments made by Mr. 
Maunsel White (see Journal Am. Soc. of Nav. Eng., 1898) on 
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riveted joints using nickel-steel rivets showed an average shear- 
ing resistance of 85,720 lbs. per square inch for single shear, and 
an average of 90,075 lbs. per square inch for double shear. These 
values, it will be noted, are nearly double those of the very mild 
steel ordinarily used. The rivets were | inch in diameter, and 
some of the joints failed by tearing the plates, while others failed 
by shearing the rivets.* 

80. .Construction of Tight Joints. — In general three types 
of riveted joints may be recognized: 

1. Those in which strength is the sole factor of importance, 
as in most purely structural iron and steel work. 

2. Those in which strength and tightness are equally deter- 
mining elements, as in boilers and pressure pipes. 

3. Those in which tightness is the prime consideration, as 
in tanks subjected to only light pressure. 

In punching holes in plates, it is, of course, necessary to 
have the hole in the die-block larger than the punch. The 
consequence is that the holes are considerably tapered and 
care should be exercised in joining the plates that the 
small ends of the holes be together as shown in Fig. 64^., 
and not apart as shown in Fig 64^. It is obvious that at 
A the pressure on the rivet tends to draw the plates closer 
together, and that as the rivet cools its longitudinal shrinkage 
will tend to keep it a tight fit for the hole in spite of its diametral 
shrinkage. 

It is equally obvious that at B the pressure on the rivet will 


* See Bulletin No. 49, Eng. Exp. Station, University of Illinois, for exhaustive 
tests, by Professors Talbot and Moore, on nickel-steel riveted joints, undertaken at 
the request of the Board of Engineers of the Quebec Bridge and the Pennsylvania 
Steel Co. The chief conclusions to be drawn are that, while these joints show 
advantage over ordinary carbon steel as concerns ultimate strength, there is no 
such advantage as regards slippage. All of the joints tested failed by shearing the 
rivets. This shows that the rivets were theoretically too small and accounts for 
the slippage. See Sec. 75. 
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tend to force the plates apart and squeeze metal between them, 
and also that all shrinkage of the rivet will be away from the 
walls of the hole. 

In using drilled plates care must be. exercised to remove the 
sharp burrs left by the drill, as experience has shown that this 
has a considerable effect on the strength of the joint. 

Where the plates form the walls of vessels to hold fluids, the 
joints must be designed with a view toward tightness as well as 



strength. For this purpose the edges are planed at a slight bevel, 
and calked as shown in Fig. 65 by a tool which resembles a cold- 
chisel with a round nose. Pneumatic tools are used for this pur- 
pose almost entirely, as they execute more uniform and rapid 
work than can be done by hand. In calking great care should 
be exercised not to groove the plates Sit A- A, as these are danger- 
points for bending, and an incipient groove is very apt to develop 
into a crack. It is largely on this account that the round- 
lose calking-tool has superseded the square-nose in the best 
practice. 

It has been found that the load which the joint will carry 
before leaking is greatly increased if both rivet heads are calked 
as well as the plate edges. (Bach’s experiments.) 

The consideration of tightness has a determining effect on the 
maximum allowable pitch for any given thickness of plate and 
type of joint. Based upon practice the following values have 
been found safe for " plates : — 

Single riveted lap joints, pitch = 7t 

Double riveted lap joints, pitch = 9.5t 

Double riveted butt joints, pitch (in outer row) « 14.5! 

Triple riveted butt joints, pitch (in outer row) « 2ot. 
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Because of the use, with heavier plates, of rivet diameters 
which are proportionately too small, these ratios of pitch to 
thickness of plate will be found to decrease in practice as the 
thickness of plate increases. Thus for plates they become 
5t, 6.6t, io.25t, and i6t, respectively.* 

81. Materials to be Used. — The material to be used in 
riveted joints depends, of course, on the nature of the work, 
but in general it may be said that extremely mild and highly 
ductile steel as free from phosphorus and sulphur as possible 
should be used. Open-hearth steel is greatly to be preferred to 
Bessemer, f 

82. Plates with Upset Edges. — Some boiler-makers have 
adopted, as an expedient for saving material, a method of using 
plates with thickened (upset) edges. If we let t represent the 
thickness of the body of the plate and t' the thickness of the edge, 
while a represents the pitch and d the diameter of hole, then, when 


the joint will be as strong as any other section of the plate, the 
joint being proportioned, of course, for the thickness It is 
customary to thicken only the edges which form the longitudinal 
seam. This method is open to two serious objections. Unless 
the plates are very carefully annealed after being upset they are 
almost certain to be weakened by indeterminate working and 
cooling stresses. Moreover, although the original new joint may 
show as high an efficiency as if the plates throughout were of the 
thickness as corrosion proceeds, it acts more on the plate away 
from the joint than at the joint, because at the latter place the 
plate is protected by the cover-plate or rivet-head or both. The 

* For quadruple and quintuple butt joints they may be 32^ and 48^, respect- 
ively. 

t Standard specifications can be found in the A.S.M.E. Boiler Code. 
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result is a shorter life under full pressure for the boiler with thin 
plates and thickened edges. 

83. Joints for More than Two Plates. — ^The joints considered 
thus far have dealt with the problem of connecting the edges 
of two plates only. In tanks and boilers which must have tight 
seams we are frequently confronted with the problem of joining 
three and even four plates. An instance is where the cross-seam 
and longitudinal seam of a boiler meet. The joint is made by 
thinning down one or more of the plates. Figs. 66 to 70 (taken 
from Unwin’s “Machine Design”) show the methods employed. 
Fig. 66 shows a junction of three plates, a, and c, where both 
seams are single-riveted lap-joints. It will be seen that the 
comer of a is simply drawn down to an edge and tucked 
under” c. 

Fig. 67 shows a junction of three plates where one seam is a 
single-riveted and the other a double-riveted iap-joint. As 
before, the corner of a is drawn down and tucked under c. 

Fig. 68 shows the junction of three plates where both scan:.', 
are single-riveted, single cover-plate butt-joints. The plates 
merely abut against each other, but the longitudinal cover is 



Fig. 66. Fig. 67. Fig. 68 . 

drawn down and tucked under the cross-scam cover which is 
thinned down to match. 

Fig. 69 also shows the junction of three plates; here the cross- 
seam is a single-riveted lap-joint while the longitudinal joint 
is a double-riveted butt-joint with double cover-plates. The 
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upper cover-plate is planed on the end so that it can be tightly 
calked where it abuts against the plate c. 



Fig. 69. Fig. 70. 


A method of joining four plates is shown in Fig. 70. Both 
seams are single-riveted lap-joints, b and c are both drawn 
down as shown. 

84. Junction of Plates Not in Same Plane. — Where the plates 
to be joined are in different planes, it is customary to use some 
one of the rolled structural forms. Fig. 71 shows the method 
of using an angle iron for plates at a right angle to each other. 

Where it is possible to turn a flange on one of the plates this 
method is often adopted. Care should be taken not to use too 



Fig. 71. Fig. 72. 


sharp a radius of curvature (the inside radius must be greater 
than the thickness of the plate even with the mildest steel) and 
the flanged plate should be thoroughly annealed after it is bent. 

Fig. 72 shows the method of making flanged joints such as 
are frequently used in connecting boiler heads and shells. 

85. Problem. — The following problem will serve to illustrate 
the design of riveted joints for boilers. It is required to design a 
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horizontal tubular boiler 48 inches in diameter to carry a work- 
ing pressure of 100 pounds per square inch, 

A boiler of this type consists of a cylindrical shell of wrought 
iron or steel plates made up in length of two or more courses or 
sections. Each course is made by rolling a flat sheet into a 
! hollow cylinder and joining its edges by means of a riveted joint, 

called the longitudinal joint or seam. The courses are joined to 
each other also by riveted joints, called circular joints or cross- 
seams. Circular heads of the same material have a flange turned 
all around their circumference, by means of which they are 
riveted to the shell. The proper thickness of plate may be 
determined from (I) The diameter of shell = 48 inches; (II) The 
working steam-pressure per square inch =100 pounds; (III) The 
tensile strength of the material used; let steel plates be used 
of 60,000 pounds specified tensile strength. 

Preliminary investigations of the conditions of stress in the 
cross-section of material cut by a plane (I) Through the axis; 
(II) At right angles to the axis, of a thin hollow cylinder, the 
stress being due to the excess of internal pressure per square inch. 
Let I =the length of the cylindrical shell in inches; • 

D = the diameter of the cylindrical shell in inches; 
p = the excess of internal over external pressure in pounds 
per square inch; 

/i=unit tensile stress in a longitudinal section of material 
of the shell due to p; 

/2 = unit tensile stress in a circular section of material of the 
shell due to p] 
j 5 == thickness of plate; 

/« = ultimate tensile strength of plate. 

All stresses are in pounds per square inch. 

In a longitudinal section the total stress is 6qual to IDp^ 

and the area of metal sustaining it = 2IL Then 
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Therefore the stress in the first case is twice as great as in 
the second; and a thin hollow cylinder is twice as strong to 
resist rupture on a circular section as on a longitudinal one. 
The latter only, therefore, need be considered in determining the 
thickness of plate. Equating the stress due io pin 2, longitudinal 
section, and the strength of the cross-section of plate that sustains 

Dp 

it, we have lDp^ 2 ltjt. Therefore the thickness of plate 

that would just yield to the unit pressure p. To get safe thickness, 
a factor of safety K must be used. It is usually equal in boiler- 
shells to 5 or 6. Its value is small because the material is highly 
resilient and the changes of pressure are gradual, i.e., there are 
no shocks. This takes no account of the riveted joint, which 
is the weakest longitudinal section, E times as strong as the 
solid plate, E being the joint efficiency ==0.75 if the joint be 


double-riveted. The formula then becomes 
stituting values. 


KDp 

2UE' 


6 X48X100 

2X60000X0.75 


=0.32 inch, say A inch. 


Sub- 


The circular joints will be single-riveted and joint efficiency 
will =0.50. But the stress is only one half as great as in the 
longitudinal joint, and therefore it is stronger in the proportion 
0.50X2 to 0.75, or I to 0.75. From this it is seen that a circular 
joint whose efficiency is 0.50 is as strong as the solid plate in a 
longitudinal section. From the value of t the joints may now be 
designed. 
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Consider first the cross-scam. This is a single-riveted lap- 
joint. Assume drilled holes. 

Equations ( 5 ), 


rf = I.27yif, 

Is 


and (6), 


.jS$4di» , 

a= Tf +»» 

tjt 


apply, while from Table II we get as value.s of /„ /., /„ 60,000, 
45,000, and 85,000 pounds per square inch respectively for steel 

plates and rivets. 


8^^000 . , 
••• <i = i-27X---X.3i25 = -75‘nch 


, •7^54X;7_5_Xi45gP° + .'ji 1.81 inclu'S, say 118 inches, 

and a- 


The margined -.7 5 inch. 

The lap of the cross-seam =3(1 = 2.25 inches. 

The longitudinal seam will be a double staggered lap-joint. 
Equations (ii) and (12) ajijdy: 


}c 1 i-57‘l”/fl , j 

d = i.2']jl, and a I d- 


From Table II, /t= 60,000, /, 46,000, and /,. 85,000; 


(l = i.27X^|^X.3i25 .74inch, .say .75, 




The distance between the rows-i.88(/ i.qr inclu-s, say :A 
inches. The total lap in the longitudinal joint ■ a.88(i -=3.66 
inches, say 3tt inches. 
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The joints are therefore completely determined, and a detail 
of each, giving dimensions, may be drawn for the use of the work- 
men who make the templets and lay out the sheets. 

Having determined the proportion of the joints, let these 
dimensions be used to calculate the actual efficiency of the longi- 
tudinal seam. 

Assume that the natural tensile strength of the unperforated 
plate is 60,000 lbs. per square inch. 

The excess of strength of drilled steel plates in net section 
over unperforated section (see § 63) is 



4 - 5 -^ 

2.5 


per cent. 


Here 


/ = .3i25 in. 


and r = - 


2-9375 

•75 


= 3-92; 


.*. excess due to perforation =3%, nearly. 
60,000 X 1.03 =61,800 = ft- 
/s =46,000 from Table II. 

I Q ^ ( ( i C i ( 

7c = 85,000 


r = (a-(i)/// = (2.9375 -.75)(.3I25X6 i, 800) =42, 250 lbs. 
5 = I.57^^^/, = 1.57 X. 75^X46, 000 =40, 625 lbs. 


C = 2dtfc = 2 X .75 X .3125 X85,ooo = 39,845 lbs. 

P = a/t/ = 2.9375X6o,oooX.3i25 =55,075 lbs. 

Of T, S, and C, the latter has the smallest value; the actual 

C 39845 
55075 


efficiency of the joint may be taken as=p = 


.7235 or 


72 - 35 %- 

Since T, S, and C are unequal it is evident that there has been 
departure from the conditions for maximum efficiency. There are 
two ways of restoring this equality, or at least diminishing the 
inequality. If a be slightly decreased, T and P will be proper- 
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In practice the designer must be familiar with the code of 
rules, governing all details of boiler design, which prevails where 
the boiler is to be used. There are many such codes— private, 
state, and national, and they are not in agreement. 

One, recently prepared by a committee of the American Society 
of Mechanical Engineers, will, it is to be hoped, supersede 
them all for the entire United States. 


CHAPTER VIII. 


BOLTS AND SCREWS. 

86. Classification and Definition. — Bolts and screws may be 
classified as follows: I. Bolts; II. Studs; III. Cap-screws, or 
Tap-bolts; IV. Set-screws; V. Machine screws; VI. Screws 
for power transmission. 

A “bolt ’I consists of a head and round body on which a 
thread is cut, and upon which a nut is screwed. When a bolt 
is used to connect machine parts, a hole the size of the body of 
the bolt is drilled entirely through both parts, the bolt is put 
through, and the nut screwed down upon the washer. (See 
Fig. 73-) 



A “stud” is a piece of round metal with a thread cut upon 
each end. One end is screwed into a tapped hole in some part 
of a machine, and the piece to be held against it, having a hole 
the size of the body of the stud, is put on and a nut is screwed 
upon the other end of the stud against the piece to be held. (See 
Fig. 74.) 
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A “cap-screw” is a substitute for a stud, and consists of a 
head and body on which a thread is cut. (Sec Fig. 75.) The 
screw is passed through the removable part and screwed into a 
tapped hole in the part to which it is attached. A cap-screw 
is a stud with a head substituted for the nut. 

A hole should never be tapped into a cast-iron machine 
part when it can be avoided. Cast iron is not good material 
for the thread of a nut, since it is weak and brittle and tends to 
crumble. In very many cases, however, it is absolutely neces- 
sary to tap into cast iron. It is then better to use studs if the 
attached part needs to be removed often, because studs are put 
in once for all, and the cast-iron thread would be worn out 
eventually if cap-screws were used. 

The form of the United States standard screw-thread is 
shown in Fig. 76. The sides of the thread make an angle of 

60°. Instead of coming to a sharp 
point, the threads have a flat at top 
and bottom whose width is = |fp, p 
being the pitch. Table VI gives the 
Fig. 76. standard proportions. 

For single threads the lead of the thread helix equals p,ior double 
and triple threads it equals 2P and 3/1, respectively. If clockwise 
rotation of the screw causes the thread to enter the nut, the thread 
is termed right-hand; if counter-clockwise, left-hand. 

When one machine part surrounds another, as a pulley -hub 
surrounds a shaft, relative motion of the two is often prevented 
by means of a “set-screw,” which is a threaded body, pref- 
erably non-projecting (Fig. 77). The end is cither rounded as 
in Fig. 77 a, or pointed as in Fig. 77 h, or cupjied as in Fig. 
77 c, and is forced against the inner part by screwing through 
a tapped hole in the outer part. 

Pata relative to the holding, power of set-screws will be 
found in § 109. 
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Table VI. — U. S. Standard Screw-threads. 


Bolts and Threads. 


Hex. Nuts and Heads. 


oq. 

iVand H. 


Diameter of Bolt. 

Threads per Inch. 

Diameter of Root 
of Thread. 

( 

Width of Flat. 

Area of Bolt 
Body. 

Area of Root of 
Thread. 

Short Diameter, 
Rough. 

Short Diameter, 
Finish. 

Long Diameter, 
Rough. 

Thickness, Rough. 

Thickness, Finish. 

Long Diameter, 
Rough. 

Ins. 


Ins. 

Ins. 

Sq. Ins.'Sq. Ins. 

Ins. 

Ins. 

Ins. 

Ins. 

Ins. 

Ins. 

i 

20 

.185 

,0062 

.049 

.027 

i 

A 

u 

i 

A 

tV 

A 

18 

.240 

.0074 

.077 

•045 



ii 

A 

i 

if 

i 

16 

.294 

.0078 

. no 

.068 

if 

f 

if 

f 

A 

If 

A 

14 

•344 

.0089 

-150 

-093 



A 

A 

f 

x/r 

i 

13 

.400 

.0096 

. 196 

. 126 

i 

if 

I 

i 

A 

Iff 

* 

12 

.454 

.0104 

.249 

. 162 


B 

xi 

A 

i 

Iff 

f 

II 

•507 

.0113 

-307 

.202 

lA 

I 

xA 

4 

A 

xi 


10 

.620 

.0125 

.442 

.302 

If 

xA 

xA 

i 

A 

Iff 

f 

9 

•731 

.0138 

. 601 

.420 

xA 

'I 

iJi 

5 

if 

2A 

I 

8 

■837 

.0156 

-78s 

-550 

If 

xA 

15 

I 

if 

2ii 


7 

,940 

.0178 

•994 

.694 

lif 

li 

2A 

x4 

xA 

2A 

li 

7 

1.065 

.0178 

1.227 

-893 

2 

lif 

2A 

If 

• xA 

2ff 

It 

6 

1 . 160 

.0208 

1.485 

1-057 

2A 

25 

2ii 

if 

xA 

3A 

li 

6 

1.284 

.0208 

1.767 

1.295 

2S 

2A 

2i 

xi 

xA 

3« 

If 

si 

1.389 

.0227 

2.074 

1. 515 

2A 

2i 

2§i 

If 

xA 

3f 

If 

S 

1.491 

.0250 

2.405 

1.746 

2i 

2ii 

3 A 

li 

lii 

35 i 

ij 

5 

1. 616 

.0250 

2 . 761 

2.051 

2if 

2 I 

3ii 

x| 

xA 

4A 

2 

4i 

1 . 712 

.0277 

3.142 

2.302 

si 

.3* 

3f 

2 

xA 

4li 


4 § 

1.962 

.0277 

3-976 

3.023 

si 

3A 

4A 

2} 

2A 

4li 

2i 

4 

2 . 176 

.0312 

4.909 

3-719 

si 

3ii 

4i 

2i 

2A 

sff 


4 

2.426 

.0312 

5.940 

4.620 

4t 

4A 

455 

2i 

2A 

6 

3 

3i 

2.629 

•0357 

7.069 

5.428 

4f 

4A 

sf 

3 

2A 

64i 

3i 

3i 

2.879 

•0357 

8.296 

6.510 

5 

4ff 

sif 

3i 

3A 

7 A 

3i 

3J 

3.100 

.0384 

9.621 

7.548 

sf 

sA 

6/1 

3i 

3A 

7|1 

3i 

3 

3-317 

.0413 

XI. 045 

8.641 

si 

sii 

6fi 

Si 

3A 

8l 

4 

3 

3-567 

.0413 

12.566 

9-963 

6i 

6A 

7A 

1 4 


m 

4i 


3-798 

•0435 

14.186 

11.329 

6i 


7A 

4i 

4 A 

9A 

4i 

2i 

4.028 

.0454 

15.904 

12-753 

65 

6if 

7fi 

4i 

4A 

94 

4 i 

2f 

4.256 

.0476 

17.721 

14.226 

7i 

7A 

8JI 

4 I 

4 tt 

xoi 

5 

2i 

4.480 

.0500 

19 -63s 

15-763 

7f 

7A 

m 

5 

4 A 

io« 

si 

2i 

4.730 

.0500 

2 I . 648 

17-572 

8 

7if 

9 A 


sA 

iiM 

sj 


4-953 

.0526 

23-758 

19.267 

8f 

8A 

9B 

5i 

5A 

Ilf 

si 


5-203 

.0526 

25.967 

21.262 

8 i 

8 ii 

xoA 

5J 

5A 

I2f 

6 


5*423 

.0555 

28.274 

23.098 

9i 

9A 

xcJI 

6 

sii 

I2A 
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The term ''machine screws'’ covers many forms of small 
screws, usually with screw-driver heads. All of the kinds given 
in this classification are made in great variety of size, form, 
length, etc. 



Thus far American manufacturers have failed to agree upop 
standard dimensions for set-screws and machine screws.* 

For consideration of their design, we will divide bolls and 
screws into three classes : 

(a) Those which arc put under no stress by screwing uj). 

(J) Those which arc put under an initial stress l)y tightening. 
(c) Those which are used to transmit power. 

87. Analysis of Action of Screw. — ^Before taking these cases 
up in detail it will be well to examine into the general action 
of screw and nut. Reference is made to Fig. 79. Tlie turning 
of a nut loaded with W lbs. may be considered as ecjuivalent 
to moving a load W on an inclined l)lane whose angle with 
the horizontal is the same as the mean pitch angle of the 
thread a. 

* The report of the committee of the A. S. M. JC on this subject vvitli suggested 
standards, will be found in Vol. 28 of the Trans. A. S. M. K. 
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Let ^1= outside radius of thread; 

^2 = inside radius of thread; 

r = mean radius of thread, approximately — ; 

^ = pitch of thread; 

a=mean pitch angle, i,e., tan a=~ : 

2Tzr ’ 

= coefficient of friction between nut and thread; 

^ =angle of friction between nut and thread, i.e., tan 0 = /d. 

ist. To raise W. 

Consider PF as a free body moving uniformly up the incline 
under the system of forces shown in Fig. 8c, where IT = axial 


"-^1 1-^ 

\ 

Fig. 80. 

load, R the normal reaction between nut and tliread due to PF, 
H the horizontal push forcing the nut up the incline, and F 
the friction in direction of incline due to the normal pressure R] 
then, by the ordinary laws of mechanics, 

7 ^ = ]T“^-cos a, (i) 

F jiW r cos a', (2) 

Jf = PF tan (a + <;6). (3) 

The turning moment M 



= JJr = lTrtan (a + c/») 


(4) 
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Since tan a == 


± 

27 tr’ 


and tan == /£, while 


^ tan a + tan (56 

tan(a+<^) = i_tanaT^^^ 


it follows that 


M=Hr = Wr 


p + 27 trfx 
2nr — pfx 


2d. To lower W, 


H=W tan (a — cp), 


• • (5) 
. . ( 6 ) 


M==Hr^Wr 


P — 2'KriL 

2Tir^Pli. 


(7) 


The foregoing has applied to square threads. Consider V 
threads with /?=the angle of V with a plane normal to the axis 
of the screw. (See Fig. 81.) The mean helix angle =c\: as be- 



fore, but now R slopes from W in two directions, making the 
angle a in the one, as before, but also making the angle /? with 
IT in a plane at right angles with the first. Hence 


R^W sec a sec /?. 

F == fiW sec a sec /?. 
For raising load, approximately, 

2Tir — p^i sec P 


. . ( 8 ) 


( 9 ) 


(10) 
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For lowering load, approximately, 

^-2;rr/isec /? 
27ir + piJL sec p 


(II) 


88. Calculation for Screws Not Stressed in Screwing Up. — 

Returning now to (<2). As illustrations of this class consider 
the eye-bolts shown in Fig. 82. It is customary to neglect the 
influence of the thread on the strength of the bolt, and to con- 
sider as the effective area. A, to resist stress, only the area of a 
circle whose diameter equals the diameter of the bolt at the 
bottom of the thread. In both cases considered a torsional 
stress is induced by screwing the engaging surfaces together, 
but if these surfaces are a proper fit, this stress is negligible, 
particularly since it exists only within the limits of the engaging 
threads where the action of the further working load which the 
bolt bears does not come into play. 



r 







u 



I 


T 

Fig. 83. 


The eye-bolt being now subjected to the working load T in 
the direction of its axis, we have 



where / is th6 safe unit working stress for the material and con- 
ditions. 

If 27=* ultimate unit strength of the material, then, if the 
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load is a constant, dead load, / may be taken as great as — for 

3 

good wrought iron or mild steel. If the load is a variable one, 
slowly applied and removed, / should not exceed for the 


same materials. If the load is variable and suddenly applied, 
j should never exceed — for these materials, and in cases of 

shock may need to be much smaller than this. 

The case shown in Fig. 83 must not be confused with the 
preceding. Here (as will be explained under (b) ) there may be 
a tensile stress in A induced by compressing B~B between the 
shoulder and the nut. If the extension in the part A of the 
bolt due to the application of the force T later be greater than 
the compression caused in B-B by the tightening of the nut, 
then the shoulder will leave B-B, and simple tension T results 
in all sections of the bolt below the nut, as in case (a). 

On the other hand, if the extension in the part A of the 
bolt due to the subsequent application of 7 " be not so great as 
the original compression of B-B due to the screwing up, then 
we have in the part A a resultant tension greater than 7 \ This 
case would come under (b). 

89. Calculation of Screws Stressed in Screwing Up. — (b) 
Combined tension and torsion are induced in a bolt by tighten- 
ing it. The stress may equal, or very greatly exceed, the tensile 
stress due to working forces. Consider the exam|)Ie shown in 
Fig. 78. Suppose the nut screwed down so that the parts con- 
nected by the bolt are held close together at E F but have not 
yet been compressed. Suppose that the proporlions are such 
that the wrench may be given another complete turn. The nut 
will move along the direction of axis of the bolt a distance = p. 
The parts held between the head and nut will be compressed 
and the body of the bolt will be extended. 
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The force applied at the point -B, or end of the wrench 
(a distance / from the axis) will range from a value of o at the 
beginning of the turn to a value P at the finish. The average 

P 

value of the turning force will be approximately ==“. 

The distance moved through by the point of application of 
this force is 27 cL Hence the work done in turning the nut a 
full turn under these conditions will be 

P 

— , 27 zl = Pnl (12) 

The resistances overcome by this application of energy are 
three in number: 

ist. The work done in extending the bolt. 

2d. The work done in overcoming the frictional resistance 
between nut and thread. 

3d. The work done in overcoming the frictional resistance 
between nut and washer. 

These will be considered in order. 

ist. Let r^the final pure tensile stress in the bolt due to 
screwing up one turn. At the beginning of the turn the ten- 

T 

sion = o. The average value may be considered — for the 

2 

turn. The distance moved through by the point of application 
of this force in the direction of its line of action, in one turn = p. 
The work done in extending the bolt 

T 

= 7 ^ (O 

2d. The frictional resistance between the threads of nut and 
bolt depends upon the form of the thread as well as the mate- 
rials used and the condition of the surfaces. (See equations (2) 
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and (9), § 87-) Assuming a V thread as being more commonly 
used for fastenings, the average value of the friction 

T 

p = nr- sec a sec /? 

^ 2 

(eq. (9) ), since the average load for the turn - ^ . 

The distance moved through by the point of application of 
F for one turn of the nut on the bolt-/> cosec «. Hence the 
work done in overcoming the friction between bolt and nut in 
T 

the one turn = /i— sec a sec f cosec « 

T 

=— jip sec a sec /? . coscc a (14) 

?d. The frictional resistance between nut and washer due to 
T T 

a mean force — will be in which /i' is tlie coelhcient of 

friction between nut and washer. The point of application of 

this resistance may be taken at a distance of 'V, from the axis 

of the bolt, ri being the outside radius of bolt-thread. 'I'he dis- 
tance moved through by the point of application for one turn of 
the nut = 2wifi, and the work done in overcoming this frictional 
resistance 

(is) 

Equating (12) to the sum of (13), (14), and (15), gives 

T T T 

0 cosec 

2*2 2 



BOLTS AND SCREIVS. 


149 


whence 


2P7CI 


p + pip sec a sec /? cosec a -f pi' 


. (16) 


/i=^ = unit stress in bolt due to pure tension. . (17) 


In addition to this it must be borne in mind that the screw 
is subjected to a torsional moment whose value can be deter- 
mined by considering the nut as a free body as 
^ shown in plan view in Fig. 84, where all of the 
forces capable of producing moments about the 
axis of the nut are indicated as they exist at the 
end of the turn. 

Summing the moments about the axis of the 
bolt gives 

Fig, 84. (18) 



Hr is, of course, the torsional moment transmitted from the nut 
to the bolt. To find its numerical value substitute the value of 
T found in equation (16) and solve (18). 

The unit stress induced in the outer fibers of a rod of cir- 
cular section and radius ro ( = radius at bottom of thread) is 
found by means of the equation 

(19) 

nr^ 

J is the polar moment of inertia, in this case = “-^; c is the dis- 
tance from neutral axis to most strained fiber, in this case=f2; 
/a is the induced unit stress in outer fiber; M is the moment, in 
this case = £rr. Combining equations (18) and (19) and sub- 
stituting these values gives 



niisicx. 


The equivalent tensile unit stress due In the eomiuius 
of ji and /« is found from the eciuation for eninhined 
and torsion, 

/ 0.35/rl o.() 5 \ '/r ! -lyV-h - • . 


go. Problem.— What is the unit lilier stress iiiduei 
U. S. standard J-inch boll in serewini.r uji llu- nut with a 
one pound at the end of a wreneli M inelies Innj;? Arran 
of parts as shown in Tig. 7S. 

In this case - .500 ''i --5 in-, 


(/■^ ■ -too in., r- m., 
r-- .225 in., .1 . 1 .!(> sij. in., 


p .077 in., 
[I n' 0.15, 


a uingk* whose tangent is 3“ 7', 


seen - 1.0015, eosec <1 

/f 30°, see .V 1-155, 

P 1 lb., ami / ,S ins. 


From equation (16) 


2 x 1 ;< -T K 


.077-I-.077X0..15X i.ooi5:< 1.155 < iM-.-iu ! 0.15 '.3 
= 74.467 lbs. 

From equation (17), 


74.467 


h 5<Albs. 


From equation (20), 


2(1 XH o.i5>:74..|()7 >'0.25) 


="303 lbs. 
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From equation (21), 

/= 0-3 5 X 59 1 + 0-65 '^591' + 4 X 303^ 

= 757 lbs. 

If a pull of one pound on an 8-inch wrench applied to a |- 
inch bolt can induce a unit fiber stress of 757 lbs., since equa- 
tions (16) and (20) show that the stress increases directly as the 
pull, it follows that a pull of 30 lbs., such as is readily exerted 
by a workman, will induce a stress of 30X757 = 22,710 lbs. per 
square inch. 

91. Wrench Pull. — If this turning up be gradual and the 
bolt is riot subjected to working stresses, this would be safe for 
either wrought iron or mild steel. On the other hand, if the 
final turning be done suddenly by means of a jerking motion or 
a blow, or a long wrench be used, or even an extra-strong grad- 
ual pull be exerted, there is evident danger of / having a value 
beyond the clastic limit of the material, even reaching the ulti- 
mate strength. 

It will be noticed also that the torsional action increases the 
fiber stress over that due to pure tension in the ratio of — , i,e., 

591 

in this problem, an increase of over 25 per cent. In general this 
increase will be from 15 to 20 per cent, depending chiefly upon 
the relation existing between /i and //. It should also be noted 
that the pure tension, T, induced in the bolt by the moment PI 
may be taken as the measure of the pressure existing between 
the surfaces E~F (Fig. 78). In our problem this pressure, for 
P==3o lbs., would become 30X74.467=2234 lbs. 

As a general rule the length of wrench used by the workman 
is fifteen or sixteen times di, the diameter of bolt, and it may be 
stated that T = for U. S. standard threads. 
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92. Calculation of Bolts Subject to Elongation.— Next con- 
sider the case shown in Fig. 85. Suppose (hal tlic nut is screwed 

ern 


4 


up with a resulting tensile stress in the Ixilt 
= r. A working force Q lends to sei)ar:ile 

the bodies A and B at C D. Assume lliat Q 

acts axially along the bolt. I he ([ueslion is, 

What value may Q have without opening the 
joint C-D? 

A is the cross-sectional area of the boll; 

L is the original length l)et\veen boll liead 
and nut when .4 and B are just in 
contact at C~D but not compre.ssed; 

To is the tensile stre.ss in boll due to screwing up; 

X is the total elongation of bolt due to ‘/’o; 

E is the coetlicient of elasticilv of tin- boll material. 




Fig. S5. 


Then, since 


unit strain i 
unit stress E 


„ it follows that 


/i 

L 

n 

A 


I 

/r 


(i) 


In any given case this can be solvtnl for X, 

Let A' be the area of A and B compresst'd by tlie lioll action; 
X' is the total compression (/.c,, shorUming) of *4 and /i, 
due to the tightening of the holt ; 

Co is the total compressive stress which produces X/; 

C{) 7 0 - 

E' is the coefficient of elasticity of the material A, B. 'I'hen 

/i' 

Tf 

a s. ® 


L 

Co ^ 


T 

E'’ 
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This can be solved for 

Now consider the condition when a working force, Q, acts 
tending to elongate the bolt so that A and B will just be ready 
to separate at C~D. In order that this separation may begin, 
the bolt, already elongated an amount X, must be elongated a 
further amount X\ 

For incipient separation the total elongation of the bolt then 
and the total stress in the bolt corresponding to this 
elongation, = T\ can be determined from the equation 

— — - (3) 

T' E ''3.' 

Considering the bolt-head as a free body (Fig. 86), it follows 
ITHI forces acting on it at any instant will be, C, 

^ 1 1 the reaction of the material of A due to its resistance 

.j. to compression; Q, the working force; and T, the ten- 

Fig, 86. sion in the bolt. Hence 

r-c+(2 (4) 

When the bolt is first screwed up, and Q =o, then C = r, 
and T the tension due to screwing up. When Q comes 
into action, C is partly relieved, and when Q reaches such a 
value that the surfaces are about to part, then C = o and <2=* 
T-=T\ (See equation (3).) 

An examination of these formulae shows certain facts which 
may be stated as follows: The tightness of the joint C-D de- 
pends upon the compressibility of A and B, 

Anything which increases the total compression, X', increases 
the tightness of the joint. This may be accomplished by in- 
creasing L or Co, or decreasing A', It may also be increased 
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by the introduction of a highly elastic body (i.c., gasket) between 
A and B. 

It also follows that the tension in tlie l)olt wlien tile joint is 
about to open, T, must be greater Ilian the tension due to 
screwing up, To, and therefore if Q be limited to a value e(|ual 
to or less than Tq, there will be no o|)cning of the joint. In 
general. A' is large compared with /I, and T very small com- 
pared with X, so that T' is not much gnaiter than y’,,. In order 
to be sure of a tight joint the initial tension should he taken 
T0-2Q. 

93. Problem I. — Calculate the bolts for a “blank" end for 
a 6-inch pipe using flanged cou])lings with ground joints, and 
no gaskets, as shown in Fig. 87. The exi-ess internal pressure 
is to be 150 lbs. per square inch. 



The area subjected to pre.ssure has a diameter of 7.I ins.- 
hence the total working pres.sure 150X * ^ ‘ 6627 lbs. 

The number of bolts is determined by the distance they may 
be spaced apart without danger of leakage due to the springing 
of the flange between the bolts. This distance may be taken 
equal to four or five times the thickness of the flange. In the 
problem under consideration, the diameter of the bolt circle will 
be approximately 9 ins., and using six bolts, the chord length 
between consecutive ones will be ulxrnt 4.I ins., which is per- 
fectly safe. 
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Take 


To =2(2 = 2210 lbs. 


With a direct tension of 2210 lbs. due to screwing up, there 
is also the stress due to torsion. As stated in § 91, this may 
increase the fiber stress 20 per cent over that due to direct ten- 
sion. To allow for this the bolts used must be capable of safely 
sustaining a stress of 2210X1.20 = 2650 lbs. 

The allowable unit stress here may be taken rather high, 
since the conditions after once screwing up approximate a steady 
load. Assume steel bolts with an allowable unit stress of 
15,000 lbs. 

The area of each bolt at the bottom of the thread will then 


be — ^=0.177 sq. in. This value lies between a i^i-inch and 
15000 ^ 

a f-inch bolt. Select the latter with an area of 0.202 sq. in. To 
exert an initial tension of 2250 lbs. in a [j-inch bolt would re- 
quire a pull of about 30 lbs. on a lo-inch wrench. (Sec § 91.) 
These values just about correspond to actual conditions in prac- 


tice. 


94. Problem II. — It is required to design the fastenings to 
hold on the steam-chest cover of a steam-engine. The opening 
to be covered is rectangular, io"Xi2". The maximum steam- 
pressure is 100 lbs. per square inch. The joint must be held 
steam-tight. Studs of machinery steel having an ultimate ten- 
sile strength of 60,000 lbs. per square inch will be used. 

The total working pressure = 10X12X100= 12,000 lbs. 

The number of studs to be used will be goveimed by the dis- 
tance they may be spaced without springing of the cover. The 
thickness of the latter being assumed to be | inch at the edge, 
the spacing should not exceed 5 = say 4 inches. 
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The opening is lo^Xia", as shown in Fig. 88. There must 
be a band about f or | inch wide 
around this for making the joint, 
upon which the studs must not en 
croach. This makes the distance 
between the centers of the veitical 
rows of studs about 14 inches, and 
between the horizontal rows about 
12 inches. Twelve studs can be used 
if arranged as shown in the figure. 

The greatest distance, that between 
the studs across the corners, will but Kkj, ss. 

slightly exceed the allowable 4 inches. 

1 2000 

With 12 studs, the working load on each () ^ ^ 1 000 ll)s. 

To 2() 2000 lbs. 

Allowing 20 per cent for torsionaJ stn^ss, increases this to 
2400 lbs. 

Allowing a unit stress of 15,000 lbs., as in Problem I, we 

2400 

have as the area of the stud at the liottom of thread _ o. i()o. 

I 5000 

This corresponds to a ft-inch stud. Sinc'e a workman may 
readily stress a bolt of this size beyond the (dastic limit l)y exert- 
ing too great a pull in tightening, many designers would increase 
these studs to f inch or even | inch. 

95. Design of Bolts for Shock.- -The elongation of a bolt 
with a given total stress depends upon tlu* LKNcrrn and arka 
of its least cross-section. Suppose, to illustrate*, that the* liolt, 
Fig. 89, has a reduced section over a length / as shown. This 
portion, A, has less cross-sectional area than the rest of the bolt, 
and when any tensile force is applied, the resulting unit stress 
will be greater in A than elsewhere. I'he unit strain, or elonga- 
tion, will be proportionately greater up to the elastic limit; and 
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if the clastic limit is exceeded in the portion A, the elongation 
there will be far greater than elsewhere. If there is much differ- 
WWX' ence of area and the bolt is tested to rup- 
I ^ ture, the elongation will be chiefly at A. 
p I There would be a certain elongation per 

I I INCH of A at rupture. Hence the greater 

'y y 

I i h of the greater the total elonga- 

I I tion of the bolt. If the bolt had not been 
reduced at T, the minimum section would 
be at the root of the screw-threads. The 
Fig. 89. Fig. 90. axial length of this section is very small. 
Hence the elongation at rupture would be small. Suppose there 
are two bolts, A with and B without the reduced section. They 
are alike in other respects. They arc subjected to equal tensile 
shocks. Let the energy of the shock = £. This energy is di- 
vided into force and space factors by the resistance of the bolts. 
The space factor equals the elongation of the bolt. This is 
greater in A than in jB, because of the yielding of the reduced 
section. But the product of force and space factors is the same 
in both bolts, =£; hence the resulting stress in the minimum 
section is less for A than for B. The stress in A may be less 
than the breaking stress, while the greater stress in B may 
break it. The capacity of the bolt to resist shock is 

THEREFORE INCREASED BY LENGTHENING ITS MINIMUM SEC- 
TION TO INCREASE THE YIELDING AND REDUCE STRESS. This is 
not only true of bolts, but of all stress members in machines. 

The whole body of the bolt might have been reduced, as 
shown by the dotted lines in Fig, 89, with resulting increase of 
capacity to resist shock. Turning down a bolt, however, weak- 
ens it to resist torsion and flexure, because it takes off the material 
which is most effective in producing large polar and rectangular 
moments of inertia of cross-section. If the cross-sectional area 
is reduced by drilling a hole, as shown in Fig. 90, the torsional 
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and transverse strength is but slightly decreased, l)iit the elon- 
gation will be as great with the same area as if the area had 
been reduced by turning down. 

Professor Sweet had a set of bolts prepa.red for special test. 
The bolts were i|- inches diameter and about 12 inches long. 
They were made of high-grade wrought iron, a,nd were dupli- 
cates of the bolts used at the crank end of the c-.onneding-rod 
of one of the standard sizes of the Straight-line Ihigine. Half 
of the bolts were left solid, while the othen' half were carefully 
drilled to give them uniform cross-sectional area throughout. 
The tests were made under the direction of Professor (air])enter 
at the Sibley College Laboratory. One pair of bolts was tested 
to rupture by tensile force gradually a.])i)lied. 'Fhe undrilled 
bolt broke in the thread with a total elongation of 0.25 inch. 
The drilled bolt broke between the thread and the bolt head 
with a total elongation of 2.25 inches. If it I)(‘ a.ssunied that 
the mean force applied was the same in both cases, it follows 
that the total resilience of the drilled bolt was nine times as great 
as that of the solid one. “Drop tests,” /.c., tests wlnh'h brought 
tensile shock to bear upon the bolts, were made on otlu‘r similar 
pairs of bolts, which tended to confirm thc‘ general conclusion. 

96. Problem. — It is required to design propeu* fastenings for 
holding on the cap of a connecting-rod like that shown in Fig. 
91. These fastenings are required to sus- 
tain shocks, and may be subjected to a 
maximum accidental stress of 20,000 lbs. 

There are two fastenings, and therefore 
each must be capable of sustaining safely 
a stress of 10,000 lbs. They should be 
designed to yield as much as is consistent 
with strength; in other words, they should 
be tensile springs to cushion shocks, and 
thereby reduce the resulting force they have to sustain. Bolts 
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should therefore be used, and the weakest section should be 
made as long as possible. Wrought iron will be used whose 
tensile strength is 50,000 lbs. per square inch. The stress given 
is the maximum accidental stress, and is four times the working 
stress. It is not, therefore, necessary to give the bolts great 
excess of strength over that necessary to resist actual rupture 
by the accidental force. Let the factor of safety be 2, This 
will keep the maximum fiber stress within the elastic limit. 
Then the cross-sectional area of each bolt must be such that 
it will just sustain 10,000X2=20,000 lbs. This area is equal 
to 20,000-^-50,000=0.4 sq. in. This area corresponds to a 
diaiheter of 0.71 inch, and that is nearly the diameter of a 
|-inch bolt at the bottom of the thread; hence |-inch bolts will 
be used. The cross-sectional area of the body of the bolt 
must now be made at least as small as that at the bottom of the 
thread. This may be accomplished by drilling. 

97. Jam-nuts. — When bolts are subjected to constant vibra- 
tion, there is a tendency for the nuts to loosen. There are many 
ways to prevent this, but the most common one is by the use of 
jam-nuts. Two nuts are screwed on the bolt; the under one 
is set up against the surface of the part to be held in place, and 
then while this nut is held with a wrench the other nut is screwed 
up against it tightly. Suppose that the bolt has its axis vertical 
and that the nuts arc screwed on the upper end. The nuts being 
screwed against each other, the upper one has its internal screw 
surfaces forced against the under screw surfaces of the bolt, and 
if there is any lost motion, as there almost always is, there will 
be no -contact between the upper surfaces of the screw on the 
bolt and the threads of the nut. Just the reverse is true of the 
under nut; i.e.^ there is no contact between the under surfaces 
of the threads on the bolt and the threads on the nut. There- 
fore no pressure that comes from the under side of the under 
nut can be communicated to the bolt through the under nut 
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directly, but it must be received by tlie ui.)i)er nut und com- 
municated by it to the bolt, since it is the U[)[)er nut alone that 
has contact with the under surfaces of tlie tlvread. 'rhereforc 
the jam-nut, which is usually made about half as thick as the 
other, should always be put on next to the surface of the piece 
to be held in place. Other locking devices are shown in Fig. giA. 





Fig. 


98. Calculation of Screws for Transmission of Power. — 

(c) Screws are frequently used to transmit power. A screw-press is 
a common example, while the action of s[)iral gears, including worms 
and wheels, is that of screws and subject to tlu* same analysis. 
Collar friction, or nut and washer friction, is here neglected. 
The use of ball or roller thrust bearings permits this. E([iiation 
(18) shows how it may be introduced if PI does not ecj^ual Hr, 
The general action of screw and nut has already been treated. 
(See § 87.) 

With a square-thread screw it was found that the moment 
Pl==M, required to raise a load W, will be ^ (0 

27rr-pfi 

(page 144). 


This will induce a fiber stress 


. c(Pl) 

A j 


(see ecfualion (19) ), 
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which must be combined with the tension, in order to 

get the actual unit stress, /, remembering 

/“-35/« + -65^/<^ + 4/ s ^ (21) 

Let n= number of complete thread surfaces in contact 
between the nut and screw, and the projected area equals 

T^{di^—d2^) to bear the load W. 

4 


where K is the allowable pressure per square inch of projected 
thread area. 

For nuts and bolts which are used as fastenings we may take: 
iv=2 5oo lbs. for wrought or cast iron running on the same 
material or on bronze ; 

Z = 3000 lbs. for steel on steel or bronze. 

With good lubrication, where the screw and nut arc used to 
transmit power, wc may take the values given in the following 
table : 


Table VII. 



The value of p. has been experimentally determined by Pro- 
fessor Kingsbury.* He concludes that for metallic screws tum- 


Transactions A. S. M. E., Vol. XVII, pp. 96-116. 
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ing at extremely slow speeds, under any pressure up lu 14,00c 
lbs. per square inch of bearing surface, and freely lubricated 
before application of the pressure, the following cocrficients of 
friction may be used. 


Taulk VI it. 


Ltibricatil. 


... 

0 . I I 

X-fS^rd-oii • *********,**- , IN 

0 . I. IS 

Heavv-macnincry on 

Heavy-machinery oil and graphite in etjual 

0.07 


. , . ........ . 


Regarding the efficiency of the scpiare-screw thread' to trans- 
mit energy, we may reason as follows : 

useful work 
The efficiency = . 

Wp 

which becomes for one turn 


Wp 

27 trH 


W 


2nr W tan <x tan o: 

H ""IT tan (a - 1-01 tan (<r I (/))’ 


(22) 


From this it appears that c becomes o, for a " o® and for 
— and must therefore have a maximum value between 
these limits. To determine this maximum, write 


tan a 
tan 


==tan a cot (a + <j>). 


Taking the first differential and e(|ualing to o, 


cot (a + <^) tan a ^ 
cos^ a sin^ (a -f (l>) 


= 0. 


« = 4 S 


jt 

2 ' 


Solving which gives 
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To find. the corresponding value of e, write (from (22) ) 


max. e = - 


tan(4S°-f ) 


tan 45 


.0 ± 


tan ( 45° — - -f ^ ) tan US'" + 


I)' 


To lower W with a square-threaded screw, 




P — 27triL 

27zr-\-pii 


(23) 


[The value of /., can be found from this, as explained in the 
section on raising W, and combined with jt to obtain /.] 

Regarding the efficiency in this case, 

if ci'< cp the load will not sink of itself overhaul), 
if a^<p wc have a condition of equilibrium, 
if the load will sink of itself (i.e., overhaul). 

For a screw which will not overhaul it becomes evident that 
the limiting value of a is 0 and the maximum efficiency 

tan a tan </> i — tan^ 6 

=0.5 —0.5 tan^ c/>. 

tan (a + 9) tan 2(/> 2 0 o t 

The efficiency of a screw which will not overhaul can there- 
fore never exceed 0.5 or 50 per cent. 

For V threads, with ,5 = angle of V, with a plane normal -to 
the axis of the screw for raising load, 


27 Lr — pii sec p 

which is evidently greater than (5), and 


(24) 


tan a(i — fjL tan a sec ^) 
tan a -f /jl sec 


• • (25) 
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which is evidently less than e for square threads. (See equa- 
tion (22).) 

It is clear, then, that square threads should be used in pref- 
erence to V threads for screws for power transmission. 

For lowering the load with V threads 


Pl=Hr = Wr^ 

27 , 


— 27 :r ft sec 
zr -f- ptL sec 


P 


(26) 


99. Problem. — Design a screw to raise 20,000 lbs. The 
screw must not orerhaul. No collar friction. 

What moment need be exerted to lift thc^ load ? 

What will be the elTiciency of the screw ? 

Select a square-thread screw of nuichiiui'y steel running in 
a bronze nut. 

For a screw which will not overhaul a must l)c‘ U‘ss than cj). 


tan a</e 


To be safe against overhauling with the materials used and 
good lubrication, g must not be given a greater value than o.io. 

s'' 45'* 


The pure tension == 20,000 Ibs.-^^l^F. In the i)reliininary calcu- 
lations, to allow for the elTect of torsion, this will be increased 
25000 


so that / = 


In this equation / is the allowable unit stress in pounds per 
square. inch, and A is the area of the screw at the bottom of the 
thread in square inches. 

Assume that this screw is frec(uently loaded and unloaded, 
and not subject to shocks nor reversal of stress so that / = 

12,000 lbs. per square inch for mild steel. Tlum A - = 

12000 
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2.08 sq. ins. This corresponds to a diameter of if inches at 
bottom of thread. 

From tan a = , we have 

2nr 

p = 27 tr tan a. 

Remembering that for square threads the depth of the thread 

= and that ^2 is the radius at the bottom of thread, and 
2 


^ = ^2 + — , it follows that 
4 


/ p 

^~ 27 r( r2 + ~ } tan a, 
\ 4 / 


27 r tan a 

p— /> = 27 rf 2 tan a, 

r 4 r 


27 cr 2 tan cr 


tan a 


2 X7rXo.8i2SXo.i ... , 

p = " ^ ’ “• = .606 inch. 

^ 1-1.57X0.1 


This is not a thread to be easily cut in the lathe. It would 
be desirable to modify the value of p so that the thread can be 
readily cut. It is obvious that p cannot be increased without 
increasing r proportionately, else a will have a greater value 
than is allowable. It will be more economical to reduce 
The nearest even value would be J inch, and this will be selected. 

Check this for strength : 

= 1-625 inches, ==0.8125 inch, ^ = 0.5 inch. 

(^1 = 2.125 inches, ^1 = 1.0625 inches, 

= 1.875 inches, r = 0.9375 inch. 


i66 
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tan a-- 


P _ 0-5 

2Kr 2X71X0.9375 


= 0.087, 


which is safe, as it is less than the value of fi — 0,10. 
From equation (5), the moment. 


Pl^Hr^Wr 


p-\-27:rit 
27:r — pfi 


• D? - 0.5 + 2X7^X0.937^X0.10 

P/=2ooooXo.9375. 

(2X7rXo.9375) -( 0 . 5 x 0 . 10 ) 

= 3496 in. -lbs. 

From equation (19), the fiber slres.s due lo torsion, 
cPl 2PI 


/a=- 


J 


. X 2X3496 ,, . , 

■ ■ "sX 0.81 253 ‘rich. 


From equation (17), the unit stre.ss due to teasion, 
_ W 20000 

llw- persiiuare inch. 
From equation (21), the combined stre.ss, 

/=o- 35 A+o- 65V'/,2 + 4/,2. 

•'• / = 0-3 5 X 9597 4 - o.65\/ 9597M+X 41402 

“‘12,379 lbs. per square inch, 

which is near enough 12,000 to be considered safe. 
The efficiency, from equation (22), 

tan a 

^ ‘-I 1— Ti n a- 1.. _ Ti- T- . 

tan 
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Since tan a = 0.087, « = 5 ° 

Since /f = tan ^==0.10, <5^ = 5° 4S^ 

a + 4 ’ = io° 4s', tan 10° 45' = 0.1899. 

o 087 

« = --:^~=o.458i> or 45-81%. 

The height of the nut is determined from the equation 

W = Kn^(di^-d2^), 

in which W is the load, n the number of complete threads in 
the nut, di the outside and d2 the inside diameter of thread. 
K is the allowable pressure in pounds per square inch, and its 
value depends upon the speed. See table in sec. 98. 

Assuming the screw to have a rubbing velocity of less than 
50 feet per minute, K 3000. Then 

W 20000 

rc , 3000X0.7854(2.125^-1.625^ 

30oo“-(ai" — 

4 

= 4.5, nearly. 

The height of nut = ^X«" i"X4.5" = 2|". 


CHAPTER IX. 


MEANS FOR PREVENTING RELATIVE ROTATION. 


100. Classification of Keys.— Keys are chieny used to pre- 
vent relative rotation between shafts and the pulleys, gears, etc., 
which they support. Keys may be divided into parallel keys, 
taper keys, disk keys, and feathers or splines. 

101. Parallel Keys. — For a parallel key the ''seat,^’ both 
in the shaft and the attached part, has parallel sides, and the 
key simply prevents relative rotary motion. Motion i)arallcl to 
the axis of the shaft must be prevented l)y some other means, 
as by set-screws which bear upon the toj) surface of the key, as 
shown in Fig. 92. A parallel key should fit accurately on the 
sides and loosely at the top and bottom. Parallel keys may be 
‘‘square” or “flat.” The following table (IX) for dimensions 
for square keys is from Richards’s “ Manual of Machine Con- 
struction.” 

Tablk IX. 

Diameter of shafts ^== I i } 2 2| 3 3! 4 

Width of key —w= I J- || i| JJ Tpg- f j 

Height of key = t= 1 % i A' 3 fe J A S i 


Excellent parallel keys arc made from cold-rolled steel with- 
out need of any machining. 

John Richards’s rule for flat keys is (see Fig. 93) w = t has 


such value that a = 30.® This rule is deviated from somewhat, 
as shown by the following table (X), taken from his “ Manual 
of Machine Construction,” page 58: 

16S 
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d~ I I i 1 2 

i" § 

/= -32 A i 


Table X. 

i" 2 2i 3 4 

7 1 5 a 7 T 

16 2 a 4. a 

.9. .s. a 1 s 

a 2 16 a li? 2 a 


5678 
li ij if 

JLL ,i_ 3 . .7 ^ 


When two or more keys arc used, w = d-^6, t being, as before, 
of such value that a shall ^----30°. 

102. Taper Keys. — A taper key has parallel sides and has 
its top and bottom surfaces tapered, and is made to fit on all 


Fig. 92. 


Fig. q 3. 





Fig. 94. 


four surfaces, being driven tightly “home.’’ It prevents rela- 
tive motion of any kind between the parts connected. If a key 
of this kind has a head, as shown in Fig. 94, it is called a “ draw 
key,” because it is drawn out when necessary by driving a 
wedge between the hub of the attached part and the head of 
the key. Projecting draw-heads are to be avoided on all rotating 
parts unless guarded to prevent accident. When a taper key 
has no head it is removed by driving against the point with a 
“ key-drift.’^ 

The taper of keys varies from \ to \ inch to the foot. 

103. Fitting Shaft and Hub. "—In using taper keys it is cus- 
tomary to bore out the hub slightly larger than the diameter of 
the shaft so that the wheel may ho removed readily after the 
key is withdrawn. This allowance in diameter should not be 
greater than that for a sliding fit, say, 

^0.05!) -f 0.4 
1000 ^ 
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in which formula A is tlic dilTcnmco in diameter l)etwccn the 
bore of hub and size of sluift, i-xpn'ssial in decimal parts of an 
inch, and D is the nominal diameter of .shaft in indies. Where 
the parts do not have to be taken apart frecpiently, it is vastly 
better to use a driving lit, /.<■., to bore out the luib smaller than 

n 

I o-.n 

the diameter of the .shaft by an amount .-1 " to use 

I exx) 

parallel keys. 

Where a single ta])er key is used tlu' elTi-et is to make the 
wheel and shaft eccentric, as can lie seen in h'ig. <>5. The bear- 
ing is limited to two [loints, -I, B, and the connection is unstable 
for the transmission of power. 



Fig. 9$. Fiii. t)(>. Fio. 97, 


If great care is not exercised in having (hc‘ taper of keyway 
exactly the same as the taper of tlu' kt*ys, a. fiirtluT dhriculty 
arises in that the wheel will be canlt^d out of a true normal plane 
to the shaft-axis. This can l)e seen in Mg. 

By using two keys, placed a (piarter or third of the circum- 
ference apart, a much more stable conneuiion is ot)tamed, as it 
will give three points of bearing, Ay By and C, -(See Fig. 97.) 
Eccentricity is not avoided by this method. 

104. Woodruff Keys.— The Woodruff or disk system of keys 
is used by some manufacturers. The key is a half disk, as can 
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be seen in Fig. 98. Under this system the keyway is cut lon- 
gitudinally in the shaft by means of a milling-cutter. This cut- 



Fig. 98. Fig. 99. 


ter corresponds in thickness to the key- to be inserted, and is of 
a diameter corresponding to the length of the key. The key 



Fig. 1 00. 

being semicircular, it is sunk into the shaft as far as will allow 
sufficient projection of the key above the surface to engage the 
keyway in the hub. 



l^2 
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Owing to its peculiar shape the key may he- slightly inclined, 
so that it will serve to sui)port the wlu-el on a verticail shaft, pro- 
vided the key-scat in the hub is made tai)ering and of the proper 
depth. 

104. Saddle, Flat and Angle Keys. -Saddle keys (Fig. pq, i) 
and keys on flats (Fig. 99, B) ari' used oeeasionally. They 
have not the holding power of sunk keys. 

The type of key shown in Fig. 100 .\ has much to be said in 
its favor both as regards ease and aeeuraey in obtaining a stable 
connection and also as regards suitability of form to resist stresses. 
It will be noted that the surfaces are normal to the lines of action 
of the forces transmitted. The pressure [)er S(|uare inch should 
not exceed 17,000 lbs. The height of key is taken erjual to 
0.2 diameter of shaft. 

The Kemoul key, shown in Fig. 100 B, is for use in driving 
in only one direction. A portion of the hub is cut out so as to 
form an eccentric slot. In this the key fits as shown. The 
inner face of the key, curved to the radius of the shaft, should 
be left rough so as to seize the shaft, wliile the outer face, ctirvcd 
to fit the slot in the hub, is smooth finished. When the shaft 
rotates (in this case) counter-clockwise, the resistance to the 
hub’s motion being then as indicated by the arrow, the surface 
of the slot tends to slide up on the key, causing it to wedge in 
between the shaft and hub, forming a firm connection. When 
the shaft rotates in the opposite dirt'ction and the resistance 
to the hub’s motion is reversed, the slot of the hub tends to leave 
the key, relieving the pressure and permitting easy removal from 
the shaft. At “ a ” and “b ” there are countiT-sunk screws for 
setting up and loosening the key. In F'ig. 100 C is shown a special 
form of this type of key. It is known us the Barbour key and 
is chiefly used for fastening the cams on the shtifts of stamp 
mills.* 

* Patent held for this purjiose by the Risdon Iron Works. The distinguishing 
feature from the plain Kernoul key lies in the use of the inside projecting tongue 
which fits in a keyway cut in the shaft 
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In the study of keys which drive in one direction only it is 
proper to include the roller ratchet. The simplest form is shown 
in Fig. 100 D, The hub is recessed as shown and the roller R 
placed in the recess, held in position by a spring. The direction 
of shaft rotation and hub resistance being as shown the roller 
becomes wedged between the two, forming a driving connection. 
With reversal of direction the roller is freed and the shaft and 
hub may have relative motion. 

Generally more than one roller is used and the mechanism 
takes the form shown in Fig. 100 E. ^ is a hardened and 
ground steel ring or bushing and B should also be hardened. 
Each roller should be held in place by a spring as shown at C. 
Such ratchets permit of rapid reciprocation. Complete details 
and descriptions of further clutches of this type will be found in 
the American Machinist of Dec. 21, 1905. 

105. Strength of Sunk Keys. — The strength of the latter is 
the measure of their holding power. A key of widtli thick- 
ness length -‘=• 4 , unit shearing strength and unit crushing 
resistance will have a shearing strength =- and a crush- 
ing resistance 

If radius of the shaft, the moment wliich the key can 
resist will be measured by rwljs or whichever is smaller 

in value. 

All dimensions being expressed in inches and resistance 
in pounds per square inch, the moments will, of course, be 
expressed in inch-pounds. Experiments made by Professor 
Lanza indicate that the ultimate value for for cast iron — 
30,000 lbs., for wrought iron— 40,000 lbs., and for machinery 
steel = 60,000 lbs. A factor of safety of at least 2 would be 
advisable with these values. 

FI. F. Moore has experimented on the effect of key-ways 
on strength of shafts.* He deduces the following expressions 
for effect on stiffness and strength, respectively: 

* Bulletin No. 42, Univ. of Illinois, Eng, Exp. Station. 
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^=i.o+o.47t^'"fo.7/-?, 
e— I.O -~0.27C'' -xaIi] 

^==ratio of angle of twist of sliaft with key-way to angle of 
twist of similar shaft without ktw way. 
e=ratio of strength at elastic limit of shaft with key-way to 
the strength at elastic limit of a, similar shaft without 
key-way; called erfuaeiKw; 
width of key-way ~-(liamett‘r of shaft ; 

A = dcpth of key~way-^(liamett‘r of sliaft. 

The equations hold for values of 7e' up to 0.5, and for h up 
to 0.1875. The elTiciency was not alTecttal ly the addition of a 
bending moment as great as the twisting monumt. The ellidency 
of a shaft with two key ways cut in the samt‘ plane for two 
Woodruff keys, of such si/.e that the strength of the solid shaft 
was equal to the shearing strength of tlu‘ two WoodrulT keys, 
was found to be about the same as the (‘Hu'itmcy of a shaft 
with a key-way whose width was oni‘ fourth and whose depth 
was one-eighth of the shaft dianuder, Indng about CS5 per cent 
in both cases. 


106. Feathers or Splines are k(ws that prevtait rtdaliv(‘ rota- 
tion, but purposely allow axial motion. d'lu‘y are sometimes 



in the attached part that slides along the shaft. Sometimes the 
feather is fastened in the hub of the attached ptiri, as shown 
in Fig. 102, and slides in a long keyway in the shaft. 

It is frequently undesirable to have the feather loose. In 
such cases it is common to use tit-keys as shown in Fig. 103. 
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The keys may be fastened to either liui) or shaft. The tits 
are forged on tlic keys. Corrcs])onding holes arc drilled 
and countersunk in the piece to which the key is to be fastened, 
and after the key is placed in position the ends of the tits are 
riveted over to hold it securely in i)lace. 

Machine screws are sometimes used in place of tits, but 
they suffer from the disadvantage of jarring loose. 

A satisfactory way of holding a key in a hub is shown in 
Fig. 104. 

Where the end of a stud is to receive change-gears a con- 
venient form of key is the dovetail shown in Fig. 105 in cross- 





section. The doveta,iled kew-sea.! is generally cut with a milk 
ing-cutter, and is imide a tight fit for the key. After the latter 
is in place the shaft is calked against it at A-A, 

For feathers, Richards gives: 

Taulk XL 


107. Round Taper Keys. ~ For keying hand-wheels and 
other parts that are not subjected to very great stress, a cheap 
and satisfactory method is to use a round taper key driven 
into a hole drilled in the joint, as in Fig. io 6 . 4 . If the two parts 
?ire of different material, one much harder than the other, 


W ^ ■ - } 

t I 


ft 
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ft 
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this method should not l>e used, as il is almost impossible in 
such case to make tiic drill follow the joint, b’or these keys 
it is customary to use Morse standard taper.s, as reamers are 
then readily obtainable. 

108. A Cotter is a key that is usi'd to attach parts that are 
subjected to a force of tension or compression tending to sepa- 



rate them. Thus j)iston-rods are ofti'u comu'cted to both pis- 
ton and cross-head in this way. Also the sections of long 
pump-rods, etc. Fig. loO, />, shows a taper pin cutter. 

Fig. 107 shows machine luirts held against tension by cot- 
ters. It is seen that the joint may yield by shearing the cot- 



Fro. 107. 


ter at AB and CD; by shearing at CPQ and ARB; by shearing 
at MO and LN; by crushing at BD, or AR and CP; or by 
tensile rupture of the rod on the net section at LAI. All of these 
sections should be sufficiently large to resist the maximum stress 
safely. The usual difficulty is to get sufficient tensile strength at 
LM; but this may be accomplished by making the rod larger 
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or the cotter thinner and higher. It i? found that taper sur- 
faces if they be smooth and somewhat oily will just cease to 
stick together when the taper equals -1.5 inches per foot. The 
taper of the rod in Fig. 107 should be about this value in order 
(hat it may be removed conveniently when necessary 

From consideration of the laws of friction it is obvious that 
where a taper cotter is used, either alone as in Fig. 108 or in 
connection with a gib as in Fig. 109, the angle of taper a must 
not exceed the friction angle (/;. That is, if the coefficient of 
friction be /i, then /t - tan <{> and tan a must be less than tan <l> 
or /i. Since, for oily metallic surfaces, /x may liave a value 



Fio. 108. 
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as low as o.o8, it follows that a must not exceed 4|°. If both 
surfaces of the cotter slope with reference to the line of action 
of the force, the total angle of the sloping sides must not 
exceed <f. 

109. Set-screws (see § 86, p. 140) are frc([uently used to pre- 
vent relative motion. They are inadvisable for heavy duty 
and if used on rotating members never sliould have projecting 
heads. Experiments made by Professor l^anza* with f-inch 
wrought-iron set-screws, ten threads to the inch and tightened 
with a pull of 75 lbs. at the end of a to-inch wrench, gave the 
following results: 


Trans. A. S. M. K., Vol. X. 
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Table XII. 

Kind of End. 

Ends perfectly flat, A inch diameter 

Rounded ends, radius J inch 

Rounded ends, radius ^ inch 

Cup-shaped and case hardened 

no. Shrink and Force Fits. — Relative rotation between 
machine parts is also prevented sometimes l)y means of shrink 
and force fits. In the former the shaft is made larger than 
the hole in the part to be held upon it, and tlu^ metal surround- 
ing the hole is heated, usually to low redness. Because of 
the expansion it may be put on the shaft, and on cooling it 
shrinks and “grips ’’ the shaft. A key is sometimes used in 
addition to this. The coefficient of linear ex[)a,nsion for each 
degree Fahrenheit is 0.0000065 for wrouglit iron and steel and 
0.0000062 for cast iron. Low redness corres])onds to about 
600*^ F. and therefore causes an expansion of the bore of about 
0.004 inch per inch of diameter. Were a hul) expanded this 
amount and placed on an incom|)ressible sliaft of identical diameter 
so that the fibers immediately surrounding the bore could not 
shrink as the hub cooled, the unit strain in these fil)ers when 
cool would be the entire .004 inch per inch; and, since unit stress 
equals unit strain multiplied l)y the coellicient of elasticity, the 
unit stress in the bore fibers would eciual .004 X 15,000,000 -^^60,000 
lbs. per square inch for cast iron; or .004X30,000,000 — 120,000 
lbs. per square inch for steel. This indicates that the hub would 
rupture, beginning at the bore fibers, where the unit stress is 
greatest, and extending outward. There is, however, no such 
thing as an incompressible shaft material. Actually the bore 
fibers will not be extended the full amount of the dilTerence be- 
tween the original circumferences at the same temperature of 
the shaft and the hub-bore. Tlic relative compression and ex- 
tension of the two members depends upon several factors such 
as: the value of Poisson’s ratio and the coefficient of elasticity 


Hoiainj': Powor at 
Surt'iu'f of Shaft. 

Avt^rage 2o()4 11 )s. 
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(Young^s modulus) of the material of each; whether the shaft 
is solid or hollow, and, in the latter case, upon the relation of 
inner to outer diameter; and the relation of diameter of bore of 
hub to its outside diameter. 

It is obvious tluit in the ease of shrink (its the bore expansion 
must be sullicient to allow it to pass freely over the originally 
large shaft to its (Inal position. This in itself precludes the 
possibility of using so large an original difference as .004 inch 
per inch of diameder, even if the certainty of rupture with such 
an allowance did not c‘xist. An allowance of .00 r inch per inch 
of diameter, or, as a maximum one of .0012 inch per inch, will 
prove ample and will c'orrespond to as grcait (iber stresses, with 
ordinary hul) ])ro[)ortions, as it is safe to use with cither cast 
iron or steel. 

Force Ills are made in the same way except that they are 
put together cold, tatluT by driving together with a heavy sledge 
or by forcing logetlier by hydraulic pressure. 

In general, pressure fits are not em{)l()ye(l on diameters 
exceeding 10 ins., shrinkage (Its being used for large work. 

The alignment should be a))solutely acc'uratc in starting. 
To secure this some engineers resort to the use of two diameters 
— each half the length of the lit -dilTering by but a few thou- 
sandths of an inch, or ttL[)er the lirst half-length an amount equal 
to the allowance. The surfaces should be as smooth as possible 
and well lubricated. lanscaal oil is recommended. 

Experience shows that, for same allowances, shrink fits hold, 
more firmly than pressures lits.* 

III. Stress in Hub.-dn regard to the tension in the hub 
due to shrinkage or forced fits, completely satisfactory data 
are lacking. A close approximation to the probable tension 
in the inner layer of the hub-“the one next the shaft-may be 

* For valuable data on fits and fittings, see Am. Mach., Mar. 7, 1007; Trans. 
A. S. M. E., Vols. 24, 34 and 35; Halsey’s “Handbook for Machine Designers.’* 
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made by considering the huh u.s a thick cTliiuler under internal 
pressure. Using Lame's analysis, ProlVsstu* Mt^rley^ develops 
the following formiike: 
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/*= unit tensile fiber stress at bore, pounds per sttuare inch; 
jf>2=nnit radial pressure on bore surface, pounds per st|uarc inch; 
4 == total fit allowance; excess of original shaft diameter over 
that of original bore, inches; 
d== original bore diameter, indies; 

/= original length at hub, inches; 
ri== outer radius of hub, inches; 

^2= inner radius of hub, inches; 

£= Young’s modulus, shaft material; 

£1= Young’s modulus, hub material; 

I T. • 

— = Poisson’s ratio, shaft material; 
m 

—= Poisson’s ratio, hub material; 
mx ’ 
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/i= coefficient of friction between sliaft and hub materials; 

^2 = total normal pressure between sliaft and hub-bore surface, 
tons. 

P = total pressure re([uired to force shaft into hub, tons. 


FrMeni. A steel shaft 5 ins. in diameter is to be forced 

into a cast-iron hub 10 ins. in outer diameter and 8 ins. long. 
Allowing .001 inch per inch excess diameter of shaft over bore 
for the force fit, what will bc‘ the unit tensile stress at the bore 
of the hul), and what will be the net:cssary forcing pressure? 


A 

3— .oot; 
d 

£ = 29,000,000 for steel; 

£1 = 14,500,000 for cast iron; 


I 

m 

I 

mi 
ri = 

/,= 


= .299 for steel; m 3.35; 

= .274 for cast iron ; m i ^ - 3.65 ; 

^2=2.5"; /r-o.i25; 

.001 X 29,000,000 

2.35 ^ 1: 2(),000,000\ 25 — 6.25 ^ 2() 

3.35 3.65 ' 14,500,000/ 25 ffi6.25 
10,545 lbs. per sepin.; 


29,000,000 V 
14,500,000] 


.001 ■ 


P2-~ 


2*35 


14,500,000 

T 

■ ”'h 


3.35 X 29,000,000 3.65 X 14,500,000 
= 6350 lbs. per .sciuarc inch; 


ttX 5X8x63 50 

=- - - 309 tons; 

2000 


P2- 

P=o.i25X399 — 50 tons, nearly. 
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Hub Stresses b, Guest-s Law.-Mr. A. Moss • 
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nh - use ..t the same material (steel) iu outer and muer 
“r .rami shall. He assumes als., that the shaft Itself 
'“f he' hollo., as ..ell as solitl. This theory gives greater valuK 
TLe etuve stresses than d..s the Lame theory, lugs. .09H 
to X09C show the resulls in charl form. 
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To eompule the loreing pressure necessary with 

radial stresses a value of ,.= .038. “’’‘“f j'" ^0^ 
is recommended, d'his low value of /i mdicatcs t c ^ 
rfThe* str,»s computed by th'ts theory a, too hrgh. The 
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"* Trans. A. S. M. B., Vol. 34- 
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I-'iK- loo.I .-an 1«- us,-.! i<. .Inminiu- the approximate unit 

strain for ;my Ki'en nuitefiaU an.l prop., rt ions of huh and shaft 
I'roin this Mrain liu' t onv-pontiinji stress ( an Ih- computed 
(iirci lly. In lii.- pml.lrm . onsi,l,-iv>l in the i>tvcctling section 
the ratio of l.on- ilianu-itT to oilier dianieter of im!) o.:;. The 
shaft being solid, the chart .hou> a ratio of exiiansum of bore 
to force lit allowaiHV of .74,. foumi l.y following up the ordi- 
nate at 0.5 until it intersects tlie . urve for solid shafts. For a 
unit lit allowance of .001 in, h. then, the bore IiIkts in this case 
are .strained .mxiy.t:; in, !i per in, h. With .1 eoellieient of elas- 
ticity of i.i.ytxr.cKXJ. tliis lorresjHinds to a unit tensile stress of 
io,b.>o lbs. Tiiis , lie, 1.S with ilie result obtained from Morley’s 
fonmila. Had llie shaft been boreil out with an internal diameter 
of .5 its outer ilianieter. ilu- liul, remaining the same as before, 
the ratio of Ikuv expansion to unit tone lit allowanee would have 
Ireen hut .5<). 1 he unit strain in tliis ease would have been 

.0005*) inch [>er ineh, and the eorn s]K»nding stre.ss, 

K550 Ihs. jH’r s(juare inch. 
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SLIDINCi SrKFAC'KS. 

1 13. General Discussion.— So miidi of the accuracy of 
motion of machines dt^pends on the sliding surfaces that their 
design deserves the most caRdul attention. The perfection of 
the cross-sectional outline of the cylindrical or conical forms 
produced in the latlu‘ depends on the perfection of form of the 
spindle. But the perfection of the outlines of a section through 
the axis depends on the accuracy of the sliding surfaces. All 
of the surfaces producc^d by iilaners, and most of those pro- 
duced by milling” macliiru‘s, are dependent for accuracy on the 
sliding surfaces in the machine. 



r’le. no. Fig. in. 


1 14. Proportions Dictated by Conditions of Wear. — Suppose 
that the short block /I, Fig. ito, is the slider of a slider-crank 
chain, and that it slides on a relalivcdy long guide D. The 
direction of rotation of the crank a is as indicated by the arrow. 
B and C are the c^xtrcmie i>osilions of the slider. The pressure 
between the slider and the guide is greatest at the mid-position, 
A; and at the extreme positions, B and C, it is only the pressure 
due to the weight of the slider. Also the velocity is a maximum 
when the slider is in its mkbposition, and decreases towards the 
ends, becoming zero when the crank a is on its center. The 
work of friction is therefore greatest at the middle, and is very 

i8s 
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small „,,,r 11.,. ..„,ls Tl...r,.f„r,. II.,. ,|,e 
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.acTuracy ut a nia. iiim-’s uniiinf; <lri„-n.l^ „„ ,i„, 
of -I's m-lilinrar nu.tiu,,. ,hat a.n.ra.y will .kslnivLl Is 
guide I) wears. Supp.ise a j,dl,. A'/d;. i„ I,,, atiarhed't,, -I 'pk 
xn.and to eng.tge wi.h /). as shown, .o prevent verdea; iocs ' 

ness between .-land/;, tins gib be taken up to eoniponsate 

for uear alter n ht.s oeeurivd. it will be loose in the middle 
position when it is tight at the ends, beeause of the unequal 
wear. .Suppose that ,1 and /> are made of equal length, af- 

f q'i ( j' -- ^ I , position eorre- 

‘ P o '' I •' sponding to maxi- 

iq.;, 'num pressure, vel- 

• • < H ity, aiul wear, it 

IS m eontuet with 1) throughout its ,-ntire surla.e, and the wear is 

thercfoie the .same ui all jiarts of the surlaee. 'I'he slider retains 



wLr'Te •■‘‘Knnlless «f the amount of 

positions. ''' ^ in all 

£> bdrt the !>osition.s of a slider, 

^ being the guide, a .shouklcT wouhl Im finally worn at C. 
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would be better to cut away the material of the guide, as shown 
by the dotted line, or, belter still, to cut a ratcliet surface on the 
guide as shown at B. Such a surfair aids lubrication l)y acting 
as an oil reservoir. Sliders shoultl always “wipe over” the ends 
of the guide when it is possible. Sometimes it is necessary 
to vary the length of stroke of a slider, and also to change its 
position relatively to the guide. Kxjimples: “Cutter-bars’’ 
of slotting- and shaping~machiiu\s. In some of these positions 
there will l)e a tendeiu'y, thendon^, to wear shoulders in the 
guide and also in tlu‘ cutter bar itself. This dirUculty is over- 
come if the slide and gui(U‘ are made of etjual length, and the 
design is such tliat whtui it is lua'cssary to chang(‘ the position 
of the cutter-bar that is attaclied to the sli(k‘, tlie ])osition of 
the guide may 1)(‘ also changed so that the nditive i)osition of 
slide and guide' nmuiins the same. The slider surface will then 
just completely c'over tlu‘ surface of tlui guide in the mid-position, 
and the slider will wipe* over each, end of the guide whatever 
the lengtii of thc‘ stroke.^ 

In many c'asc's it is im])ossible to make tlu' slider and guide 
of equal length. Thus a lathe-carriagt' cannot be as long as the 
bed, a planer table ca,nnot be as long as the planer-bed, nor a 
planer-saddle as long as the cross-head. When these condb 
tions exist especial care should be given to the following: 

I . The bearing surface should be made so large in pro-' 
portion to the pressure to be sustained that the maintenance 
of lubrication shall be insured under all conditions. 

II . The [)arts which carry the wearing surfaces should be 
made so rigid that there shall be no possibility of the localiza- 
tion of pressure from yielding. 

115. Form of Guides.- -As to form, guides may be divided 
into two classes: angular guides and flat guides. Fig. 114, a, 
shows an angular guide, the pressure being applied as s hown. 

* See further, Things That Arc [tsually Wrong, by Prof. J. K- Sweet. 
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The advantage of this form is, that as the rubbing surfaces 
wear, the slide follows down and takes up belli the vertical 
and lateral wear, d'he objeetion to this form is that the pres- 
IP ..I P . *^^ire is not applied alright angles to 

^ y pr:, the wearing surfaces, as it is in the 

Hat guide shown in l>. But in b, a gib 
^ ^ must 1 h‘ providtal to take up the lateral 

wear, d'he gib is either a wedge or 
a strip with [varallel sides baektal u]) by stTews and offers 
danger of localized prevssure or binding, ( UiuU'S of these forms 
arc used for ])laner-tables. ddu' wt*ighl of the table itself holds 
the surfaces in contact, and if the tabli* is light the tendency 
of a heavy side cut would be to force the table up one of the 
angular surfaces away from the other. If tlu‘ table is very heavy, 
however, there is little danger of this, and hence the angular 
guides of large planers are much IIuIUt than those of smaller 
ones. In some cases one of the guidt'S of a plantT tal)le is 
angular and the other is tlat. d'he side l)t‘arings of tlu‘ Hat guide 
may then l)c omitted, as tlu* lateral wear is Uxkvn up by the 
angular guide. This arrangement is undoubtedly good if both 
guides wear down tKiually fast. 

As regards lathe beds, while hhiglish practice favors the flat 
way, the form of guide used in Ameri(*a is almost exclusively 
the inverted V. The angle for small lathes is and increases 
slightly in obtuseness with tlu‘ largtT sizes, d'he main advantage 
of the inverted V form is that of automatic, t*ertain adjustment, 
the adjustment with flat ways <le[>ending U()on the use of gibs. 
On the other hand, the flat ways offer a more distributed sup- 
port to the carriage, which is therefore less apt to spring under 
the stress of a heavy cut than if supported solely at the outer V’s. 
Fig. 1 14^1 shows a modern compromise as adopted on a small lathe. 

Fig. 1 15 shows several forms of sliding surfaces such as are 
used for lathes, shapers, milling machines, etc. 
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At A is shown a form om ploying a taper gib, usually made 
of bronze, adjusted by means of a stud and lock nuts, d. The 
angle 0 is generally do'", although it is sometimes made as acute 
as 45^^. The form shown at />’ also emi)loys u taper gil), but it 
is set up by means of a headless svivw caigaged in a thread cut 
in the slide. The threads are mit out of the ('orresponding 
portion of the gib, and the end of tlu‘ screw, pressing against 
the gib at the bottom o[ this recess, fon'cs the gib in as the screw 
is turned. The adjustments of C, /), atul /^ art‘ ol)vious. These 
heavier gibs are usually made of caist iron; llu‘y are not tapered 
lengthwise. C is the most ac'c'cssible, but least stable. F em- 
ploys a cast-iron gib, tapered and adjustial by means of a screw 
which has a broad collar or disk, G and JI employ parallel 
thin gibs of bronze or steel, set ii]) by means of adjusting screws. 
This form is not so siilisfactory as the wcnlge gib, as tlie bearing is 
chiefly under the points of the screws, tlu‘ gib Ixang thin and yield- 
ing, whereas in the wcalge there* is ('ompUde contact between the 
metallic surfaces. J shows an arrangeitumt, (‘inploying no angular 
surfaces, such as is used on some shaping machiiu‘S to constrain the 
ram. K shows an arrangement employcal on i)laruT cross-rails. 

The sliding surfaces thus far considertal have to be dc'signed 
so that there will l)e no lost motion while tlu‘y arc moving 
because they arc reepured to move while the machine is in 
operation. The gibs have to l)e cairefully designcal and accu- 
rately set so that the moving part shall be just “ tight and 
loose”; so that it shall be free to move, without lost motion 
to interfere with the accurate aclion of the machine. There is, 
however, another class of sliding parts, like the slidingdiead 
of a drilbpress, or the tailstock of a lathe, that are never reciuircd 
to move while the machine is in <)])eratiom It is only rcciuired 
that they shall be capable of being fastened ac'cairately in a 
required position, their movement l)eing simply to readjust them 
to other conditions of work while the machine is at rest. No 


SUI i!X ( ; .S7 7v7**.*/^7iX. 


191 

gib is necessary arui no ai'curacy of motion is re(|iiired. It 
is simply necessary lo insure that tluMr position is accurate 
when they are c'lainped for the s[H‘cial work to be done. 

116. Lubrication. (|iU‘Stion of strength rarely enters 

into the dtltUTninati^^n ot llu‘ dimensions of sliding surfaces; 
these are dettumiined ratlun' by ('onsiderations of minimizing 
wear and maintaining lubrication. As long as a film of oil 
separates the surface's, wt'ar is n'duce'd to a, minimum. The 
allowal)le pri'ssure bt'twt'en tlu' surhu't's without destruction 
of the him of lu})ricant varit's with st've'ral conditions. To 
make this clt'ar, suppose* a drop of oil to In* put into the middle 
of an accurately tinislu'd surface [)late (/.c.,a,s close an ai)[)roxi“ 
mation to a plaiu* surface' as e*an be* ]>roduce‘d); supjK)se another 
exactly similar plate* to be plae't'el upon it for a.n instant; the 
oil-drop will be sinx'ad out lu'cause of the force due to the weight 
of the upper i)late*. Had the plate* beam lu*avier it would have 
been spread out more*. If the plate* were alle)wed to remain 
a longer lime, the oil would be still furlhe*r spread out, and if 
its weight and the* time' we're* sunie*ient, the oil would finally l)e 
squeezed entirely out from l)e‘tw(‘e'n the plates, and the metal 
surfaces would come* inte^ eontuei. d'he S(|iu'ezing out of the oil 
is, therefore, a fumdion of the lintr as wedl as e)f pressure. 

If the surfae'e's under pressure move over eaeh other, the 
removal of the eiil is faedlitaleel, llie greater the velocity of 
movement the more* rapidly will the oil be removed, and there- 
fore the scpieezing out of tlu; oil is also <1 function of the velocity 
of the rubbing surfaees, 

1 17. Allowable Bearing Pressure. Flat surfaces in machines 
arc particularly ditricult to make perfectly true in the first place, 
and to kec|) true in the course of operation of the machines. 
If they are distorted ever so slightly the pressure between the sur- 
faces becomes concentrated at one small area, and the actual pres- 
sure per s(juarc inch is vastly in excess of the nominal pressure. 
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In consequence of this and the differences in original truth 
and finish of the surfaces, there is no matter in machine design 
in which practice varies more than in the nominal pressure 
allowed per square inch of bearing area of Hat sliding surfaces. 

Unwin * gives the following: 

Table XIV. 

Cast iron on babbitt metal 200 to 300 lbs. per square inch 

Cast iron on cast iron, slow 60 to 100 lbs. per square inch 

Cast iron on cast iron, fast 4° t<> '>0 lbs. per square inch 

Professor Barrj' found American practice to vary as follows: 


Cross-head shoes of high-speed engines: 

Minimum pressure per sciuare ineh 10.5 lbs. 

Maximum pressure per Sfjuare inch 38 “ 

Mean pressure per square ineh 27 ** 

Cross-head shoes of low-speed engines: 

Minimum pressure per square inch 29 lbs. 

Maximum pressure per square inch 58 “ 

Mean pressure per square inch 40 


In all cases the mean sliding velocity was probably in the 
neighborhood of 600 feet per minute with a maximum velocity 
at the middle of the stroke of about 950 feet per minute. In 
“ low-speed ” engines the maximum velocity is only reached 
about one third as many times per minute as in “ high-speed ” 
engines, although they may have the same mean velocity, and 
it is therefore proper to allow a higher unit value of pressure 
for the former than for the latter. For well-made surfaces the 
maximum values given by Professor Barr may be safely used. 

For lower mean speeds than 600 feet per minute they may 
be increased, and for higher speeds decreased, according to some 
law such as 36,000, 

in which formula = pressure per square inch, and F = velocity 
of rubbing in feet per minute. 

* “Machine Design,” 1909, Vol. I, p. 252. 
t Trans. A. S. M. E., Vol. XVIII, p. 753. 
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CHAPTER XT. 

AXLES, SHAFTS, AND SPINDLES. 

1 19. By Axles, Shafts, or Spindles we denote those rotating 
or oscillating members of machines whose motion is constrained 
by turning pairs. Axle is the name givcai to suc'h a member 
when it is subjected to a load whicli produces a l)ending moment, 
and the only torsional stress is that due to friction. 

When rotating members are sul)jecled chieOy to torsional 
stress, or combined torsion and bending, they are called shafts 
or spindles. The former term is used where the part has as 
its function the transmission of energy of rotation from one 
point to another. ICxamples are line-shafts and crank-shafts. 

The term spindle, on the other hand, is restricted to those 
rotating members which are cliredly connected with the tool or 
work and give it an accurate rotative motion. They generally 
form the main axis of the machine. Exa,mples arc the lathe- and 
drill-spindles. 

120. Axle Design. — ^The question of axle design will be taken 
up first, and the torsional moment due to friction will be neglected. 

t« " k k 


Fig. 1 19. 

A typical case is shown in Fig. iig. Here the two ends are 
purposely not symmetrical. (}ivcn the loads P and Q, solution 
is first made for the reactions R and S by the ordinary methods 
of mechanics, grauhical or analytical. 
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The graphical method is best, sinc-e it gives the moments at 
all sections. Lay off the line M AL log. 120, whose length 
equals /'T/ } the distance between the i)oints of applications 
of R and S. Denoti^ the points of application of R, P, Q, and 
S by a, R c, and d, respectivt^ly. At h ereil a |)erpendicular and 



lay off on it a v(‘clor n'pn^smiting the 

value of P in {)ounds. At r cTect a 

perpendicular and lay olT on it a vedor rc])resenting Q on the 

same scale. At d drop a, p(‘rpimdicular and lay olT de equal 


to vector (), and cf e<[ual to vector /\ Select any point 0 


as {)ole, and draw Od, Oc, and Of. Denote l)y ^1^^ the point 


where Od interscals a ptTpendicmIar dropped from c‘, and draw 


from g a parallel to Oe until it interst'ds a perpendicular dropped 
from b at h. From It draw a parallel to Of until it intersects a 
perpendicular dropp(‘d from a at ]. Draw /V/, and parallel to jd 
draw a line through O. 'This line ('uts the perpendicular dropped 
from d at the point k. Tlum vertor fk R, and kd'^’-~S, on 
the same scale as was originally used for P and Q. Values 
of R and S in pounds are tlierefore determined. The shaded 
area dghjd is tlic momcmt diagram. Idie vertical ordinates 
included between its bounding lines are proportional to the 
moments at the corresi)onding points. 

The scale of the* moment diagram can be readily determined 
by solving for the actual moment for one section. Select the sec- 
tion at h. The moment Mh is represented by mh and has a 
value R l)eing expressed in pounds and I' in inches; the 
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value of the moment in inch-pounds can be determined at any 
point, since the scale used is mJi inches equals AT inch-pounds. 
For a circular section we have the 'elastic moment 
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Mb is the bending moment in inch-pounds; 

jt is the unit stress in outer fiber in |)()unds per square inch; 

I is the plane moment of inertia of the section in biquad- 
ratic inches; 

c is the distance from neutral axis to outermost fiber in 
• inches. 

Equating this to the various selected values of Mb and solv- 
ing for r gives the radius of the axle at any point. 

In designing axles, great care must be taken that all forces 
acting are being considered, and that the maximum value of 
each is selected.* 

Thus it has been found that the force due to vertical oscilla- 
tion caused by jar in running is al)oui 40 per cent of the static 
load for car-axles. The axles would therefore have to be de- 
signed for a load 1.4 times the static load. In addition to this 
there is in car-axles a bending moment due to curves, switches, 
and wind-pressures. This may amount as a maximum to the 
equivalent of a horizontal force //, ecjual to 40 per cent of the 
static load, applied at a height of 6 feet from the rail. 

When such a careful analysis of the forces has been made, 
jt may be taken for good material, e(|ual to one fourth of the 
ultimate strength, this being a safe value for cases like this, 
where the fibers are sulqectcd to alternate tension and com- 
pression as determined by Wohler and others. 

Had the static load alone been considered in the calculations, 


* See further Proc. Master ('ar-Builders’ Assn., rHg6; R(‘i)ort of Committee 
on Axles, etc. Also Strength of Raiiway-(!ar Axles, Trams. A. S. M. E., 1895. 
Reuleaux, “ The Constructor, ’Mrans. by 11 . 11 . Supplec, Philadelphia, 1893; 
Railway Machimry, Mar. 1907. 
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ft should not have been taken i^rcatcr than one tenth of the 
ultimate stren^^nh. 

12 1. Shafting Subject to Simple Torsion. -If a short shaft 
is subjected to sinipU* torsion, its diameter may be deter- 
mined very readily by tlu‘ simple formula for torsional 
moment, 





c 


Here Mt P(t is tlu‘ torsional moment, P being the force tending 
to twist the piece in pounds and a lH‘ing the lever-arm of P 
about the axis of tin* piec(‘ in inches. 

J is the polar moment of imuiiii of the cross-section of the 
inendau’ in hiipiadrat ic iiuiies; 
c is the distance from the neutral axis to the outermost fiber 
in inches; 

is the allowable unit stress in pounds per s([uare inch. 

For a solid circular section 

I 

C 2 

aad .U, 


which can be solved readily for r, the radius of the shaft. 
For a hollow circular {/.c., ring shaped) section, 

J 7 r(ri'' ry') 

c m 


and 


Af, 


-raO 

2ri 


Here ri is the radius of the outside of the shaft and r2 is the 
radius of the Ijore, l)oth in inches. 

The way to solve this is to take as a decimal part of n. 
Thus, let r.j » />r,. It then becomes an easy matter to solve for r,. 
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122. Shafting Subject to Combined Torsion and Bending.— 
In most cases shafts arc .subjected to combined torsion and 
bending. Consider the crank-shaft shown in Fig. 121 in side 
and end view. 



B is the center of the l)earing, C is the center of the crank- 
pin. At B we have the shaft subjt'cted to a l)ending moment, 
Mb=Pl, and also to a twisting moment, Mt Pa. 

Let M^b represent the bending moment whicli would produce 
the same strc.ss in the outer fiber as Mi, and Mt combined. It 
will be called the cciuivalent bending moment. 'Then it has 
been found * that 

Meb~^o.^$Mb'\ Mir \ Me (i) 

Also, (2) 

c 

For a circular section (2) becomes ; and substitution 

4 

in (i) gives 

--■=o.35M,-bo.65VM7:rA/r’, . . . (3) 


* See Bach, “Elasticitilt und Festigkeit.’ hor sake, the cocflicient 

«o has been dropped, as it modifies the result very slightly for wrought iron and 
steel. This is based upon St. Venant’s maximum strain theory. Guest (Phil. 
Mag., July, 1900, p. 132) advances the formula Me&= as based upon 

the maximum shear theory and experiments on combined stresses, but states 
(p. 78) that experimental results cannot be held to disprove the maximum strain 
theory as they do (p. 77) the maximum stress, or Rankine, theory. 




AXLES, SHAFTS, AND SPINDLES. 


199 


which can readily be solved for r, f being given a value equal 
to the maximum allowable unit tensile stress for the material 
and conditions.* 

For a hollow circular section 

< ... (4) 

4^1 

To solve this express fo as a decimal part of ri. Substitute and 
solve for ri. 

If there are several forces acting, as there are apt to be, the 
method is as follows: First, find Mh due to all the bending 
forces combined. Second, find Mt due to all the twisting forces 
combined. Third, use these values of Mb and Mt in equations 
(i), (3), and (4). Among the forces acting we must not fail 
to include the weight of the shaft and attached parts. 

123. Comparison of Solid and Hollow Shafts. — It is evident 
from (3) and (4) that the dimensions of a solid shaft and a 
hollow shaft of equal strength will have the relationship 



If ^2 =0.6^1, we have 

r=o.95sri. 

* Merriman, “Mechanics,” iith cd., p. 267, develops formulae on the maxi- 
mum shear theory which reduce to 

2 

and Islll = y/ 

2 

in which f's is the unit resultant shear on diagonal surface due to combination of 
unit flexural tension and unit torsional shear, and /' is the unit resultant tensile 
stress normal to the diagonal surface. According to Guest’s results, /q must have 
a value less than one-half of the unit tensile strength at “yield point” for ductile 
materials. 



200 


MACHINE DESIGN. 


Hence a hollow shaft whose internal bore is 0.6 of its ex- 
ternal diameter, in order to have the same strength as a solid 
shaft must have its external diameter 1.047 times the diameter 
of the solid shaft. The weight of the hollow shaft will be 70 
per cent of that of the solid shaft. It is obvious that a con- 
siderable saving in weight may be elTected without appreciable 
increase in size if the hollow section is adopted. By using nickel 
steel in connection with the hollow section we can get com- 
bined maximum strength and lightness.* 

124. Angular Distortion. — The angle by which a shaft sub- 
jected to torsion is twisted is often an important matter. Let 
this angle be represented by d. I'lu'n 


JCh, 


( 5 ) 


= angle of torsion in degrees; 

lfz= twisting moment in inch pounds, 

/= length of shaft in inches; 

/= polar moment of inertia in l)i(iuadratic inches; 

^ 1 , ^ . modulus of elasticity 

G = modulus of torsion - 

2 .() 


125. Combined Pull or Thrust and Torsion. When a shaft 
is subjected to combined tension and torsion, or compression 
and torsion, the following formuhe have been developed by 
Prof. Merriman : f 

2Pd-\ (2/Vf , 

P= total axial load, tension or compression, pounds; 

/' = unit normal resultant tensile or compressive stress, 
pounds per square inch; 

*See “Nickel Steel,” a paper by D. 11 . Browne in VoL 2y of the Trans. 
A. I. M. E. 

t Mechanics, Wiley & Sons, 1914, p. 268. 
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// — unit diagonal resultant shear stress, pounds per square inch; 

ikfi = twisting moment, inch-pounds; 

(i= diameter of shaft, inches. 

In compression cases these formulae are applicable strictly 
only to vertical shafts with supports sufficiently close together to 
make it legitimate to consider them as short columns. 

The value of d is found by substituting trial values in the 
equations until one is determined which satisfies the identity. 

When the distance between bearings is such that the shaft, 
subjected to combined thrust and torsion, must be considered 
as a long column, the following formula has been developed 
by Prof. A. G. Greenhill:* 

p Er ^E^p' 

/=the length of shaft between bearings in inches; 

P = the end thrust in pounds; 

£ = modulus of elasticity; 

I = plane moment of inertia of the section in biquadratic inches ; 
= twisting moment in inch-pounds. 

This formula, also, is applicable strictly only to vertical shafts, 
as it ignores the important item of bending due to the weight 
of the shaft and attached parts. 

126. Line-shafts. — Line-shafts are long shafts used to trans- 
mit power. They are made of lengths coupled together and 
supported by bearings at suitable intervals. Pulleys or gears 
are keyed to them, and should always be placed as close to the 
supporting bearings as possible. 

If line-shafting is subjected to simple torsion the equation 
ndH 

— Zi xnsij be used to determine its diameter. It is frequently 
16 


* See Proc. of Inst, of M. E., 1883, p. 182. 
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convenient in such a case to express M,, the twisting moment 
in inch-pounds, in terms of the horse-])ower to be transmitted, 
H.P., and the number of revolutions per minute of the shaft, N. 
Then, H.P.X33,oooX i2 = :nch-pounds of work per minute 


= 2 TtNMt, 


,, 33,000X12 IT.P. ^ ri.P. 

= 63,024--—, 

2Jr jv iV 


and 




16x63,024 II. P. 


If y, = 5iooo lbs. per sciuare inch for mild steel, repetitive 
stress between o and maximum, one direction only, 




«/lI.P.‘ 


For ordinary line-shaft, where there is an average amount 
of bending as well as torsion, the common rule of i)ractice is 


2/1 Lib 

•3\/lv-- 




For prime mover shafts and jack~sliafts the rules of practice 
for d range from 4.64^-—' to — are 


close to main sheaves or pulleys. 

In other cases it is better to comjmte the diameter by equa- 
tion (3) for combined torsion and (lexure, choosing the value 
of / according to the material to be used and the conditions of 
stress application and variation, i.e., in regard to maximum 
and minimum repetitive stresses, reversals, and gradual or sudden 
application of load. 

If line-shafts are designed wholly for strength, owing to 
their length there is apt to be an excessive angular distortion t?. 
It is therefore desirable to design them for stillness and check 
for strength afterwards. 
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should not exceed 0.075° per foot of shaft. 

Combining this rule with the formula (5) for angular distortion, 

M,h2>o 


?? = - 


JGtz 


for a round wrought-iron or steel solid shaft this gives 


N 


when 


diameter of shaft in inches; 

H.P. = horse-power to be transmitted; 

N = revolutions per minute of shaft. 

Having determined the diameter which will give sufficient 
stiffness against torsion the allowable distance between sup- 
porting bearings must be calculated. The rule of practice is 
to limit the deflection to i/ioo of an inch to a foot of length. 

Consider first a bare shaft supported at both ends. There 
are three cases : 

ist. Both ends of the shaft are free to take any direction. 

2d. One end is free and one fixed. 

3d. Both ends arc fixed. 

In each case Z== length of span in inches; 

weight of shaft per inch; 
y = maximum deflection; 

247 

= average deflection per foot of length; 

==i/ioo inch; 

I 

. 

2400 

Each case is that of a uniformly loaded beam with a load=‘K;/. 
the deflection y = 


For case I, 


For case II, the deflection y = 


77Er 

wi^ 

i&sEf 
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wl‘^ 

For case III, the deflection 

Since 'y=— and for round shafting /=™ and w = 
2400 04 

28—-, while £==29,000,000, it follows that 

4 

(Case I) I- 6o\/(P] 

(Case II) I- 8 o\/d^; 

(Case III) 

When there are loads due to belt pull, etc., the deflection 
must be determined in each case. For ordinary purposes, 
with the average number of pulleys and amount of belt pull, 
it is safe to take for loaded shafts of the value of I deter- 
mined for bare shafting for the same conditions. Case II 
corresponds most closely to ordinary conditions. 

127. Critical Speed of Shafts. — It is a practical im})ossibility 
to have the center of mass of a rotating shaft lie in the mechan- 
ical axis of rotation. In the case of a horizontal or inclined 
shaft it is obvious that there will be a deflection, due to its own 
weight between supports even if there is no additional load, 
which will cause the center of mass to lie below the true axis 
of rotation. As the shaft begins to rotate, because its center 
of mass lies off the axis of rotation, it will ho subjected to a 
centrifugal force ’’ tending to make it take a bowed form in 
rotating. At first this tendency is not sufficient to overcome the 
tendency to remain bent downward, but as the speed increases 
the “ centrifugal force ’’ increases until a state of equilibrium is 
reached, at what is called the critical speedy when the centrifugal 
force will be just sufficient to counteract the force tending to 
deflect the shaft downward and the shaft will rotate in a bowed 
form. It is then said to whirl. 

In the case of vertical shafts the rotating body would have 
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to be in perfect balance, which is only theoretically possible, 
otherwise — and this is always the case — the center of mass lies 
off the mechanical axis. As the speed increases there will be the 
same conflict between centrifugal force, tending to bow the shaft 
more and more, and the elastic resistance of the material. This 
action continues until a state of equilibrium is reached at which 
the force of the shaft deflection (i.e., the force which the shaft 
is capable of exerting at its mass center in its effort to return to 
its original straight form) is equal and opposite to the centrif- 
ugal force of the mass. This will be at the same critical speed 
as in the horizontal case. 

Theoretically the bow of the shaft becomes indefinitely great 
at the critical speed. Practically this is not so. The speed may 
be increased very greatly beyond this. But at the critical speed 
there will occur the maximum vibration of the revolving mass 
and consequently of its supports. The vibrations are smaller 
for both higher and lower speeds. The determination of the 
critical speed is, therefore, a matter of prime importance in the 
design of all high rotative speed machinery. 

Above the critical speed the center of mass revolves inside 
the bow of the shaft; and the tendency of the rotating mass is 
to rotate about an axis through its own center of gravity and 
not about the mechanical axis. Designers provide for this either 
by the use of a flexible shaft (made just strong enough to with- 
stand the deflection stresses in passing through the critical speed), 
or by the introduction of special bearings permitting this ac- 
commodation and constructed to dampen the vibration effect. 

The critical speed here spoken of is the first or lowest critical 
speed, Ni. There is a series of secondary critical speeds, N, 
of higher value with diminishing amplitudes of vibration. 

The mathematical treatment is too long to be introduced 
here but can be found in its simplest form in a paper by Mr, 
S. H. Weaver in the Jour, of the A. S. M. E., June, 1910, from 
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Critical Speed FoRMULiE. 

Weights in Pounds, Dimensions in Inches, Vertical Shafts Considered 
Horizontal. 

N, Ni, iV'2= critical speeds in r. p. m. 

Ai, A2 = static deflections at Wi and Wi (shaft horizontal), 
diameter of shaft (inches). E= 29,000,000. 


Single concentrated Load.| 
General Formula ! 
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Critical Speed Formulae. — Continued. 
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Critical Speed FomiLVL^.— Continued. 
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Critical Speed FoRMULiE. — Continued, 
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which the appended convenient tables arc abstracted. In addi- 
tion to these tables the following formula * for a multiple loaded 
shaft will be found useful. 

_ _ Na N ,Nc 

^ \/N^m} + Nma^ + NaW' 

iVi = first critical speed of the system; 
iVa = first critical speed of unloaded shaft; 

Nt,y iVc — first critical speed of each separate load. 


E. A. Lof in Machinery, Feb., 1909. 



CHAPTER XII. 


JOURNALS, BEARINGS, AND LUBRICATION.* 

128. General Discussion of Journals and Bearings. — Jour- 
nals and the bearings or boxes with which they engage are 
the elements used to constrain motion of rotation or vibration 
about axes in machines. Journals arc usually cylindrical, but 
may be conical, or, in rare cases, spherical. The design of 
journals, as far as size is concerned, is dictated by one or 
more of the four following considerations. 

(1) To provide for safety against rupture or excessive yield- 
ing under the applied forces. 

(2) To provide for maintenance of form. 

(3) To provide for maintenance of lubrication. 

(4) To provide against overheating. 

To illustrate (i), let Fig. 122 represent a pulley on the 
end of an overhanging shaft driven by a belt, ABC. Rota- 
tion is as indicated by the arrow, and the belt tensions arc Ti 
and T2. The journal, /, engages with a box or bearing, D. 
The following stresses are induced in the journal: Torsion, 
measured by the torsional moment {Ti~T2)r. Flbxure, 
measured by the bending moment {Ti-\~T2)a. This assumes 
a rigid shaft or a self-adjusting box. Shear, resulting from 
the force Ti-\-T2. This journal must therefore be so designed 
that rupture or undue yielding shall not result from these 
stresses. The method of doing this is outlined in later sections 
of this chapter, 

To illustrate (2), consider the spindle journals of a grind- 
ing-lathe. The forces applied are very small, but the form 

* See further, Vol. 27 Trans, A. S. M. E., pp. 420-505. 
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of the journals must be maintained to insure accuracy in the 
product of the machine. A relatively large wearing surface 



is therefore necessary, and careful provision must be made to 
exclude dust and grit. Journals whose maintenance of form is 
of chief importance must be designed from precedent, or accord- 
i% to the judgment of the designer. No theory can lead to 
^'•correct proportions. In fact these proportions are eventually 
determined by the process of machine evolution. 

129. Journal Friction and Lubrication. — Consideration (3). 
When two solid surfaces have relative motion under pressure 
there will be friction between them. The ratio of this frictional 
resistance, F, to' the normal pressure, P, is termed the coefficient 
of friction, //. 

Cylindrical journals having a diameter inches and length 
= l inches, have a projected area = ^/ square inches. In what 
follows the area of a journal means its projected area. Thus 

P 

the pressure per square inch of journal = ^ = In machinery 

(mL 

there are three kinds of friction to be considered. 
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I. The surfaces are dry . — In this case the ordinary laws 
of solid (dry) friction apply. With very smooth and clean sur- 
faces cohesion may take place and cold welding result. However, 
the friction between most so-called unlubricated surfaces is not 
a case of true friction between pure metals, but between sur- 
faces contaminated by atmospheric agencies, by grease, etc., 
derived from handling or from the material with which the 
surfaces were wiped, or by chemically formed films such as 
oxides, sulphides, etc. In other words the surfaces are partially 
lubricated. Since the extent of contamination varies it is clear 
why different experimenters have obtained conflicting results 
(even when using materials of like character as regards surface 
conditions, hardness, etc.) and have deduced differing laws. 

For approximately clean, dry, metallic surfaces: 

{a) The frictional resistance is approximately proportional to 
the load. 

(6) The frictional resistance is slightly greater for large areas 
and small pressures than for small areas an^d large 
pressures. 

(c) The frictional resistance, with the possible exception of 
very low speeds, decreases as the velocity increases. 

With regard to machinery these laws apply to some friction 
clutches and brakes and also to those bearings which are not 
lubricated but have the journal running in bushings of graphite 
or chemically treated wood. Such bearings have been found to 
give very satisfactory service where the unit pressures are moderate 
and where it is either difficult to apply oil or undesirable to use 
it, as in textile manufactures. These laws also apply in the 
starting of heavy machinery where the bearing surfaces come into 
metallic contact owing to their having lain at rest a sufficient 
time under pressure adequate to force out the lubricant, even 
though the natural action of running tends to reintroduce it be- 
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tween them later. In the case of metallic contacts the static 
coefficient of friction of slightly contaminated surfaces is the 
highest value their coefficient of friction can have. For the 
ordinary materials used for journals and boxes static // ranges 
in value from .14 to .22. 

In the case of a soft surface on a hard one, such as a leather 
belt on a cast-iron pulley, these laws do not hold strictly. In 
such cases it has been found* that the coefficient of friction 
starting with a static value of say .12 increases with velocity of 
slip until it reaches a maximum considerably greater than unity 
at a speed of slip of 600-700 feet per minute. 

2. The surfaces are partially lubricated, — ^Here the investigator 
is confronted by conflicting data, since the experiments range 
from nearly dry, uncontaminated surfaces on the one hand, 
to completely lubricated surfaces on the other. The following 
generalizations for this condition may be made : 

{a) The coefficient of friction increases with increase of unit 
pressure. 

(b) T he coefficient of friction decreases with increase of velocity, 

. The value of a will range between its values for dry, static 
triction and for fluid friction, depending upon the conditions. 
Most machinery bearings fall in this category. Great care should 
be exercised to see that the pressure upon a journal resulting 
from the applied load be not sufficiently great or localized or 
long continued to squeeze out the lubricant already between 
the surfaces and to prevent other lubricant from entering under 
the conditions of speed, etc. Metallic contact, overheating and 
abrasion of the surfaces, even their seizing, may result. When 
a partially lubricated journal is subjected to continuous pressure 
applied at one point in one direction, as for instance, a shaft 

* Kimball, Am. Jour, of Science, 1877; Lanza and Lewis, Trans. A. S. M. E., 
Vol. VII. 
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with a constant belt pull or with a heavy fly-wheel upon it, this 
pressure has sufficient time to act and is therefore effective for 
the removal of oil. But if the direction of the pressure is peri- 
odically reversed as ad the crank-pin end of a steam-engine con- 
necting-rod, the time of action is less, the tendency to remove the 
oil is reduced, and the oil has opportunity to return ].)etween the 
surfaces. Hence a higher unit pressure, />, would be allowable ia 
the second case than in the first. If tlie direction of relative motion 
is also reversed, as at the cross-head pin of a steam-engine, the 
oil not only has an opportunity to return between the surfaces, 
but is assisted in doing so by a sort of pumping action. There- 
fore a still higher unit pressure is allowable. That practical 
experience confirms these conclusions can ))e seen l)y reference 
to Table XV. These conclusions are not ap'i)lical)le to the 
cases of forced or flooded lubrication where there is a copious 
supply of oil between the surfaces in any case. 

3. The surfaces are copiously liihricated. The tlieory of 

proper lubrication is to provide that the l^earing surfaces shall 
be separated always by an unbroken film of lul)ricant on the 
bearing or pressure side; there is thus no metallic contact what- 
ever, the journal being fluid-borne. It is olwious how this may 
be done by forced lubrication under sufficient pressure. But 
every continuous!}?' rotating journal provided with sufficient oil 
tends to surround itself with an oil-film . The extent to which 
the film is completely formed and maintained will be found to 
depend upon a variety of factors of which the chief are: the 
difference in radius of journal and bore of box, the viscosity of the 
oil, the surface velocity of the journal, the specific load or pres- 
sure per square inch of projected area of journal, and the tem- 
perature of the bearing. 

For the process of film formation see Fig. 122 A. When a 
journal under a given load, P, is at zero velocity it rests on a point 
of contact vertically below its load as seen at a. As rotation 
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begins, the journal rolls upward on the “ on ” side of the bearing, 
as shown at 5, until the angle (j> included between the line of 
application of the load and a radial line to the point of con- 
tact equals the angle of repose ’’ or static friction angle of 


journal and bearing materials 
the angle whose tangent equals 
of contaminated surfaces as a 




when slightly greasy. This is 
the static coefficient of friction 
maximum. When the journal 




Fig. 122^. 


has rolled to this point it begins to slide. If the velocity is very 
low it will continue to slip with contact at this point and the 
ordinary laws of nearly dry friction will govern. As the speed 
increases (the load P remaining constant) the conditions alter. 
Because of its properties of adhesion and surface tension, the 
oil is drawn in by the rotating journal, as illustrated at wedging 
the journal completely away from the bearing and moving the 
point of nearest approach over to the “ off side. During 
this period the laws of partial lubrication govern: the coefficient 
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of friction falls steadily as the velocity increases, and it is higher 
in value the greater the unit pressure, p, is. 

By this continuous action of the lubricant, a film (increasing 
in thickness with increasing velocity of journal surface) is formed, 
separating the journal and bearing. Coincidently, shown in d, 
the point of nearest approach is moved toward point B on the 
horizontal diameter on the “off” side. The pressures in the 
surrounding film are not uniform. ?1 is the point of maximum 
pressure and lies just ahead of the point of nearest approach, 
B, as is to be expected when the wedging action of the oil before 
the narrowed passage at B is considered. Beyond B, at C, is 
the point of minimum film pressure at which experiments show 
that an actual negative pressure or suction exists. 

As the speed increases (the load remaining constant) the 
journal becomes less eccentric and the variations in pressure 
around it also become less. Both A and C move away from J?, 
If the speed became infinite the journal would run concentric 
with the bore of the bearing and tlie points of maximum and 
minimum pressures would be vertically below and above the 
center, respectively. 

If the conditions shown at d had l)een attained under a 
certain relationship of load and speed and this speed now kept 
constant while the load were increased, the point of nearest ap- 
proach would swing downward again to a position al)out 40° 
from the vertical. With still further increase of load at this 
constant speed the oil film would be ruptured and the conditions 
change again from those of perfect to those of im|)er[ect lubrication. 

But while the condition of complete separation of journal 
and bearing surfaces exists, the friction is fluid friction— the 
correct theory of which was developed independently by Petrofi * 
and Reynolds. t In fluid friction: 

* ^‘Neue Theorie der Reibung.'’ Leipzig, 1887. 
t Phil. Trans., 1886. 
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{a) The coefficient of friction varies directly as the viscosity 
of the lubricant. 

(6) The coefficient of friction varies directly as the velocity. 

{c) The coefficient of friction varies inversely as the specific 
pressure. 

(d) The coefficient of friction varies inversely as the mean 
thickness of film on the loaded side of the journal. 
rtV 

That is, fJ- = — - 

py ^ 

-the -^ coefficient of viscosity ” and may be defined as 
the force necessary to move with unit velocity, one unit of area 
under unit pressure, when the two surfaces are separated by a 
unit thickness of liquid. A study of lubricants shows that t) 
varies inversely as a function of the temperature. On the average 
C 

V is the journal surface speed; 

p is the pressure per unit of projected area of bearing; 

y is the mean film thickness. 

Strictly this equation should hje kept in homogeneous terms; 
practically it is more convenient to express F in feet per minute, 
p in pounds per square inch, y in inches, and rj in pounds per 
square inch for a speed of one foot per minute. 

For the maintenance of a perfect film the relation p^io'^V 
may be accepted for speeds from 50 to 500 feet per minute. This 
value is on the safe side according to the experiments of both 
Stribeck * and Tower, f although a little larger than the value 
proposed by Moore J whose experiments were only carried up 
to a speed of 140 feet per minute. 

Stribeck’ s results show the breaking-down point of the film 


*Z. d. V. d. L, 1902. 
t Proc. Inst. M. E., 1883. 
X Amer. Mach., 1903. 
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at = Tower’s results on a half-box give />=i2V^ 

to 15 Vf, The breaking-down point corresponds to the mini- 
mum value of the coefficient of friction. For s[)ecds above 
500 ft. per minute 10^ V gives too great a value for p unless 
the bearing is artificially cooled. Above 500 ft. per minute 
p may be taken =30'^^. 

Concerning y the following facts hold: 

j {a) It is a function of the running fit allowance. The greater 

ii the difference in radii of journal and box, a, the larger y has a 

I chance of becoming. 

■ (6) It is a function of p. The relation is c'omplex. On the 

! one hand y increases with p because p affects the bore l)y elastic 

action. An increase of p tends to force out the })ox at the point 
i of nearest approach, thereby increasing the mean film tliickncss. 

; On the other hand y decreases with increase of />, I)ecausc the 

; <;ffect of increase of pressure on the film must be to lessen its 

thickness. The latter effect overbalances the former, hence y 
j <^aries inversely as a function of p. 

^ {c) It is a function of F. As the velocity increases the film 

:j builds up and increases in thickness as some func'tion of V, 

: {(i) It is a function of the temperature, /, of the l)earing. 

i As the temperature increases and the l)ody ” of the oil dimin- 

i ishes in consequence, the film for a given pressure will be re- 

; duced in thickness. 

i“ The final result of the coml)ine(l effects of the various factors 

becomes approximately : 

ii , 

where C is a constant depending upon the running lit allowance 
Ii S'lid the viscosity of the lubricant. For the Deutz engine oil 

used by Stribeck, and a running lit allowance of .001 inch per 
I inch of diameter, C/=.2i8. 
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To determine fi for another lubricant or running fit allow- 
ance it is cnly necessary to vary C inversely as the running fit 
allowance {e.g., double it for a running fit allowance of .0005 
inch per inch of diameter) and to vary it directly as the viscosity 
of the lubricant. Measured with the Engler viscosimeter the 
oil used by Stribeck had a viscosity at 86° F., 20 times that of water 
at 68° F.; and at 104° F., ii times that of water hf 68° F. 

This equation agrees exactly with Tower’s results with sperm 
oil, and very closely with his results on mineral oil,* remembering 
that he has no temperature factor, since his experiments were 
carried out at approximately uniform temperature. It also agrees 
exactly with Hirn’s equation f except for this temperature factor. 

The equation has been thoroughly checked on the experi- 
mental data of Stribeck f and holds for speeds from 50 to 500 ft. 
per minute. 

For higher speed bearings it is evident that as the velocity 
increases to infinity y becomes equal to the radial allowance, 
a, irrespective of any finite variation in p. The result would be 
that at very high speeds the coefficient of friction would vary 
directly as the viscosity at the bearing temperature, t, directly 
as the velocity, and inversely as the pressure, 



a being constant. 


This form seems corroborated by the form of the curves at 
7 = 800 ft. per minute in Stribeck’s Figs. 7 and 17. Lasche § 
for high-speed bearings with copious lubrication claims that 


p{t -32) 


for V = 2000, and this is frequently quoted in the 


for high-speed bearings. But some of Lasche’s 

* Thurston, “ Friction and Lost Work,’^ p. 313. 
t Unwin, Machine Design,” 1909, p. 232. 
t Z. d. V. d. L, 1902. 

§ Traction and Transmission,” Vol. 6. 


51.2 

p{t - 32 ) 
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own experiments as shown in his Fig. 26 do not seem to justify 
this conclusion, since they show still increasing with V at speeds 
approximating 5000 ft. per minute. 

The equation which satisfies his curve i (steel journal on 
white metal, ratio of length to diameter 2.2) is found to be 

12^^ V 

For his curve 4 (nickel steel bearing on gun metal, ratio 
of length to diameter .42), the equation is 

6</v 

^ ^(^-32)' 


Since the same oil was used in each case the difference in 
the constants merely points to double the running fit allowance 
in the second case over that of the first. 

Lasche’s statement that'/^ varies as V up to 500 ft. per 
minute, as from 500 to 800 ft. per minute, and is inde- 
pendent of V above 2000 ft. per minute would appear to require 
modification as follows : 

For speeds from 50 to 500 ft. per minute 


cVf 

/'= V- . . . . 

^ pit - 7 , 2 ) 

approximately, 

(C==.2i 8 in S’tribeck^s experiments), 


(I) 


and above 500 ft. per minute, 


approximately, 


.p{t\-Z2) 


(C 


==i^ in 


Lasche’s experiments.) 



130. Heating of Journals. — To illustrate (4), even if the 
conditions are such that the lubricant is retained between the 
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rubbing surfaces, heating may occur. There is always a fric- 
tional resistance at the surface of the journal; this resistance 
may be reduced {a) by insuring accuracy of form and perfec- 
tion of surface in the journal and its bearings; (h) by insuring 
that the journal and its bearings are in contact, except for the 
fihn of oil, throughout their entire surface, by means of rigidity 
of framing or self-adjusting boxes, as the case may demand; 
(c) by selecting a suitable lubricant to meet the conditions and 
maintaining the supply to the bearing surfaces. By these 
means the friction may be reduced to a very low value, but it 
cannot be reduced to zero. 

There must be some frictional resistance, and it is always 
converting mechanical energy into heat. This heat raises the 
temperature of the journal and its bearing. If the heat thus 
generated is conducted and radiated away as fast as it is gener- 
ated, the box remains at a constant low temperature. If, how- 
ever, the heat is generated faster than it can be disposed of, 
the temperature of the box rises till its capacity to radiate heat 
is increased by the increased difference of temperature of the 
box and the surrounding air, so that it is able to dispose of 
the heat as fast as it is generated. This temperature, necessary 
to establish ' the equilibrium of heat generation and disposal, 
may under certain conditions be high enough to destroy the 
lubricant or even to melt out a babbitt-metal box-lining. Sup- 
pose now that a journal is running under certain conditions 
of pressure and surface velocity, and that it remains entirely 
cool. Suppose next that, while all other conditions are kept 
exactly the same, the velocity is increased. All modem experi- 
ments on the friction in journals show that the coeiBScient of 
friction increases with the increase of velocity of rubbing sur- 

face (at speeds above — feet per minute). Therefore the in- 
400 

crease in velocity would increase the frictional resistance at the 
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surface of the journal, and the space through which this resist- 
ance acts would be greater in proportion to the increase in 
velocity. The work of the friction at the surface of the journal 
is therefore increased because both the force and the space 
factors are increased. It is this work of friction which has 
been so increased, that produces the heat which tends to raise 
the temperature of the journal and its box. The rate of gen- 
eration of heat has therefore been increased by the increase in 
velocity, but the box has not been changed in any way, and 
therefore its capacity for disposing of heat is the same as it 
was before, audience the tendency of the journal and its bear- 
ing to heat is greater than it was before the increase in velocity. 
Some change in the proportions of the journal must be made 
in order to keep the tendency to heat the same as it was before 
the increase in velocity. If the diameter of the journal be 
increased, the radiating surface of the box will be proportion- 
ately increased. But the space factor of the friction will be 
increased in the same proportion, and therefore it will be appar- 
ent that this change has not affected the relation of the rate 
of generation of heat to the disposal of it. But if the length 
of the journal be increased, the unit pressure is decreased, which 
tends to decrease the coefficient of friction, while the increase 
of velocity tends to increase it. Due to the combined change 
the coefficient of friction may be slightly increased or decreased, 
the velocity is increased, and the total friction will be slightly 
increased, while the radiating surface of the box is increased 
in greater proportion and the tendency of the box to heat is 
reduced. If the diameter of the journal is reduced coincidently 
with increasing its length, so that the unit pressure remains the 
same both before and after the change, the velocity may be 
reduced, as may also the coefficient of friction, and therefore 
the friction work may be doubly reduced while the radiating 
surface, which will be proportional to the same projected area 
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in both cases, will remain the same. The tendency to heat 
will therefore be reduced. If, therefore, the conditions are such 
that the tendency to heat in a journal, because of the work of the 
friction at its surface, is the vital point in design, it will be clear 
that the ratio of the length of the journal to the diameter is dic- 
tated by it. The reason why high-speed journals have greater 
length in proportion to their diameter than low-speed journals 
will now be apparent. 

If V equals the velocity of journal in feet per second, p being 
the pressure per square inch of projected area and ii the coeffi- 
cient of friction, the energy transformed into heat will a pv 
ft. -lbs. per second per square inch of projected area. This 
energy should be dissipated (by radiation and conduction) through 
a surface which bears a relationship to the projected area depend- 
ing upon the thickness of the shell and other portions of the 
bearing. In order to have equilibrium of heat generation and 
heat dissipation a certain temperature, t, in excess of atmospheric 
temperature, Iq, must be attained. For a ring-oiling bearing 
whose upper radiating surface was about double that of the 
journal under running conditions, Lasche found 


ixpv-= 


3300 


and for a bearing with heavy shells of the turbo-dynamo type 
and upper radiating surface about three times that of the journal 


lipv^ 


i860 


In both cases I was about 

. Stribeck’s results on a Sellar’s bearing, when similarly 

analyzed show 


flpV^ 


{t-tg+iSY 

2750 ’ 
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for speeds up to 500 feet per minute, and an apparently more 
rapid radiation still when t-io exceeded 80°. This checks very 
closely with Lasche’s results. 

For a shorter Magnolia metal bearing, l^2d, Stribeck’s 
results give a much greater coefficient of heat dispersion, 

{t -/o + 22)2 

^ 

225 

but he warns against their reliability. 

It seems safe to assume, where there is no extraneous cooling 
device such as oil or water circulation or fan cooling, that 


lipv^ 


(^-^0 + 35 )^ 
2750 


(3) 


for bearings of ordinary proportions. Thick shells and heavy 
masses in the bearing will increase its heat- radiating capacity 
and thin shells and light masses lower it. 

The nearness of rotating masses acting as air fans will increase 
the heat-dissipating capacity. Dead air spaces around the 
shells decrease it greatly. In case the ordinary proportions of 
the journal give too high a value to t, oil-circulation or even 
water-jacketing systems may be used to dispose of the excess 
heat. A value of t up to 200° is quite safe with ordinary lubri- 
cants.* 

13 1. Journal Design by Heat Balance. — (a) For velocities 
up to ^00 fi. per minute, copious lubr%cation. 


From equation (i) 

CY^ 


^ -32)' 

From equation (3) 

«-l.+ 3 S)f 

2750 


Dewrance, Proc. Inst. C. E.. 1896. 



and 


or, 
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6o 2750 


C 0 pV (t-to + 3 S)^ 


p\t-32) 60 


2750 
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CF-y (^-/o + 35)^(^-32) 

60 2750 

As previously explained, C==.2i8 for Deutz engine oil and 
a ninning fit allowance of .001 inch per inch of diameter, 


10 


(4) 


With known values of V and and assumed value of /q? the room 
temperature, this can be solved by taking trial values of t until 
one is found to satisfy the equation. For other lubricants and 
running fit allowance C should be varied as explained in sec. 129. 

Let p=io^V . . . (5) (page 217); 



P== total load on bearing in pounds. If load varies 
throughout cycle, P = mean load during revolution; 
/= length of journal, inches; 
diameter of journal, inches; 

assumed, see Table XVI; 
a 

N = revolutions per minute. 

P, N, and rv are given. 


(7) 
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From (5), (6), and (7), 

Squaring 


P 

ld~^° 




12 


p2 looTtdN 

Nl^ ’ 


Multipl}nng both sides by d'^, 

•038^ 

. P iVx2 ’ 


d^ = ' 


N 




d=A°1^3Ll 


Nx^ 

P, N, and rr being known, solve for d, 
I 

F rom = - , 1 = dx. Solve for L 
d 

P 

From (6) Determine p. 

( 11 / 

From (?) . Solve for F. 

12 

Since 


^=ioF^, . 

^»-3.i6F^. 


( 8 ) 


(9) 


(lo) 


(5) 


Substituting in (4), 

^,,_ (<-/o+35)^(<-32) .... („) 

31.6 

Solve this for t. 

If t has too high a value (200° F. is a good maximum value) 
and neither less viscid oil nor greater running lit allowance may 
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be used, a new value of x giving a greater ratio of length to 
diameter must be tried ; or means provided to use extra heavy 
masses in the shells and bearing or to cool the latter artificially. 
The following table is based on an assumption of = 68° F. : 


t 


V 

78° 

2950 

96 

88 

5380 

136 

98 

8850 

180 

108 

13600 

231 

118 

19700 

28s 

128 

27400 

344 

138 

36700 

406 

148 

48500 

476* 


* At this point the radiation curve departs from the equation chosen, allowing highei 
values of V. See section 130. 


Having determined p, V, and t, solve for in equation (i), 

■2i8F^ 

This can be used to determine the efficiency of the bearing 
which equals: (Total energy received per minute at journal in 
foot-pounds -/xPF)-^ Total energy received per minute at journal 
in foot-pounds. 

The rate of heat generation per square inch of bearing area 
in foot-pounds per second = /.tpz;. 


[The foregoing method may also be used in a modified form 
for a given maximum allowable value of t. Given also P, N, 
and 

Solve for d, Z, p, and V as above. 

^ . .2i8F^ 

Compute tx from r- 

Find upv . 


If this exceeds 


2750 


extraneous means of cooling 
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should be provided, it being assumed that the running fit allowance 
and lubricant may not be changed. 

Two methods may be used: 

(i) Increase the thickness of the bearing (^above in the 


ratio that the excess bears to 


2750 


This provides the 


additional radiating surface necessary. 

(2) Compute, from its specific heat and the permissible 
range of entering and leaving temperature, the quantity of oil 
or water which must be circulated per second through a jacket 
arrangement to carry off the surplus heat generated.] 

(b) For speeds above 500 feet per minute, copious lubrication. 

p= 2 ,o<^ . . . (12) . Page 218. 


Cubing, 


P sf. 


WiV 

12 


(13) 


P 3 2'j,ooondN 
12 ’ 


d^- 


<P = 


p 3 


'jo 6 gNfi’ 
P 3 . 


P3 


, 7o6oiV3c3’ 

7 o 6 gN- 


d=4, 


P3 


’jo6gNo(^ 


(14) 


Solve (14) for d; P, N, and x being given. 
Solve for /. 
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Determine p, ixora,p^~. 


From (2), (page 220) 
From (3), (page 224) 


>(/- 32 )’ 


(/— io+35P / 



V (^-/o.+35)" 
“ ^ 60 2750 


Substituting from (2) 


i2Ff pv {t-to+zsY 
Pit - 32 ) 60 2750 


(^-^o+35)^(^-32) -* 

550 


Table, when /o = 68° F>^' 


t 


V 

148° 

2800 

572 , • 

iS8 

3670 

7I>Ev^ 


4500 

8 x 6 Cc- 

178 

5600 

9^7 

188 

iq8 

6800 

8170 

1164 

208 

9800 



■ The foregoing method of design was suggested by the papers 
of Mr. Axel Pedersen in the American Machinist, 1913 and 1914. 

* This equation gives rather higher values to t than will probably be attained 
by bearings of ordinary proportions using customary lubricants. In other words, 
higher values of V than these may be expected in practice at these temperatures. 
The equation is on the safe side. 
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Table XV — Cylindrical Journal Pressures from Practice 


Kind of Bearing. 


Pressure in lbs. 
|per_ sq. in. of 
projected area. 


Motion intermittent, direction of load reversing, slow speed. 

Crank pins of shearing and punching machines, presses etc. . . 


3000-7000* 


Motion an oscillation, direction of load reversing 

Locomotive cross-head pins 

Gas engine cross-head pins 

Air compressor cross-head pins 

Slow-speed stationary engine cross-head pins , 
High-speed stationary engine cross-head pins 


3000-4000 
2 000-3 000 t 
400-1350 
1000-1860 
910-1675 


Motion a rotation, direction of load changing. 

Locomotive crank pins 

Gas engine crank pins 

Air-compressor crank pins 

Marine engine crank pins 

Slow-speed stationary engine crank pins 

High-speed stationary engine crank pins (center crank) 
High-speed stationary engine crank pins (side crank) . . 
Eccentric sheaves 

Motion a rotation, direction of load nearly constant. 

Merchant marine engine, main bearings 

Naval marine engine, main bearings 

Slow-pumping engine, main bearings 

Slow-speed stationary engine, main bearings 

High-speed stationary engine, main bearings 

Gas engine, main bearings 

Air compressor, main bearings 

Car axle journals 

Locomotive and tender axle journals 

Line shafts on bronze or babbitt 

Steel shaft on lignum vitae, water lubrication 

Practice of Gen’l. Elec. Co.t 
Ring-oiling or other copious lubrication. 

Velocity of journal, ft. per minute = V: 

50- 100 
100-2000 
2000-3000 
3000-4000 


1400-1700 
I 000- 2 000 t 
250- 850 
400- 500 
870-1550 
250- 600 
900-1500 
80- 100 


200- 350 
275- 400 

600 
200- 300 
180- 240 
500- 700 t 
ISO- 250 
300- 600 
400- 550 
100- 150 

350 


p=7\/V __ 
p=3o 

p =44 V 


* In Vol. 27, Trans. A. S. M. E., pp. 496-497, Mr. Oberlin Smith gives examples 
of journal pressures in presses running as high as 20,000 pounds per square inch 
on hardened steel toggle pins; and 7000 pounds per square inch, at a surface speed 
of 140 feet per minute, against the cast-iron pitman driving the ram. The journal 
pressure of the main shaft of the second press was 2400 pounds per square inch, 
t Based on maximum explosion pressure. 

X Data from other sources indicate that these values could be increased con- 
siderably with safety. 
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Departure from his method, based upon different conclusions 
regarding values of ji, p, etc., are made here, however. 

The method given under (a) may be applied to these bearings 
also, to design for a maximum given value of t. 

132. Allowable Bearing Pressure. — Table XV on p. 230, based 
upon current practice, may be used as a guide by the designer. 
The value to be used in each case is a matter of judgment. The 
allowable pressure depends, among other items, upon the grade 
of workmanship expected as shown in the fit and surface con- 
ditions of the journal and box. 

133* Journal Proportions. — Customary proportions of journals 
may be seen in the following table compiled from current practice: 

TABLE XVI. 


Kind of Journal. 


Main bearings, marine engines 

Main bearings, center-crank, high-speed engine . . 
Main bearings, side-crank, slow-speed engine. . . . 

Main bearings, gas engines 

Crank pins, marine engines 

Crank pins, high-speed engines 

Crank pins, slow-speed engines 

Crank pins, gas engines 

Cross-head pin, high-speed engines 

Cross-head pin, slow-speed engines 

Cross-head pin, gas engines 

Fixed bearings, shafting 

Self-adjusting bearings, shafting 

Generator and motor bearings 

Machine tool bearings 


Value of -r 
a 

Minimum. 

Maximum. 

Average. 

I 

1-5 


2 

3 

2 2 

1.7 

2 . 1 

1.9 



2.25 

I 

1-5 




I 



1. 1 

•9 

1.7 

1.4 

I 

2 

1.25 

I 

1-5 

1-3 

1-5 

3 

1*75 

2 

3 


3 

4 


2 

3 


2 

4 



134. Materials to be Used. — Regarding the materials of 
journals and their boxes the following general statements may- 
be made. It must be borne in mind that the terms bab- 
bitt, brass, and bronze cover wide ranges of - alloys of varying 
values. 

Cast iron, wrought iron, soft steel, and hard steel will all run 
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well at almost any speed on babbitt metal. The pressure per 
square inch which an ordinary babbitt bearing will stand when 
running cool {i.e., at very slow speed), before being squeezed 
out, has been found to be something over 2000 lbs.* 

Cast iron, wrought iron, soft steel, and hard steel will all 
run well on brass and bronze. Brass and bronze of ordinary 
compositions will carry 5000 lbs. per square inch without suffer- 
ing destruction. Bronze, however, is much better than brass. 

Cast iron will run on .cast iron where, owing to large bear- 
ing surfaces, the unit pressure is light. Where the pressure and 
speed are high, as in engine- journals, this will not work.f 

In the same way steel will run on cast iron even at high speeds 
if the pressure is light. It has been found that steel will not 
run on cast iron in engine-journals. J 

Wrought iron, soft steel, and hard steel will all run on hard 
steel. 

Steel under steel if hardened and polished will run under as 
high a pressure as 50,000 lbs. per square inch. 

135. Calculation of Journals for Strength. — Journals gener- 
ally form parts of axles on shafts, and the calculation of their 
diameter for strength becomes part of the calculation of the 
shaft. The principles have been developed at length in the 
preceding chapter and need not be repeated here. 

If the journal is so held that it may be considered as sub- 
jected to pure shearing stress, like the crank-pin of a center- 
crank engine, then 

M -P, 

in which P = total maximum load; 

A = total area subjected to stress; 

/a = safe shearing stress for the conditions. 

* C. F. Porter, Trans. A. S. M. E., Vol. HI, p. 227. 
t Trans. A. S. M. E., Vol. VI, pp. 853-854. 
t Ibid. 
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For a journal subjected to a pure bending moment, 



which becomes PI == 


fnr^ 

4 


for a solid circular shaft. 


P/ = bending 


moment, / = safe unit stress, and r= radius of shaft. This can 
readily be solved for r. 

If the journal be hollow. 


PI 


An 


ri being the external and ^2 the internal diameter. 

For combined bending and twisting such as the main journal 
of a side-crank engine is subjected to, the expression for a solid 
journal is 



/— =o. 35 M,H-o. 65 VM ,2 +M,2. 


For a hollow circular section 


=0.35^6 +o-65VM,2 + mT 

being the bending moment and Mi the’ twisting moment. 

In general it will be found that journals proportioned for 
strength merely will not have sufficient area to prevent heating, 
so this item must not be overlooked. 

136. Problem. — Design the main journal of a side-crank 
low-speed engine. 

Diameter of cylinder = 16 ins. 

Length of stroke —36 ins. 

Net forward pressure = 100 lbs. per square inch of piston area. 

Suppose the engine capable of carrying full pressure to half- 
stroke. 
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137. Problem. — Design the crank-pin for the same engine. 
It will be found that the crank-pin must be designed with refer- 
ence to maintaining lubrication, and that it will have an excess 
of strength. 

Allowing 1200 lbs. per square inch- of area,* and noting 
from the table that the average practice for this type of engine 
is to make the length of the pin = i.iXthe diameter, f it fol- 
lows that 

20500 




but 


and 




1200 
1=1. id; 
20500 


1200 


d=4 inches, nearly; 

.*. / = i.iX4 = 4i inches, say. 

Checking this for strength, considering the pin subjected 
to a bending moment P-, we write 

2 4 ’ 

P = 20500 lbs., 

-=11^^2.25 inches; 

r = 2 inches, 

/ = stress in outer fiber; 


*. / = 


4 X 20500X2.25 

5o<8 ' 


= 7300 lbs. per square inch; 


which is, of course, a perfectly safe value for wrought iron or 
steel. 


* See Table XV, p. 230. 


t See Table XVT, p. 231. 
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138. Problem. — Design the cross-head pin for the same 
engine. This pin also should be designed for maintaining 
lubrication. Allowing 1400 lbs. per square inch as the per- 
missible pressure on the journal,* and noting that the length 
may be taken as 1.3 times the diameter from average practice^ 
gives 

1400 

l = i.2,d, 


and 


1.30:2 


20500 
1400 ’ 


(i = 3f inches; 
Z = 4| inches. 


Checking this for strength it is evident that the only way 



this pin can fail is by shearing on two surfaces, A-B and D-E 
(see Fig. 124). 

P=f827tr^; 

. 20500 . - 


This leaves so great a margin of safety that some manu- 
facturers make the cross-head pin of two parts, an inner pin 
of soft, resilient material, sufficiently large to resist the shear- 
ing stress, and an outer hard-steel bushing which surrounds 
the soft pin, but is not allowed to turn on it. The nature of 


See Table XV, p. 230. 


t Sec Table XVI, p. 231. 
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the forces acting on a cross-head pin tend to wear it to an oval 
cross-section. As such wear takes place the bushing can readily 
be given a quarter turn and clamped in the new position. 
(See Fig. 124.) 

139. Thrust-journals. — ^When a rotating machine part is 
subjected to pressure parallel to the axis of rotation, means 
must be provided for the safe resistance of that pressure. In 
the case of vertical shafts the pressure is due to the weight 
of the shaft and its attached parts, as the shafts of turbine 
water-wheels that rotate about vertical axes. In other cases 
the pressure is due to the working force, as the shafts of pro- 
peller-wheels, the spindles of chucking-lathes, etc. The end- 
thrusts of vertiaal shafts arc very often resisted by the “squared- 
up ” end of the shaft. This is inserted in a bronze or brass 
“bush,” which embraces it to prevent lateral motion, as in 
Fig. 125. If the pressure be too great, the end of the shaft 
may be enlarged so as to increase the bearing surface, thereby 
reducing the pressure per square inch. This enlargement 



Fig. 125. Fig. 126. 


must be within narrow limits, however. (See Fig. 126.) AB is 
the axis of rotation, and ACD is the rotating part, its bear- 
ing being enlarged at CD. Let the conditions of wear be con- 
sidered. The velocity of rubbing surface varies from zero 
at the axis to a maximum at C and D. It has been seen that 
the increase of the velocity of rubbing surface increases the 
work of the friction, and therefore the tendency to wear. From 
this it will be seen that the tendency to wear increases from 
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the center to the circumference of this radial bearing,” and 
that, after the bearing has run for a while, the pressure will be 
localized near the center, and heating and abrasion may result. 
Because of low velocity at the center it becomes difficult to main- 
tain the oil film there, which also adds to this local danger. For 
these reasons, where there is a heavy load to be borne, the bearing 
is usually divided up into several parts, the result being what 
is known as a ‘‘ collar thrust-bearing,” as shown in Fig. 127. 



Fig. 127. 


By the increase in the number of collars, the bearing surface 
may be increased without increasing the tendency to unequal 
wear. The radial dimension of the bearing is kept as small 
as is consistent with the other considerations of the design. 
If d„j = mean diameter of collar, its radial width may be made 
I to dm] and the axial thickness, to this width. 

It is found that the '' tractrix,” the curve of constant tan- 
gent, gives the same work of friction, and hence the same ten- 
dency to wear in the direction of the axis of rotation, for all parts 
of the wearing surface. (See “ Church’s Mechanics,” page 181.) 

This has been very incorrectly termed the anti-friction ” 
thrust-bearing. This is far from being the case. The friction 
work for this and all conical thrust-bearings can be shown 
readily to be excessive. Their one advantage is that they are 
easily adjustable. In general they are to be avoided. 

The pressure that is allowable per square inch of projected 
area of bearing surface varies in thrust-bearings with several 
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^;onditions, as it does in journals subjected to pressure at right 
angles to the axis * Thus, in the pivots of turntables, swing 
bridges, cranes, and the like, the movement is slow and never 
continuous, often being reversed; and also the conditions are 
such that “bath lubrication” may be used, and the allowable 
unit pressure is very high — equal often to 1500 lbs. per square 
inch, and in some cases greatly exceeding that value. 

Tower’s investigation of a water-cooled collar bearing showed 
a maximum value of p of 75 lbs. per square inch of net collar 
area at a mean collar speed of 440 ft. per minute, increasing to 
90 lbs. per square inch at a speed of 170 ft. per minute. 

The lowest values of the coefficient of friction, /x, were obtained 
when p = S ^ this relation of to F they ranged from .0286 
to .0348 at ^ = 60 and 82.5 respectively. When this relation was 
departed from, increased in value. When ^was 15 and V was 
440, fx went up to .0646. Ordinarily collar bearings are limited 
to a pressure of 50 to 60 lbs. per square inch and a coefficient 
of friction of .035 may be expected under customary conditions 
of running. 

If a single collar is used with a mean diameter = and a 
radial width the following equations may be written. 

P = total load, iV==revs. per minute. 

Projected area =7rJ„jX. 

P 

p=s-^v, 

rr 

12 ^ 

. 

■471'^m^ 12 ’ 

* See Proc. Inst. M. E., 1888 and 1891, for reports on experiments with 
thrust-bearings. 
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^ 2^ndJSf 
222dJ‘ 12 ’ 


If there are n collars, 


■i 


I.45A7" 


? 5/ 


p 2 




For pivot bearings of the general type shown in Fig. 128, 
Reuleaux {Constructor, p. 65) gives for steel on bronze: 
Slow-moving pivots, (i = o.o35^/P; 

Up to 150 r.p.m., 6? = o.o5oV^; 

Above 150 r.p.m., d=^o.QO/C^ PN . 

Tower’s experiments on pivot bearings of this form under 
conditions of continuous lubrication show that the best result?- 
are attained when 


^ = 8.7a/f, V being the outer circumferential velocity. 


Let diameter of pivot sought. for a load = P, and a speed 
= iV, r.p.m. 



4 


p 

0 hdN 

4 


p2 

TS- 7 ^dN 

7 Z^d^ 

12 , 

16 



<1^. 
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If this relationship of p, V, d, and N obtains and the ar- 
rangement provides for continuous lubrication as shown, even 
if there are no loose rings or disks, a coefficient of friction, ji, 
as low as 0.005 may be expected. This arrangement gives 
film lubrication, but not in its most perfect form. ^ 

The following table may be used as an approximate guide 
in the designing of thrust-bearings. The material of the thrust- 
journal is wrought iron or steel, and the bearing is of bronze 
or brass (babbitt metal is seldom used for this purpose). 

Table XVII. — Thrust Bearings 


Kind of Bearing 

Velocity of Rubbing Surface 
ft. per min. 

Allowable pressure lbs. 
per sq. in. of net area 
(less oil-grooves, etc.) 

Solid collar 

loo-upward 

50-()0 

Flat Pivot, bath lubrication 

Slow and intermittent 

iooo~i5oo 

Flat Pivot, bath lubrication 

100 

I 00 *-600 

Flat Pivot, bath lubrication 
Flat Pivot, bath lubrication 

200 

140* 

400 

200* 

Flat Pivot, bath lubrication 

800 

280* 

Flat Pivot, bath lubrication 
Loose Ring, drill spindle, or 

1600 

400* 

worm shaft 


336 


For best efficiency. 


If the journal is of cast iron and runs on bronze or brass, the 
values of allowable pressure given should be divided by two. 

The most efficient forms of thrust-bearings are those * employ- 
ing the principles shown in Fig. 128. 

Between the end of the shaft and the bottom of the step a 
series of accurately finished disks are introduced. The disks are 
alternately hard steel and bronze, the top one is fastened to the 
shaft, the lower to the step, and the rest are free. As indicated, 
each disk has a hole through the middle and radial grooves to 
permit the lubricant to have access between the disks. The 


* See Trans. A. S. M. E., Vol. VI, p. 852, and Proc. Inst. M. E., 1888, p. 
184; 1891, Plate 30. 
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effect of centrifugal force when the shaft is rotating is to force 
the oil outward from between the plates and upward. It is 
collected in the annular chamber a-a and flows from there 
down the drilled passages back to the bottom of the bearing. 
This is equivalent to a continuous automatic pump action sup- 
plying oil to the surfaces. This form of bearing reduces the 
relative motion between successive surfaces to a minimum. A 
similar arrangement of loose disks can be used to great advan- 
tage on small propeller shafts and on worm shafts. 

For thrust-bearings in which the lubricant is automatically 
circulated, or supplied by a force-pump so as to “ float ” the 



journal, the allowable unit bearing pressures become quite great, 
examples of satisfactory operation at loads as high as 1000 lbs. 
per sq.in. being known. With a lubricant of suitable viscosity 
the conditions, at sufficiently high speeds, would tend to give 
practically fluid friction, the frictional resistance would be 
independent of the pressure. As the speed decreases the tend- 
ency to maintain the oil-film grows less, however, and there are 
critical speeds corresponding to certain loads at which the film 
appears to break down and seizing takes place. For pivot 
bearings this minimum speed appears to be, from Tower’s experi- 
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ments, F=— . Where special means of forced lubrication are 
76 

not employed it will be safe in the design of ordinary thrust-jour- 
nals to use the unit pressures given in Table XVII. 

Fig. 128T shows the step bearing of the Curtis turbine 



employing forced lubrication. The following data * will be found 
of interest in connection with the design of this type of bearing: 


Rating. 

1 Gals, per min. 

Unbalanced 

weight. 

Step block. 

K.W. 

R.p.m. 

Total. 

i.e. load. 

Outside 

diameter. 

Inside 

diameter. 

7 SO 

1800 

7 

10800 

8 

si 

1500 

1500 

8 

19700 

II 

8 

3750 

900 

16 

C5000 

16 

9I 

5000 

75 ° 

21 

lOIOOO 

16 

10 

9000 

750 

27 

148000 

i8| 

loj 

14000 

750 

32 

190000 

20 

I3J 

15000 

750 

36 

216000 

21 

IS 

20000 

750 

43 

233000 

21 

IS 


From Alford’s Bearings, McGraw-FIill Co. 
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When bearings have to be used where corrosion or electro- 
lytic action is to be feared, as in turbine work, glass and the 
end grain of very hard woods have been used successfully as 
bearing materials. 

140. Problem. — It is required to design the collar thrust- 
journal that is to receive the propelling pressure from the screw 
of a small yacht. The necessary data are as follows: The 
maximum power delivered to the shaft is 70 H.P.; pitch, of 
screw is 4 feet; slip of screw is 20 per cent; shaft revolves 250 
times per minute; diameter of shaft is 4 inches. 

For every revolution of the screw the yacht moves forward 
a distance = 4 feet less 20 per cent »= 3.2 feet, and the speed of 
the yacht in feet per minute = 250X3.2 = 800. 

70 H.P. = 70X33,000 = 2,310,000 ft. -lbs. per minute. 

This work may be resolved into its factors of force and space, 
and the propelling force is equal to 2,310,000-^800 = 2900 lbs., 
nearly. 

The shaft is 4 inches in diameter, and the collars must project 
beyond its surface. Estimate that the mean diameter of the 
rubbing surface is 4.5 inches, then the mean velocity of rubbing 

7Z 

surface would equal 4.5 X — X 250 = 294 feet per minute. A 

12 

safe value of p, the pressure per square inch, at this speed is 
50 lbs. The necessary area of the journal surface is there- 
fore =2900^ 50 =58 square inches. 

It has been seen that it is desirable to keep the radial dimen- 
sion of the collar surface as small as possible in order to have 
as nearly the same velocity at all parts of the rubbing surface 
as possible. The width of collar in this case will be assumed 
inch; then the bearing surface in each collar 

5.52x71: 42 X 7 r 

= 23.7 -*12.5 = 1 1. 2 sq. m. 

4 4 

Then the number of collars equals the total required area 
divided by the area of each collar=58-M 1.2= 5.18, say 6. 
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141. Thrust-bearings with Perfect Film Lubrication.— In 
recent years a great advance has l)een made in the design of 
thrust-bearings by succeeding in applying to lliem the principles 



PoHition of ShiH* in 
Fit;. xMi. 


of continuous perfect film lubrication. TIu- matht*matic“al analysis 
was first published by Mitcludh* but tlu* i‘arlicst practic'al lx‘ar- 

*Zcit. far Math, imtl Phynik, 1905. 
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ings designed for use appear to be those of Kingsbury * and 
this type of bearing is known by the latter’s name. The bearing 
is submerged in oil. The ring which supports the step or collar 
is not one solid ring, but is divided into segments each one of 
which is pivoted at or near its center of pressure on a spherical- 
ended, cylindrical, upright support. As a consequence, each 
individual segment is free to incline at a small angle (about 
I '3000) with the step surface, allowing the perfect formation 
of the lubricant wedge. 

Steam turbines with these bearings have been run with a 
unit pressure of 500 lbs. per square inch at linear speeds of 3000 
to 4500 ft. per minute, and vertical water wheels with a unit 
pressure of 250 to 400 lbs. per square inch with a coefficient 
of friction generally lying between the remarkably low values 
of .001 and .002. This equals or exceeds ball or roller bearing 
efficiency. Tests show that there is practically no limit of speed 
provided that the oil be circulated and the heat generated in it 
by friction be removed. It will probably be found that the 
allowable pressure will lie in the vicinity of ^ = 2o\/ V. These 
bearings have shown great overload capacity under test. 

The center of pressure, for square blocks or those whose 
length is not more than 3 times their width, is about .4 of their 
length from the rear end.f This is the proper location of the 
spherical seat of each segment. 

142. Bearings and Boxes. — ^The function of a bearing or box 
is to insure that the journal with which it engages shall have 
an accurate motion of rotation or vibration about the given axis. 
It must therefore fit the journal without lost motion; must 
afford means of taking up the lost motion that results neces- 
sarily from wear ; must resist the forces that come upon it 
through the journal, without undue yielding ; must have the 

*See Alford’s “Bearings,” p. 150, and Engineering Record, Jan. ii and 18, 1913. 

t Zeit. fijr Math, und Physik, 1905, 
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wearing surface of such material as will run in contact with 
the material of the journal with tlu' k^ast possible friction and 
least tendency to heating and abrasion; and must usually 
include some device for the maintenance of the lubrication. The 
selection of the materials and the providing of sufticient strength 
and stiffness depends upon i)rinciples already considered, and 
so it remains to di.scuss the means for the taking up of necessary 
wear and for providing lubrication. 

Boxes are sometimes made solid rings or shells, the journal 
being inserted endwise. In this case the wear can only be 
taken up by making the etigagiiiit surfaces of the box and journal 
conical, and providing for endwisi' adjustment either of the 
box itself or of the i)art carrying the journal. Thus, in Fig. 129, 



moving the journal axially toward the left. 

By far the greater number of boxes, however, are made in 
sections and the lost motion is taken up by moving one or more 
sections toward the axis of rotation. 'Fhe tendency to wear is 
usually in one direction, and it is sulllcient to divide the box 
into halves. Thus, in Fig. 130, the journal rotates about the 
axis 0, and all the wear is due to the pre.ssure /' acting in the 
direction shown. The wear will therefore be at the bottom of 
the box. It will suffice for the taking up of wear to dress off 
the surfaces at aa, and thus the box-cap may lx; drawn further 
down by the bolts, and the lost motion is redui-eii to an admis- 
sible value. “Liners,” or “shims,” which are thin pieces of 
sheet metal, may be inserted between the surfaces of division 
of the box at aa, and may be removed successively for the lower- 
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ing of the box-cap as the wear renders it necessary. If the axis 
of the journal must be kept in a constant position, the lower 
half of the box must be capable of being raised. 

Sometimes, as in the case of the box for the main journal of 
a steam-engine shaft, the direction of wear is not constant. 
Thus, in Fig. 131, A represents the main shaft of an engine. 
There is a tendency to wear in the direction B, 
because of the weight of the shaft and its at- 
tached parts; there is also a tendency to wear 
because of the pressure that comes through the 
connecting-rod and crank. The direction of 
this pressure is continually varying, but the 
average directions on forward and return stroke 
may be represented by C and D. Provision needs to be made,* 
therefore, for the taking up of wear in these two directions. If 



Fig. 132. 



the box be divided on the line EF, wear will be taken up verti- 
cally and horizontally by reducing the liners. Usually, however, 
in the larger engines the box is divided into four sections, 
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C, and D (Fig. 132'). and .1 an<i (’ an- callable of 1 icing moved 
toward the shaft by mcan.s of screws or wedges, wliile D maybe 
raised by means of the insertion of “ shims.” 

The lost motion between a journal and its bo.K is sometimes 
taken up by making tlie box as shown in h'.g. 'Die e.xter- 

nal surface of the liox is conical and tits in a conical hole in 
the machine frame. 'I'he iiox is split entirely through at A, 
parallel to the axis, and partly through at />’ and ( 'Phe ends 
of the box are threaded, and the nuts E and F are screwed on. 
After the journal has run long enough so that there is an unal- 
lowable amount of lost motion, the nut h' is looseiU'd and E 
is screwed up, the eltect being to draw the conical box 
further into the conical hole in the machine fninie; the hole 





through the box is thereby up aud lost motion is reduced. 

After this oj)cration the hole cannot he truly cylindrieab and 
if the cylindrical form of the jountal has been maintained, it 
will not have a bearing throughout its vnilrc surface, ddus is 
not usually of very gn^at importance, however, and tlie form of 
box has the advantage that it holds the axis of the journal in 
a constant position. As far as is [lossibli* the bc»x sliould I)c 
so designed as to exclude all dust aud grit from the hearing 
surfaces. 

All boxes in self-contained machines, like engines or machine 
tools, need to be rigidly supported to prevtait tlie localization 
of pressure, since the parts tlml cairry tlie Jmirnals an* made as 
rigid as possible. In line shafts ami other parts carrying journals, 
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when the length is great in comparison to the lateral dimensions, 
some yielding must necessarily occur, and if the bo^es were 
rigid, localization of pressure would result. Hence self- 
adjusting” boxes are used. A point in the axis of rotation at 
the center of the length of the box is held immovable, but the 
box is free to move in any way about this point, and thus adjusts 
itself to any yielding of the shaft. This result is attained as 
shown in Fig, 134. O is the center of the motion of the box; 



B and A are spherical surfaces formed on the box, their center 
being at O. The support for the box contains internal spherical 
surfaces which engage with A and B. Thus the point O is always 
held in a constant position, but the box itself is free to move in 
any way about O as a center. Therefore the box adjusts 
itself within limits to any position of the shaft and hence the 
localization of pressure is impossible. 

In thrust-bearings for vertical shafts the weight of the shaft 
and its attached parts serves to hold the rubbing surfaces in 
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contact and the lost motion is taken vip by the sliaft following 
down as wear occurs. In collar thrust bearings for horizontal 
shafts the design is such that the betiiing hu c'.uh (a)llar is 
separate and adjustable. 'I'lie pressure on the different collars 
may thus be ecjualized.* * * § 

143. Lubrication of Journals.'! — 'riu- best method of lubrica- 
tion is that in which the rubbing surface's are constantly sub- 
merged in a bath of lul)ricating iluid. 'I'his method should be 
employed wherever possible if the pressure :ind surface velocity 
are high. Unfortunately it cannot be used in the majority of 
cases. It is not necessary that the whole surface be sub- 
merged. If a part of the moving surface runs in the oil-bath it 
is sufficient.! The same result is accomplished liy the use of 
rhfli n s and rings encircling the journals and dipping into oil- 
pockets, as described later in this section. 'I'lie elTeet is to 
form a complete film of oil enveloping the journal. To allow 
this it is evident that the bore of the bearing must be slightly 
greater than the diameter of the journal and a good value to use 
for “running lit allowances” is 0.001 inch piT inch of diameter. 

The oil film may be. conceived to be made up of a series of 
layers, the o'ne ne.xt the bearing surface remaining stationary 
with regard to it, while the layer in immediate contact with the 
shaft rotates with the latter, 'riie intermediate layers, therefore, 
slip upon each other as the shaft rotates anil the friction becomes 
very closely akin to “ fluid friction ” with the bearing floating 

* For complete and varied detail.s of marine thrust bearinjis see "‘Maw’s 
Modern I’racliee in Marine I'hiKineeriiiK." 

f Sec “ Lubrication and Lubtieants," by .Vrehlnitt and I leeley, Lomlon. 

J Tower’s experiments, I’roe. Inst. M. K., iSKi and iSSv See further I’rof. 
Reynolds’ paper “On the Theory of Lubrication," Phil. ’I'rans., iKHO, Part I, 
pp. 157-234. 

§ Profes-sor Reynolds states, in Phil. Trans., oSHo, Part i,|). tin, that if visco.sity 
were constant the friction would be inversely proportional to the dillerence in radii 
of the journal and the bearing. 
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upon the lubricant, there l)cing no contact I)et\vecn the metallic 
surfaces. Fig. 134 A shows the conditions of pressure existing 
in the film in Tower’s classic. exi)erinients. It is impossible 
to introduce oil satisfactorily at the ] mints wliere the film is 
under pressure; it should be introduced and distributed where 



the pressure is least. Referring back to Fig. 122 A, d, it will 
be seen that this point is at C, just beyond B, tiie point of nearest 
approach. Dcwrance (Proc. Inst. Civil Engs., iS<g)) reports as 
high as 30 inches vacuum at this point on a heavily loaded journal. 
Other experimenters confirm this phenomenon. 

Under the action of the load tlie edges of the boxes tend 
to “ pinch in ” and scrape olT the film from the journal. To 
prevent this these edges should be cut away, thus also forming 
an excellent oil channel for longitudinal distribution of the oil 
where the pressure is le;ist. An excellent arrangement of boxes 
for distributing the oil and maintaining the film is shown in Fig. 
134B, which is copied from Vol. 27, 'ITans. A. S. M. E., p. 484. 

With pad lubrication or where the oil is fed drop by drop there 
is a tendency for the film to be too thin or to break down, allow- 
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ing contact of the metallic surfaces, and the highly favorable 
condition of fluid friction disappears. The conditions then lie 
between '' fluid friction ” and “ solid friction ” and are too com- 
plex for the statement of consistent results, but it may be approxi- 
mately stated that, with good pad lubrication, the coefficient 
of friction will be about twice that of film lubrication. With 
drop by drop lubrication the value of the coefficient may be- 
come anything between twice that for best film lubrication 
(z.e., =0.0012), and 0.18, the value determined by Morin for 
dry journals. It becomes apparent that some system of forced 
or flooded lubrication whereby 
a continuous film is insured is 
of utmost value in maintaining 
efficiency. 

Let /, Fig. 135, represent a 
journal with its box, and let A, 

B, and C be oil-holes. If oil is Fig. 135. 

introduced into the hole A, it 

will tend to flow out from between the rubbing surfaces by the 
shortest way, i.e., it will come out at D. A small amount 
will probably go toward the other end of the box because of 
capillary attraction, but usually none of it will reach the middle 
of the box. If oil be introduced at C, it will come out at E, A 
constant feed, therefore, might be maintained at A and C, and 
yet the middle of the box might run dry. If the oil be introduced 
at B, however, it tends to flow equally in both directions, and 
the entire journal is lubricated. The conclusion follows that 
oil ought, when possible, to be introduced at the middle of the 
length of a cylindrical journal. It should be introduced as far 
as possible from the side where the forces press the journal and 
box closest together.* If a conical journal runs at a high velocity, 
the oil under the influence of centrifugal force tends to go to 

* Tower’s experiments, Proc. Inst. M. E., 1883 and 1885. 
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the large end of the cone, and therefore the oil should be intro- 
duced at the small end to insure its dislrihulion over the entire 
journal surface. 

If the end of a vertical thrust journal whose outline is a 
cone or tractrix, as in Fig. 136, clips into ii l)ath of oil, B, the 
oil will be carried by its centrifugal forces if tlu‘ velocity be 
high, up between thc^ nibbing surfatavs, and will he delivered 
into the groove AA, If hoUvs c'onnect A and B, gravity will 
return the oil to B, and a consta.nt circulation will be main- 
tained. If the thrust journal lias simply a tlat end, as in Fig. 
137, the oil should be supplied at the center of the bearing; 
centrifugal force will then distribute^ it over the entire surface. 
If the oil is forced in under a prc'ssure suflicienl to ‘Mloat’^ the 
shaft the friction will be greatly rtaiuccal. Vculical shaft thnist- 
journals may usually be arranged to run in an oih bath. Marine 
collar thrust-journals are always arrarigt'd to run in an oil-bath. 




I'ui $37- 



Sometimes a • journal is stationary, and the box rotates 
about it, as in the case of a loost^ jiulley, Fig. 138, If the oil 
is introduced into a tube, as is often done, its centrifugal 
force will carry it away from the rubbing surface unless a grease 
candle ” or other type of pressure lubricaiting device is used. But 
if a hole is drilled in the axis of the journal, the lubricant intro- 
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duced into it will be carried to the rubbing surfaces as required. 
If a journal is carried in a rotating part at a considerable dis- 
tance from the axis of rotation, and it requires to be oiled while 
in motion, a channel may be provided from the axis of rota- 
tion, where oil may be introduced conveniently, to the rub- 
bing surfaces, and the oil will be carried out by centrifugal 
force. Thus Fig. 139 shows an engine-crank in section. Oil 
is introduced at 6, and centrifugal force carries it through 
the channel provided to a, where it serves to lubricate the rub- 



bing surfaces of the crank-pin and its box. If a journal is 
carried in a reciprocating machine part, and requires to be 
oiled while in motion, the ' 'wick-and- wiper ” method is one of 
the best. (See Fig. 140.) An ordinary oil-cup with an adjust- 
able feed is mounted in a proper position opposite the end of 
the stroke of the reciprocating part, and a piece of flat wick 
projects from its delivery-tube. A drop of oil runs down and 
hangs suspended at its end. Another oil cup is attached to 
the reciprocating part, which carries a hooked ‘‘wiper,’' C. 
The delivery-tube from C leads to the rubbing surfaces to be 
lubricated. When the reciprocating part reaches the end of 
its stroke the wiper picks off the drop of oil from the wick 
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and it runs down into the oil cup L\ and thoncc to the sur- 
faces to be lubricated, 'rhis nu‘th()d applies to the oiling of 
the crossdicad i)in of a steam engine, d'lu' sanu‘ method is 
sometimes applied to the crank -|)in, but lu'rc, through a part 
of the revolution, the tendency of the centrifugal fori'e is to 
force the oil out of the cup, and theredore the plan of oiling 
from the axis is probably prefc‘rable. 

When journals are lubricated by ftaal oilers, and are so 
located as not to attract attention if the luhricaticm should fail 
for any reason, “ tallow boxt‘s ” or “ gn/asi* (Uips ’’ are used. 
These are cup-like depressions usually (‘a.sl in the box-cap 
and communicating by means of an oil hole with the rubbing 
surface. These cups are filU‘(l with gn‘a,se that is solid at 
the ordinary temperature of tlu‘ box, hut if thma^ is the least 
rise in temperature l)ecause of thi‘ failun^ of the oil-supply, 
the grease melts and runs to lh(‘ rubbing surfaces, and sup- 
plies the lubrication tempora.rily. This saf(‘ty dtwice is used 
very commonly on line shaft journals. 

The most common forms of hasl oiltu's aw: I. The oil cup 
with an adjustable valve that controls tlu‘ ratt* of flow. IL The 
oil-cup with a wick feed (Fig. 141). d'lie delivery lias a tube 
inserted in it which [irojeds ruxirly to tlu‘ top of th(‘ cup. In 
this tube a piece of wicking is instuit^d, and its mid dips into 
the oil in. the cup. The wick, by capillary attraction, carries 
the oil slowly and continuously over through the tube to the 
rubbing surfaces. III. The eiip with a, coppt‘r rod (Fig. 142). 
The oil-cup is filled with grease that melts with a very slight 
elevation of temperature, and A is a small cop|H‘r rod dropped 
into the delivery tube and resting on tlie surfacr of the journal 
The slight friction between the rod and the journal warms 
the rod and it melts the gn'ase in contact* with it, which runs 
down the rod to the rubbing surface*. I VI Som(*timcs a part 
of the surface of the bottom half of tlie box is cut away and 
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a felt pad is inserted, its bottom being in contact with an oil- 
bath. This pad rubs against the surface of the journal, is 
kept constantly soaked with oil, and maintains lubrication. 

Ring-and-chain lubrication may be considered as special 
forms of bath lubrication. Fig. 143 shows a ring oiling bearing. 

A loose ring rests on top of the journal, the upper box being 
cut away to permit this; the ring surrounds the lower box 



Fig. 141. Fig. 142. 



and extends into a reservoir filled with oil. The rotation of 
the shaft carries the ring with it, which, in turn, brings up a 
constant supply of oil from the reservoir. The annular spaces 
A- A catch all oil which works out along the shaft and return 
it to the reservoir. 

Modern machines are equipped frequently with complete 
oil distributing and circulating systems, including necessary oil- 
pipes, chambers, cooling and filtering devices and pump. Con- 
tinuous lubrication of this sort, properly applied, leads to very 
high mechanical efficiencies. 

Graphite is winning a deservedly high place as a lubricant for 
certain conditions. Its action is to reduce solid friction” by 
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filling the ineiiualities in the surfaees of the relatively movinj 
members, giving each a smooth, slippery coating, I hereby reduc 
ing the coelhcient of friction. It is j<artieularly useful when th 
conditions of pre,ssure or temperature are such as would tem 
to .squeeze out, gum, or destroy liquid luhru'ants, if these wen 
used alone. 

Although it may he ajiplied in some cases in dry Hake form 
it is cu.stomary to use it in the form of a mixture with oils, grease 
or even water, ('aution must he observed that the graphite u.se( 
is free from all grit. 


CHAPTER XIII. 


ROLLER- AND BALL-BEARINGS. 

144. General Considerations. — By substituting rolling motion 
in bearings in place of relative sliding, friction losses can be 
greatly reduced. In the design of such bearings there are 
five points to be borne in mind: 

I. The arrangement of the parts and their form must be 
such that their relative motion is true rolling with the least pos- 
sible amount of sliding. This means spheric motion. 

II. The form of the constraining surfaces must be such that 
the rolling parts will not have any effective tendency to leave 
the proper guides or “ races.’’ 

III. The rollers and balls must not be unduly loaded. 

IV. Provision must be made to admit the lubricant, and to 
exclude all dust and grit. 

V. The arrangement of the parts must be such as will permit 
unavoidable elastic yielding without causing pinching or binding. 

These points will be considered in the order given. 

145. I. Rolling, Sliding, and Spinning. (See Fig. 144.) — ^At 



A B C 

Fig. 144. 


A is shown the longitudinal section of a cylindrical ball-bearing 
of the simplest form stripped of all auxiliary parts. At B 
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flexible, i.e., made of helically rolled strips. The alternative 
expedient is that, shown in Fig. 145, of dividing the rollers into 
short, separate lengths. 

Ball-bearings are subject to an action known as “ spinning.” 
To illustrate this, consider the three-point ball-bearing shown 
in Fig. 146. Here the centres are as shown in B, and the con- 
ditions are correct for theoretical rolling as long as point contact 
is maintained and axis C-D remains parallel to axis E-F. But 
when the bearing is in use the points of contact, on each side 
of with T become small areas, as shown in B. Considering 
the relative motion of R and T at any instant it will be seen that 



there is an action on each side of the ball akin to that of a small 
thrust-bearing. The rubbing produced in this manner naturally 
causes undesirable friction. This is the action known as ^'spin- 
ning.” It may also be called boring. Spinning or boring may 
be defined as that action of the ball with relation to the con- 
straining surfaces which results from a rotation of the ball about 
an instantaneous axis that is approximately normal (actually, 
anything but tangent) to the constraining surfaces. 

Obviously it is even more marked in the case of a four- 
point bearing, as shown in Fig. 147. 

Here, also, there is pure rolling motion as long as point con- 
tact is maintained, and the axes C-D and E-F remain parallel 
to axis G~H\ but as soon as the load is applied the points of 
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contact become areas, and r(.‘siilts at four surfaces. 

Experiments bear out the (‘oruiusiiui that a pro[H‘riy dcvsigncd 
two-point bearing will have less irietiou than a ihna* point, and 
a three-point will have less than a tour point. 

In a “race” whose .radius of tairvature is just e(|iial to that 
of the ball the friction becomes excessive. Such races should 
never be used. (See Fig. 14S.) d'hey luivt‘ exia'ssive slippage. 

A force acting at the surface of a ball will tend to rotate 
it about an axis parallel to the tangent plant' in which the actu- 
ating force lies; furtlu'rmona tins axis will 1 h‘ at a right angle 
with the direction of the force. d1us is true because it is merely 
a special application of the general law that a force ai)pliecl to 
a body will tend to move it in the dirt'etion of ai tion of the force. 
If other forces, or the form of the constraining surfaces, prevent 
rotation about this axis and cause it to take [dace about some 
other compromise a.xis, ** sliding lukt*s phua* tt> some extent 
and the elTicicncy and life of the bearing are lowmaal. 
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The general law for tin* form of rolling bearings may now be 
stated as follows: 

For true rolling, the constraining surfaces of the journal 
and box (/.e., the “ races 'M must !h* m buiiH'd tlial tlie axes of 
relative rotation of the rollers balls with racc'S and cage will 
all intersect the main axis of tite btairing at a fixed point through- 
out the complete revolution of tlie journal. I'liis may l)e made 
clear by examples. 
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Fig. 149 shows a ball or roller R held between two similar 
plates T and S, The upper plate, T, presses down on R with 
a force P which is transmitted through R to S. 

By the principles of so-called “ rolling friction/^ to roll 
T on R will require a force jP proportional to P) to 
overcome the resistance. The motion of T on i? causes R 
to roll on 5 , to which rolling there is induced a resistance also 
equal to /P, but in the opposite direction as regards R. These 
two forces being equal, opposite, and applied at the same dis- 
tance from the center of P, form a couple whose effect would 
be to give R a motion of rotation about an axis through its 
center, and perpendicular to the plane in which they both lie. 

This case is similar to those shown in Fig. 144, except that 
in the cases there shown S and T are not plane surfaces. Each 
ball in case A and each roller in case B tends to rotate about an 
axis (relatively to the cage,’^ not shown) as indicated by the 
dotted lines. In both cases the individual axes all intersect 
the main axis of the journal at a fixed point, namely, at infinity, 
throughout the revolution. The general law for true rolling 
is therefore fulfilled. 

In the cases shown in Figs. 146 and 147, obviously the 
same conditions hold. 

Next consider the thrust- bearings shown in Fig. 150: 




Take case A first. S is the moving member, T the sta- 
tionary member, R one of the balls, and OF is the axis of 
rotation of S relatively to T. The center of the ball is at any 
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distance r from the axis O 1 , and its points ot ('ontad with 5 
and T are termed A and /> rcspc‘divt‘ly. Ri‘lativt‘ly to the 
inclosing cage (not shown) all parts ot the hall in ol)C(lience 
to the acting force tend to rotate about tlu‘ axis ()\\ which 
always cuts OY at 0. Relative to A, tlu‘ halK Ah rotates about 
the instantaneous axis 0/1; relative to 7\ about OB. The three 
instantaneous axes of relative motion intcu'seet the main axis 
at 0, It is not essential that the angle A7 ) T bt‘ a right angle. 
Theoretically the conditions fortrue rolling art' fuKilled. Practically 
there will be boring l)etween llu: outiT vnd of the* ball axis and 
the cage. The greater the load along OF, and tlu^ greater the 
angle AOBj the more scTious this becomes. 

In case as S rotates relative' to 7\ tlu‘ point 1) common 
to R and S will have a linear vt'locity ])roportit)nal to ro and, 
similarly, Ohs linear velocity will be proportional to ri. If 
AD and BC were two ecpial, imh'pcaulent circular disks, each 
would have tme rolling motion, and B(C would make ri revolu- 
tions, while AD would maki- But B(' and AI) are both 
disks of the same roller, A, and cannot rotatt' ndativcj to each 
other; hence they must c'ach rnakt* tlu‘ sanu' number of revo- 
lutions, and points C and D of tlu‘ disks would have* to have 
the same velocity, which is inconsistent witli the (‘onditions of 
motions of C and J) as points of S. Ihina* a roller cannot 
be correctly used for a thrust beariiig, Sfiort roll(*rs st'curely 
held in cages are used in practice, but i*xpi*riments show that 
they arc not as efheient as properly cU'signed forms.* 

Consider case C. Relative to 7', tlte doubh* ijoint D will 
have a linear velocity proportional to nnd C will have a 
linear velocity proportional to rj. ('onsider AD and BC as 


Be * T 

independent disks so i)r()p(>rti()m‘(l that \ 


If 1 ) has a 


* See article l)y T, Hill in Anu-rii'an MarliiiiisI, Jan. s, iHiji;. Abo ikHcription 
of bearinK by C. R. I>raU, same iktukIuu!, June .17. iijoi. 
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linear velocity proportional to r2, then the angular velocity 
of AD about its axis OX will be proportional to 
Similarly, the angular velocity of BC about axis OX will be 
proportional to 


r2 

Angular velocity ol AD tcAD BC f2 r2 

Angular velocity of BC fi AD Ti 

BC n 

Since 

AD r 2 

Hence the disks AD and BC have the same angular velocity 
about the axis OX, and may form parts of the same body. 
This will be true of any pair of disks of the cone OBC, Any 
frustum of a cone whose apex lies anywhere on the axis OY 
will therefore fulfill the conditions for true rolling motion rela- 
tively to T when actuated by 5 . 

In each of the foregoing cases the rolling members must be 
held in suitable “ cages,’’ or they will yield to the tendency to 
displace them. 

In ball thrust-bearings it is desirable to so arrange the balls 
in the cage that each one will have a separate path, as this 
minimizes wear. 

For a three-point thrust ball-bearing the form of the races 
to permit true rolling must be as shown in Fig. 151 to be in 
accordance with the principles just demonstrated. The groove- 
angle should be as flat as possible to reduce the friction effect 
of spinning.” 

About 120^ will be found a good practicable value. 

The ball becomes akin to a cone as far as its relations with 
T and 5 are concerned. In each case the motion imparted to 
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the ball tends to rotate it about the correct axis OX and the con- 
ditions for true rolling are satisfied. 'The sides of the race are 
tangent to the ball where it is cut l)y any line .*1 which passes 
through 0 . Boring at ^*1 and B is unavoidable. 

A four-point ball-bearing must be designed according to 
the principles indicated in Fig. 152 for true rolling motion. As 





far as its motion relations with 7 ' and S are ('onct^ned, the l)all 
becomes akin to a cone.* Boring occairs at all four tangent ])oints. 

Similarly a cup and cone three point btuiring should have 
the form shown in Fig. 153. 

146. II. The form of the constraining surfaces must be such 
in ball-bearings that the balls will not have any elTedive tendency 
to leave their proper paths. 'Fhe use of cagt‘s for this purpose 
has already been mentioned. 

* The method of laying out the groove in 151 is as follows: I'he axes of 
rotation of the balls cut the main axis of ilu* bearirjg at ( h I traw the Ifjwer surfaee 
of S tangent to the ball at and parallt‘l lt> the ball axis OX, Draw the line OB 
cutting the ball at A and B, and draw tangent stirfac cs nornuil to tlie radii of the 
ball at A and B. These surfaces form tin* groove angle BI>A. If the first trial 
gives too sharp a groove angl(‘, intTease the angle XOH anti re}H‘at tlie t emst ruction. 
If BDA is too flat, decn.'ase XOH. 

For the four-point bearing shown in Fig. 152 the .same methtid i.s used for deter- 
mining the groove in 5 as wcdl us T, 
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If two-point bearings without cages are desired, the section 
of each race should be the arc of a circle whose radius is A- 
to I of the diameter of the ball. In two-point bearings the 
points of pressure must always be diametrically opposite except 
as noted for thrust-bearings. 

In three- and four-point bearings where the races are properly 
formed for true rolling, as explained in the preceding section, the 
tendency for the balls to leave the races is reduced to a minimum. 

One point, however, needs further consideration. In cup- 
and cone-bearings it is impossible to 
keep a tight adjustment at all times, 
and the least play will allow some of 
the balls on the unloaded side of the 
bearing to get out of place. 

Fig. 154 shows such a bearing 
loosely adjusted. 

The loaded cup is forced down so „ 

^ ^ Fig. 154. 

that its axis lies below the axis of 

the cone. The top ball is held correctly in place for true 
rolling; the lower ball is free to roll to one side as seen. 
Investigation has shown that the angles a and /3 should each 
be at least as great as 25° in order to return the displaced ball 
easily to its proper path by the time it becomes subjected to 
the load. If the angles are too acute there is a tendency for 
the balls to wedge in their incorrect positions, causing rapid 
wear or even crushing.* 

147 III. Allowable Loading. — Careful experiments show 
that for high efficiency and durability the loads on balls and 
rollers should be very much less’ than they could be with safety 
as far as their strength is concerned.! 

• * See article by R. Janney in American Machinist, Jan. 5, 1899. 

t See excellent article by Professor Stribeck in Z. d. V. d. I., Jan. 19 and 26, 
1901. 
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Let P() equal the load in jKiunds which is a.llcwahle hu' a single 
l)all or roller. Then for balls 

diameter ol ball in inches. 

K^i^oo for hardened steel balls and ract^s, Uvo-point bearing, 
with circular-arc ract‘S having radii c'([ual to Id, 

7^0 for hardened steel balls and ratals, thn‘e» and four- 
point bearing. 

For two-point bearing with Hat races, K 500. 

For cast-iron balls and racc‘s use two-litths of these' values. 
For bearings in which the grc'atest care' has l)ee'n taken re- 
garding the selection of the most suitable' ste'cl, its ])roper heat 
treatment, and acemraey of workrnanshif), these' value's may be 
increased 50 per cent. 

For rollers Po Kdl. 

diameter e)f roller in ine'lu'S mean dianu'ter of cone, 

/ = length of roller in ine'lu'S, 

K^^oo for cast iron, 

K^iooo for hardened steel. 

In thrust-bearings, if the total load P and the number of 

P 

balls = we have for either balls or rollers /^) 

n 

In cylindrical l)earings the load is always grenitc's! at one 
side of the bearing, the balls or rollers on ihc' opposite side 
being entirely unloaded. It has bet'n found that the load on 

the heaviest loaded ball or rolU'r I\) /h wliere n is the 

number of balls.* 


* Mr. Henry Mess, of tlie Hess-Briji;]it Mfg. C‘o., in a letter to the authors says: • - 
“It is a fact, that has been determinetl by ex|»eri<’iUT, that iu ratlitil [i.e., ( ylitidrical] 
ball bearings the speed has very little irilhienee witldu very wide limits. In my 
practice ... I pay no attention i(» speed of radial bearinio up to 3000 rpm as 
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For radial bearings, not subjected to shock, speed up to 3000 
r.p.m. need not affect the allowable load. 

For thrust ball-bearings, 

^ 5000^(^2 

r.p.m. 


for best material and workmanship and circular arc races. For 
cast iron or soft steel divide by 100. 

148. Size of Bearing. — To determine the size of the ball 


influencing the load so long as such speed is fairly uniform and so long as the load 
is fairly uniform. When neither speed nor load are uniform the percussive effect 
of rapid changes must be taken in consideration; unfortunately, so far at least, the 
factors are entirely empirical and allowances are made by a comparison with 
analogous cases of previous practice. 

The case is different with thrust bearings. In these, speed is a very decided 
factor in the carrying capacity even though speed and load be uniform. Here 
again no rational formula has yet been developed to adequately represent the 
different elements, but carrying capacities for different speeds of standard bearings 
have been ex'perimcntally determined, since it was quite feasible to get different 
uniform speeds and determine under what load the carrying capacity was reached. 
We found, for instance, that for a thrust bearing employing r8 — balls, the 
permissible load at lo rpm was 2400 pounds; at 300 rpm ~ 650 pounds; at 1000 — 
450 pounds; and at 1500 only 330 pounds. We also found that, generally speaking, 
it was inadvisable to u.se this type of bearing for speeds materially above 1500 rpm.'" 

An analysis of certain standard thrust bearings in connection with the makers’ 
catalog allowances for loads, gives at various speeds: — 


Load per Ball, Pounds. 


R. P. M. 

1/4" Ball. 

5/16" Ball. 

3/8" Ball. 

1500 

27.8 

3S-4-44-7 

80.7 

1000 

33-3 

41.7-57.1 

91.7 

500 

41.7 

52.I-7I.4 

129 

300 

5.3-6 

66.7-89.2 

153 

150 

6r.2 

83-3-I07 

193 

TO 

210 

229-33Q 

560 


C. R. Pratt, Trans. A.S.M.E., Vol. 27 gives as limiting load per Y' ^>3.11, 100 
pounds at 700 rpm with a 6" diameter circle of rotation. 
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circle {i 
number 


since 


the middle diameter of the “rare”) given the 
of balls n and their diameter d, iSee h'ig. 155.) 

r- radius of l)all. A' = radius of ball 
c'irrle. Join the renters of two consec- 
utive balls by the chord .*t/i=:2r. From 
the center of the ball circle, O, draw two 
radii, one to A and the other to the mid- 
])oint of A B. C'all the angle included 
between the radii nc 'Fhen 

r = i^sina‘, and, 



R-- 


180^^' 


sin 


This is the radius of a circle on whi(*h the centers of the 
balls will lie when their surfaces are all in contact. It is desir- 
able to allow some clearance lietween tlu^ biills. This may 
be as much as 0.00$ inch between each pair of balls provided 


the total allowance docs not exceed 

4 


When the total clear- 


ance has been decided upon, it may l)e allowed for by making 
the actual radius of the ball circle larger than R by an amount 
one sixth of the total clearance desired. 

The most satisfactory service seems to l)e given l)y those 
radial bearings which emi)loy some type of elastic ball sep- 
arators. 

149. IV. Lubrication and Sealing."— On account of spin- 
ning,” faulty adjustment, and unavoidable slippage, rolling 
bearings should be properly lubricated. As they are extremely 
sensitive to the presence of dust and grit, care must be exer- 
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cised that the lubricant be admitted without any danger of the 
entrance of these. 

Sealed oil-holes, dust-caps, and felt washers are commonly 
used both to retain the lubricant for bath lubrication and for 
keeping out all dirt. 

150. V. Prevention of Binding. — Many ball bearing instal- 
lations, otherwise properly designed, have failed because they 
neglected to take into account the fact that no material is utterly 
rigid or workmanship mathematically accurate. For these 
reasons a bearing employing a double row of balls so arranged 
as to ignore accommodation to natural elastic yielding will not 
carry twice the load of a similar bearing with one row of balls. 
Binding will inevitably result where no provisions for elastic 
yielding have been made. The accommodation to temperature 
changes must also be considered in some installations. 

Manufacturers issue valuable data sheets upon these matters 
and invite consultation as to details of installation. 

151. Efficiency of Ball- and Roller-bearings. — Although the 
efficiency of these bearings, as shown by Stribeck,* Thomas,t 
and others, shows a variation with cli-dnges of load, velocity, and 
temperature, these variations are within a relatively small range 
for properly designed and installed bearings. The coefficient 

Fr 

of friction, referred to the force at the shaft =/z=~, where Pr= the 

turning moment exerted on the shaft and Fr the corresponding 
friction moment, r being the shaft radius. 

For roller bearings ranges in value from 0.0035 to 0.02, 
the higher value corresponding to great underloading. For 
roller bearings properly proportioned to their load, a mean value 
of /I =0.005 may be used. 

For ball bearings, properly proportioned and correctly in- 
stalled, a mean value of ^4= 0.002 may be used. 


Z. d. V. d. I., 1901 and 1902. 


t Trans. A. S. M. E., 1913. 



('IIAI''rKK XIV. 

C<)1'1M,I.N(;.S AM* CM TCiiKS. 

152. Couplings and Clutches Defined. Couplings are those 
machine parts whicli are usisl l<. coiuieei the ends ot' two shaft.s 
or spindles in such a manner that rotation of the mu- will pro- 
duce an identical rottition of the other. They tire therefore 
in the nature of fastenings, tind nitiy he elas.silied as perma- 
nent or disengaging. 'Fhe latter are frequently etdled ehitehes. 

153. Permanent Couplings. The .simplest form of jier- 
manent coupling is shown in l*ig. i tind is kmjwn tL,s the 

sleeve or mull coupling. h.ai h shtilt htis ti kevwtiy cut 



Fk;. 156, 


at the end. The cast iron sleeve of the pn»portions indicated Ls 
bored an e.xact lit for the shafis and htis a keywtiy cut its entire 
length. When the sleeve is slippi'd over the ends of the shafts, 
the key is driven home and idl rekitive rottition is prevented. 

The key nuy be proportioned aenuding to the rnhs laid down 
in Chapter IX. 
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154. Flange couplings are frequently used, and Fig. 157 
illustrates the type. Approximate proportions are indicated. 



The number of bolts n may be from 3 + 0.5^ to 3+d. Their 
diameter d' must be such that their combined strength to resist 
a torsional nroment about the axis of the shaft will be equal 
to the torsional strength of the shaft. 


. 7id^ 

Tb' 




4 


/a = allowable stress in outer fiber of shaft, pounds per 
square inch; 

= diameter of shaft, inches; 

= radius of bolt circle, inches; approximately 1.5^^^; 
w = number of bolts; usually an even number, 4, 6, 8, etc.; 
d^'=diamctcr of bolts, inches; 

/a' = allowable shearing stress in bolts, pounds per square inch. 
This equation will approximately give 



155. Compression couplings of three forms are shown in 
Figs. 158, 159, and 160. The first is similar to the ordinary 
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flange coupling cxce[)t tliat the llangcs draw up on a slecwc which 
is split in halves longitudinally and is tajiered toward each end 



on the outside. 'Fhe two llanges have internal tapered surfaces 
to lit these. 



Instead of being held by rings the lialf sleeves are sometimes 
bolted together as shown in Fig. 150. 



156- The “Sellers” coupling is shown in Fig. i()o. An 
outer sleeve A is bored taiK'ring from each end. A split cone 
bushing B is inserted at each end. Oia-nings are left for three 
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bolts by means of which B and B are drawn toward each other 
and thus closed down on the shaft with great force. A key 
is also provided. The outer sleeve may be made in two parts 
with an interlocking joint, Fig. 160A, so that the coupling can 
be used without slipping the sleeve on from the end of the 
shaft. 

157. Oldham’s Coupling. — For all of the foregoing coup- 
lings the axes of the two shafts must be identical. Where the 



Fig. 1 61. 


axes are parallel, Oldham’s coupling 
may be used. It is shown in Fig. 161, 
and consists of three parts. Each shaft 
end has keyed to it a flange or disk 
which has a diametral groove cut across 
its face. Between these two disks is 


a third which has a tongue on each face. The tongues, which 
just fit the grooves freely, run diametrically across the disk 
and are at a right angle with each other. 

158. Hooke’s Coupling. — For axes which intersect, Hooke’s 


coupling or “ universal joint ” may be used. It is shown in 
outline in Fig. 162. Each shaft has a stirrup keyed to its end. 



Fig. 162. 

Each stirrup is connected by turning pairs to a cross-shaped 
intermediate member, the axes of whose turning pairs are 
at a right angle. For a mathematical analysis of this mechanism 





2jS .W--/(,V7/\7* /)/'s7<;.V. 

the reacit‘r is refem-d ti> I‘n»lis><tr Kiiiiuniy’s “ Mechanics of 
Machinery." 

159 . Hobson’s Coupling, ^ A un\ci lur transmillincr 

motion from axi'S at ucv‘ at cijuah iiaiinrni aiiy.ular velocity 
(eciuivalent to a pair of miter y,<'ar>i known as lltihson’s C'oup- 
ling. As st'cn in Mg. lOc.t, the loupliin! lirads arc nu*rely cyl- 
inders, bored for arui keyed to their re'gu’t tive sliafts. Near 

their cinmmUn'enct* and evenly 
spaical. holc:^ an* drilled to receive 
c«nnturtahly a number of rods, 
‘These roiis are bent to t‘Xactly qo® 
anil each leg has a length of a coup- 
ling ht*a<i plus the sliortcst ex|)osed 
length as >l'io\vn at H, ddiey are 
fn*e to (tirn in their sockt'ls and to 
slide relative 

movement of (he Inrads demands. 
\Vht*n in the extreme position d, 
the ends of a rod are midway in tlie heads, and in pi^sition B 
are flush with the outer faces. ‘The device should he enclosed 
in a case and well lubricated. Hie area of the rods should he 
made sutheient to eciuali/e their i arrviitg po\vm‘ to the torsional 
strength of the shaft. 

160. Flexible Couplings. Wliert* shafts wlncli are or which 
may become slightly out of alignnum! are to lie connected, 
some form of flexible coupling is advisable. 11ieir princi[)le 
is illustrated in Fig. ibp I’hnh sliaft has lowed to its end a 
disk which has set in its fan* a numlier of jtin*.. Hu* pins are 
so placed that those in the one cin le will not strike those in 
the other if either .shaft is rolati’d while tin* other n‘mains at 
rest. When one shtift is to <lrive llie other, short belts arc 



Fna 


* llist'ox’is Aftrhankal Sn* Ptnert, J.iit, -Si. mo v 
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placed on the pins as shown in B, Fig. 163. The same general 
idea is used in a coupling employing a single continuous 
belt. 

Another device for the same purpose is one which employs 
a flexible disk, shown in Fig. 163^. 



Fig. 163. Fig. 163^. 


161. Disengaging couplings are of two general classes: 
positive drive and friction drive. Positive-drive couplings are 
commonly called toothed or claw couplings. They consist 
of two members having projections on their faces, as shown 
in Fig. 164, which interlock when in action. A is keyed rigidly 



Fig. 164. 

to its shaft. B can slide along its shaft guided by the feather, F, 
but cannot rotate except with the shaft. When B is moved 
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in the direction of the arrow, its tec'th with those of A, 

and the two shatts must havr the sann^ nuiti(ui ui rotation. 
D shows the end of the lev(‘r which intncs H, 1'hc split ring 
is bolted around /> in the grtunt* A’, which it tits ir(‘cly. Some- 
times short blocks which fit A an* u>cd in place of tlu* c.ntire 
ring. C shows an end view oI the hall clutch. 

Various forms of ti‘clh may be used. 't* If (Mjua s ihcnuml)er 
of teeth and R ctjuals the mean radius of tlu* tuu h tooth the 
following etiuations may In* written : 



Ab/.r/o 


and 



Aad//. 


In the first e([uation, , the torsional stnmgth of the 

shaft, is e((ualed to the crushing nssisiamc ot all tlu‘ teeth 
opposed to the torsional stre.vs. is the ansi ot the en- 

gaging face of one t(K»th and /*• tlu* allowaldc unit ( rushing 
stress. 

In the second (Hiuation .1 is the anai of tlu* root of tlu* tooth 
subjected to shear an 1 // is the allowabh* unit sliearing -stress. 

162. Friction couplings f gtmerally consist of two parts, a 
hollow cone, d, keyed rigidly to one shaft, and a sliding cone, 
jB, held by a feather on the second shaft as staai in Fig. 165 . 

By means of a lever, B viin be foncai against .! with a con- 
siderable axial pressure. 'Fliis indue os friclum bciwe(*n the 

conical surfaces, which friction r(*sistN relative rotation. To 
analyze the forces, considi'r Fig. which slunvs two conical 

* See article by (1. II. Marx, in AnuTiran Ma» iiinist. July u, luoc 

t For valuabk maUTiul see paper Iw Hetiry Staillirr, I'nms, A. S. M. E., 
Vol. 30, from which .Home of the fulk.wing illiraralifni.s arr ujpird. 
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surfaces pressed together by an axial force P. The angle at the 
vertex of the cone is 2a. 



Let the coefficient of friction = /x = tan <j>. 

The mean cone radius =r. 

Total pressure between the two surfaces for impending 


slippage =2 P. 

Total normal pressure between two surfaces at rest=2iV. 


Total friction = P = }i2N. 

It is clear from the figure that P=2Psin (a+0). 

Also, N =R cos 

^ 2N sin (<^ + 0 ) 
cos (j> 

F 

But 2N = — , where P=friction force between the surfaces. 
P 


P =— (sin a + /X cos a). 


From this equation and the fact that the turning moment, 
M =Fr, the clutch can be designed to transmit the desired power. 
The angle a should lie between 7^° and i2t^° in order to avoid 
sticking” on the one hand and too sudden seizure on the other. 
The normal pressure per sq. in. of contact area may be taken 
as 30--40 lbs. for leather or cork, and 35-4'; lbs. for maple wood. 
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/A=o.io to 0.15 for (”isl iron on oasi iron 
= 0.15 to o.:o for cast iron on papor 
= 0.20 to o.,-;o for oast iron on li'alluT 
= 0.20 to 0.40 for cast iron on vvotnl 
-0.33 to 0.37 for cast iron on cork. 

The range in values o[ n is due, not only (o suriaee dilTerenccSj 
or the presence of various amounts ol lubricating matter, but 
also to variety in the rate of slippage. With nu‘tal on metal g 
decreases, from its value as tin* cot^llicitmt of friction of rest, 
with increase of velocity of slip. But t!u‘ rt‘ViTSt‘ is true with 
leather. 

It is obvious, in the elementary tame clutch of Mg. that 
the end thrust P produces an undcsirabk' and excessive thrush 




bearing friction on each shaft. For this reason t!u' S(‘lf sustaining 
principle is used. The load may be appliial by a spring as 
in Fig. 166/I, or by an adjustal)le self locking thrust block device, 
as in Fig. 166B, l)ut in either case there is no external end thrust 
when the clutch is driving. 
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163. Weston Friction Coupling. — For heavy duty the prin- 
ciple of the Weston friction coupling, as shown in Fig. 167, may 
be used. The sleeve A carries two feathers on which a number 




Section ELB 


of iron rings C can slide but not rotate. Similarly the hollow 
sleeve B is provided with feathers which prevent the rotation 
of the wooden rings D, while not interfering with their sliding. 



Let there be n iron rings. Then, when B is pressed toward 
A, there will be friction induced on 2«+i surfaces. If P is 
the axial pressure and n the coefficient of friction, the total 
friction F=/iP(2w + i), and if r=the mean radius of the rings, 
the moment which can be transmitted=M=Fr. 

This clutch belongs to the class known as disk clutches. They 
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exist in great variety, with single or nuiHiple disks, Hat or V 
shaped. 

164. Band and Other Friction Clutches. Hand dulchcs 
use a llc.xilde nieml)er and operate .somewhat on the principle 
of friction l)rakes. (See C'haj>. X\ .) 1 luw are math' of Ixrth 

c.xpanding and contracting l)and types, sliown in h’igs. i()7.1 and 
16'jB respectively. 

The same general idea is used in a great variety of friction 
clutches employing radially adjustahle blocks whiidi dose upon 



a solid band or ring. Ordinarily the blocks are pressed against 
the ring by the action of right and left hand screws or toggle 
devices. Illustrations are plentiful in trade catalogues. 

A combination friction- and claw t lutcii is shown in Fig. 
168. To start the driven shaft, H is forced to the right, thus 
bringing the friction cones into action. When the driven shaft 
has attained its proper sjn'ed, B is suddenly shifted to the left, 
thus causing the claw-clutch to engage, which gives the ad- 
vantage of positive driving. 

Professor Bach has shown that the energy lost in friction in 
making a “ running start ” with a friction clutch just ecpials 
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the kinetic energy of the shaft and attached parts at the speed 
to which they have been brought. This shows clearly the 
enormous wear and tear to which friction clutches are ordinarily 
subjected, even when designed to run practically without slip in 
the course of operation, and explains their rapid deterioration. 



For power house purposes very satisfactory magnetic clutches 
have been devised. The most serious objection raised against 
them has been due to their suddenness of seizure unless carefully 
controlled. 

Pneumatic clutches of the disk type have been successfully 
employed. 

Probably the most promising field of clutch development 
lies in the direction of hydraulic clutches,* as these offer a means 
of obtaining various speed ratios, coupled with the advantages 
of very gradual seizure and almost entire freedom from wear. 

* Engineering News, Aug. 10, 1911, p. 164. 
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165. Transmission of Motion by Belts. In 169, let A 
and B be two cylindrical surfaces, fret‘ to rotate' about their axes; 
let CD be their common langi'Ut, and U't it Represent an inex- 
tcnsible connection betwee'U tlu' two twlinders. Since it is 
incxtensible, the [)oinls I) and (\ and lu/nce tlu* surfaces of the 



cylinders, must have tlu* same linear velota’ty wlu'n A is rotated 
as indicated by the arrow. 'Two points having tlu* same linear 
velocity, and dilTerent radii, hava* angtdar vt'locitic'S which are 
inversely lu’oportional to their radii. Hence, siiua* the surfaces 
of the cylinders have the sanu* linear vi'locity, llu*ir angular 
velocities are inversely proport unial to tlu'ir radii. This is true 
of all cylinders connected hy inextc'nsibh* (’onru'clors. Sui)posc 
the cylinders to becomt* pulleys, arid tlu* tangerrt line to liecome 
a belt. Let C'/)' be drawn; this becomes a part of the belt 
together with the portions Dliiy and ('FC', making it endless, 
and rotation may be continuous. 'Flu* bt'It will remain always 
tangent to the pulleys, and will transmit sucli rotation that the 
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angular velocity ratio will constantly be the inverse ratio of the 
radii of the pulleys. 

The case considered corresponds to a crossed belt, but the 
same reasoning applies to an open belt. (See Fig. 170.) A and 



B are two pulleys, and CDD'C'C is an open belt. Since the 
points C and D are connected by a belt that is practically inex- 
tensible, the linear velocity of C and D is the same; therefore 
the angular velocities of the pulleys are to each other inversely 
as their radii. If the pulleys in either case were pitch cylinders 
of gears the condition of velocity would be the same. In the 
first case, however, the direction of motion is reversed, while 
in the second case it is not. Hence the first corresponds to 
gears meshing directly with each other, while the second corre- 
sponds to the case of gears connected by an idler, or to the case 
of an annular gear and pinion. While in many places positive 
driving-gears are indispensable, it is frequently the case that the 
relative position of the axes to be connected is such as would 
demand gears of inconvenient or impossible proportions, and 
belts are used with the sacrifice of positive driving. 

Of course it is necessary that a belt should have some thick- 
ness; and, since the center of pull is the center of the belt, it 
is necessary to add to the radius of the pulley hah the thickness 
of the belt. The motion communicated by means of belting, 
however, does not need to be absolutely correct, and therefore 
in practice it is usually customary to neglect the thickness of the 
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belt. The proporlioninijj of pulleys for the transmission of any 
required velocity ratio is now a very siinpU^ matter. 

i66. Illustration. A line sluilt runs 150 revolutions per min- 
ute, and is sup])orte(l by hangers with intiies "drop.” It is 
required to transmit motion from this shaft to a, dynamo to run 
1800 revolutions per minute. A iiu'h imlky is the largest 
that can be camveniently used with i() iiu'h hangers. Let 
x-The diameter of recjuired pulley for the dynamo; then from 
what has preceded a* : 8^ 150: 1800, and therefore .r ' 2.5 

inches. But a [mlley less than indies diameter should not be 
used on a dynamo.* Suppose in this cas(‘ that it is 6 inches. 
It is then impossible to obtain the re([uiri‘d velocity ratio with 
one change of s[)ee(b /.c,, with one bi‘ll. Two changes of speed 



may be obtained by the introduction of a counter shaft. By 
this means the velocity ratio is divitU‘d into two factors. If 
it is wished to have the same cliange of siH‘cd from th(.‘ line shaft 
to the counter as from the counter to the dynamo, then each 
velocity ratio would be Vliteo : 150) == Via But this 

gives an inconvenient fraction, and tlic factors do not need to be 

* This limiting size is cluterniinol mainly hy lan sitltTulions of thirkness of 
belt renuired to tran.smit the energy, its dunihility, and its etlicimey* (See § 178.) 
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equal. Let the factors be 3 and 4. (See Fig. 171.) A repre- 
sents the line-shaft, B the counter, and C the dynamo- shaft. 
The pulley on the line-shaft is 30 inches, and the speed is to be 
three times as great at the counter, therefore the pulley on the 
counter connected with the line-shaft pulley must have a diam- 
eter one third as great as that on the line-shaft = 10 inches. 
The pulley on the dynamo is 6 inches in diameter and the counter- 
shaft is to run one fourth as fast as the dynamo, and therefore 
the pulley on the counter opposite the dynamo-pulley must be 
four times as large as the dynamo-pulley = 24 inches. 

167. A belt may be sMfted from one part of a pulley to 
another by means of pressure against the side which advances 
towards the pulley. Thus if, in Fig. 172, 
the rotation be as indicated by the arrow, 
and side pressure be applied at A, the belt* 
will be pushed to one side, as is shown, and 
will consequently be carried into some new 
position on the pulley further to the left as it 
advances. Hence, in order that a belt may 
maintain its position on a pulley, the cen- 
ter LINE • OF THE ADVANCING SIDE OF THE 

BELT MUST BE PERPENDICULAR TO THE AXIS OF ROTATION. 

When this condition is fulfilled the belt will run and trans- 
mit the required motion, regardless of the relative position of 
the shafts. 

168. Twist Belts. — In Fig. 173 the axes AB and CD are 
parallel to each other, the above stated condition is fulfilled, 
and the belt will run correctly; but if the axis CD were turned 
into some new position, as C'D', the side of the belt that advances 
toward the pulley E from F cannot have its center line in a 
plane perpendicular to the axis, AB, and therefore it will run off. 
But if a plane be passed through the line CD, perpendicular to 
the plane of the paper, then the axis may be swung in this plane 
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in such a way that the m-ccssary coiulition siiall hr fullillccl, and 
the belt will run properly. 'I’liLs ijives what is known a.s a 
“twLst” belt, anti when tlie anttle lietween the shaft Ijecomcs 
90°, it i.s a “([uarti'r twist ” bell. 'To make tin's clearer, see 
Fig. 174. Rotation is tninsniilteil Irom .1 to H by an open belt, 
and it is retiuiretl to turn the axis of B out of paralleli.sm with 


4 

< / lA 

0.11 

y 


0' 


Fia. 173. 



that of A, 'Fho (linn-tioo of n)laiinn is as indioatrd by the 
arrows. Draw llu* lint* C'P. If linw tho lint* ('/> is supposed 
to pass through the etuitrr t>f tin* Indl at C anti /), it may 
become an axis, and tlu* pulliw H and tlu* !>art t)f the l)elt FC 
may be turned about it, while the pidli*y .1 and tht* part of the 
belt ED remain stationary. During this nugitiu tlie tamter line 
of the part of the bell ( 7 % which is tlu* part that advanei‘S toward 
the pulley B when rotation occurs, is always in a plane perpen- 
dicular to the axis t>f the pulltw H, 11ie par! ED, since it has 
not been moved, has also its ctaitt^r lint* in a plane ptu-peiulicular 
to the axis of A, l'hen‘fort* tin* [ntllev B may bt* swung into 
any angular position about (D) as an axis, and the condition 
of proper belt tran.smission will not bt* intini't'red willu 

169. If the axes intersect the motion can be transmitted 
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between them by belting only by the use of ''guide” or "idler” 
pulleys. Let AB and CD, Fig. 175, be intersecting axes, and 
let it be required to transmit motion from one to the other by 
means of a belt running on the pulleys E and F, Draw center 
lines EK and FH through the pulleys. Draw the circle, G, 
of any convenient size, tangent to the lines EK and FH, In 
the axis of the circle, G, let a shaft be placed on which are two 
pulleys, their diameters being equal to that of the circle, G. 



These will serve as guide-pulleys for the upper and lower sides 
of the belt, and by means of them the center lines of the advanc- 
ing parts of both sides of the belt will be kept in planes perpen- 
dicular to the axis of the pulley toward which they are advancing, 
the belts will run properly, and the motion will be transmitted, 
as required. 

The analogy between gearing and belting for the trans- 
mission of rotary motion has been mentioned in an earlief 
paragraph. Spur-gearing corresponds to an open or crossed 
belt transmitting motion between parallel shafts. Bevel-gears 
correspond to a belt running on guide-pulleys transmitting 
motion between intersecting shafts. Skew bevel and spiral gears 
correspond to a "twist” belt transmitting motion between shafts 
that are neither parallel nor intersecting. 
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170. Crowning Pulleys.— -If a llat tn'k is put 011 a. “crowning” 

Ac pulley, as in Fig. 1 ;(), llic tension on .1/^ ^ill be 

greater tlian on CD. 'Flu- lielt lying Hat at .-IC will 
£— E/p; have its api)roacliing portion hent out as indicated by 
AE and CF, and as rotation goi's on the Ixtl will 
^ be carried toward the high part of tlic pulley, ie 
gD it will tend to nin in the middle of ihy pulley 

Fig. 176. "'I'}' uearly all hell imlleys, e.vcept 

those on which the hell has to he shifted into dilTerent 
positions, arc turned “crowning.” h'or pulley j import ions, see 
Chap. XVI. 

171. Cone Pulleys. In performing dilTerent opi'mtions on a 

machine or llu' .same operations on materials of dilTerent degree.s 
of hardness, dilTerent speeds are required. The simplest way 
of obtaining them is by use of (sme pidleys. ( )ne pulley has a 
scries of .steps, and the opposing indley has a cum^sponding 
series of steps. By shifting the hidt from one pair to tinother 

the velocity ratio is changed. .Since the same belt is used on 

all the pairs of .step.s, these must he so pro|iort ioned that the 
belt length for all ihi' ptiirs .shall he llu' same; otherwise the belt 
would he too light on .some <if the steps and too loose on others. 
Let the ca.se of a cro.ssed Indl he lirst 1 onsidered. The length 
of a cro.s.sed belt may he expressed l>y the following formula: 
Let Z “length of the hedt; d distam t- hetween centers of rota- 
tion; i?“radius of the larger pulley; r radius of the .smaller 
pulley. (See Fig. 177.) Then 

{R } rf \ {R ! r)t,T ! a are who.se sine is (R \ r) : d). 

In the case of a tTo,sseii helt, if the size of steps is changed ,so 
that the .sum of their railii remains nimstant, the helt length 
will be con.stant. For in the formula the oidy variables are R 
and r, and the.se terms only appear in the formula as /M r; but 
i2+r is by hypothesis con.stant. 'Fherefore anv (hange that is 
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made in the variables R and r, so long as their sum is constant, 
will not affect the value of the equation, and hence the belt 
length will be constant. It will now be easy to design cone 
pulleys for a crossed belt. Suppose a pair of steps given to 
transmit a certain velocity ratio. It is required to find a pair 
of steps that will transmit some other velocity ratio, the length 
of belt being the same in both cases. Let R and radii of the 
given steps; R^ and /= radii of the required steps; i? + r = 
= the velocity ratio of R' to r' =b. There are two 



Fig. 177. 


equations between i?' and r', R' ~r' ^b, and R' ^ a. Com^ 
bining and solving, it is found that r' + i), and R' 

For an open belt the formula for length, using same symbols 
as for crossed belt, is 

L = 2\/d2 -.{R-rfA-Tt{R^ r) 

■^2{R — r) (arc whose sine is {R—r)-^d). 

If R and r are changed as before {i.e., + r = i 2 ' + r' =a 

constant), the term R~r would of course not be constant, and 
two of the terms of the equation would vary in value; therefore 
the length of the belt would vary. The determination of cone 
steps for open belts therefore becomes a more difficult matter, 
and approximate methods are almost invariably used. 

172. Graphical Method for Cone-pulley Design. — ^The fol- 
lowing graphical approximate method is due to Mr. C. A. Smith, 
and is given, with full discussion of the subject, in ‘^Transactions 
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of the Ameriain Society of Mt‘chanical lMi.i,nru‘(‘rs,’’ Vol. X, 
p. 269. Sii])i>osc first that tlu‘ dia meters ol a |)air of cone steps 
that transmit a certain velocity ratio are iriven, and that the 
diameters of another pair that shall serve to transmit some 
other velocity ratio are re(|uiri‘d. 'Plu* distance lK‘twt‘en centers 
of axes is given. (See Fig. i 7H J Locate tlu‘ pulley centers 0 



and (y at the given distaiua' apart; about tlu’se renters draw 
circles whose <lianiett'rs (‘(jual tlu^ diameters t»f tin* given pair of 
steps; draw a straight line (/// tangent to these circles; at J, 
the middle point of the line of t enters^ t‘rt‘t t a perpendicular, 
and lay ofT a distance JK t*<|ual to tin* distaiuf l»etween centers, 
C, multiplitai by tlu* (‘xperittuaUally detennined t'onstant 0.314; 
about the point K so (U*termimML <lraw a t ircular arc AB tan- 
gent to the line GH , Any liiu* drawn tangi'Ut U) this arc will be 
the common tangent to a pair of lone steji.s giving the same 
belt length as that of tin* given jKiir. Ft^r example, suppose 
that 01 ) is the radius of tme step uf the reijuirecl pair; about 0, 
with a radius ecpial to ()/), draw a cirt le; tangi'iU this circle 
and the are AB draw a straight liru* />/v, about (V and tangent 
to DE draw a circle; its diamettu” will etjual tliat td tlie recjuired 
step. 

But suppose that, instt‘aii of having one su^p of the required 
pair given, to find the other ctu'resptaiding a,s abcn'c, a pair of 
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steps are required that shall transmit a certain velocity ratio, 
= r, with the same length of belt as the given pair. Suppose 
OD and O'E to represent the unknown steps. The given velocity 

OD 

ratio equals r. Also, from similar triangles 


OD -^O'E^FO ^FO' . Therefore but FO = C + x, 


C -{-X C 

and FO'=x. Therefore , and = . 

X r — i 


Hence with 


r and C given, the distance may be found, and a point F located, 
such that if from F a line be drawn tangent to AB^ the cone 
steps drawn tangent to it will give the velocity ratio, r, and a 
belt length equal to that of any pair of cones determined by a 
tangent to AB. The point F often falls at an inconvenient 


distance. The radii of the required steps may then be found 
as follows: Place a straight-edge tangent to the arc AB and 
measure the perpendicular distances from it to O and O'. 
The straight-edge may be shifted until these distances bear 
the required relation to each other. In this case it is well to check 
the accuracy of the construction by computing the. resultant 
length of belt with each pair of steps. 

173. Design of Belts. — Fig. 179 represents two pulley? 
connected by a belt. When no moment is applied tending to 
produce rotation this tension in the two sides of the belt is 
practically equal. Let Tq represent this tension. If now 
an increasing moment, represented by be applied to the 
driver, its effect is to increase the tension in the lower side of 
the belt and to decrease the tension in the upper side. With 
the increase of Rl this difference of tension increases till it is 


equal to P, the force with which rotation is resisted at the surface 
of the pulley. Then rotation begins * and continues as long as 


* While the moving parts are being brought up to speed the difference of ten- 
sion must equal P plus force necessary to produce the acceleration. 
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this equality continues; /.c., as long as 1 \ P, in which 

Ti- tension in the driving side and 7 2 tension in the slack 
side. (Sec Fig. 180.) The tension in the driving side is increased 
at the expense of that in the shui< side, hut the sum does not 
remain a constant. Analysis of (‘xperlmental data,* shows that 
a close approximation is given l)y the simpU^ t‘(| nation 

To find the viiluc of ,jr. 'I'lio inerc-ase in tension from tlic 

slack side to the drivin}>: side is possible lieeause of the frictional 
resistance between the bell and pulley surface. (Consider any 

Fic:. lyi). 



Fiti. I So. 


element of the belt, dSy Fig. 181. It is in i‘(|uilibrium under 
the action of the following forct‘s: 

Tj the value of the varying tension at oiu* vnd of ds; 

T + dT, the value of the varying tension at tlie other end of ds- 

* Wilfred Lewis in Trans. A. S. M . I*:,, Vnl. VU. 
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cds, the centrifugal force; 

pds, the pressure between the face of the pulley and ds; 
dF = ppds, the friction between the element of belt and pulley 
face. 

These correspond to any cross-sectional area, A, square 
inches. 



Tt is more convenient to develop the equations if a cross- 
sectional area of one square inch is considered. For such a 

section the forces acting become t + = 




cds, 


pds, and ppds. 
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^ = allowable tension in tight side of belt, pounds 


per S(iuare inch. 240 ll)S. is recommended as most 
economical \'alue. 


jF., = If = tension in slack side, pounds per sciuare inch; 

" A 


_j;a=-=clTective pull, pounds per scpuire inch; 

7; = velocity of belt in feet per second; 

F = velocity of belt in feet per minute; 

^ = woight of belt, pounds per cubic inch, 
c=ccntrifugal force jjer cubic inch of belt at velocity 
f I arW"'' 


V, 


g>’ 


r= radius of pulley in inches; 


i?= radius of pulley in feel 


a = arc of contact in di'grecs; 

0=arc of contact in radians o.oi75«'; 
To 


initial tension, both sides, pounds per square inch; 


<^=.^==ccntrifugal tension per S(iuarc inch of cross- 


section 


/ r27OTA 

don-^^ j; 


;^=pressure per linear inch between ])ulley and belt; 
/(=cocnicient of friction. 

Summing the verticid comi)onenls: 


do . do 

pds+cds — t sin -~ + it+dl) sin ^ 


do . > ^ 

do is so small that sin — may be considered equal to 
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Also dt and dd being very small compared to the other quan- 
tities, any terms containing their product may be dropped. 
Therefore 

pds-\-cds = tdd, 


ds^rdO^ 

T 'lliVlP' 

cds^— dd^t,dd, 

g 

pds=^{t -tc)dO. 

Summing the moments about O : 

i-\-dt — t’i- [ipdSy 
dt = fLpds 
' ^ii{t -Qddy 


Ju t-ic Vo 


1 /Q 

log.; — 


common log 


•4343/'^- 


The following equations are now established: 


h “^2=^) 
a / ti + V t'Z = 2 V <0 


logT— 7 = -4343/'<^- 

^2 “fc 
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For speeds below 1800 ft. per minute equation (3) may be 
written as 

log .4343/'^^ (3') 


To apply these equations it is simj)lest to decide upon a max- 
imum value of h. This varies with the ([uality of the belt, the 
nature of the splice, etc., and may be taken as higli as 300 lbs. 
per square inch; but when the economic lifi‘ of the l)elt is con- 
sidered, 200 to 240 lbs. per sciuare incli is better. For a new 
belt take 240 lbs. 

It is evident that the foregoing eejuations may also be written 
in the following forms: 

Ti- 7', --=/>, (la) 

V^+V7V-=2V7 'o, (2a) 

T — 7’ 

(3«) 

and for low velocities 

T 

log -■ .4343/(d (3f/') 

The weight of ordinary oak-tanned leather Ijelting per cubic 
inch may be taken, •»= 0.035. 

Tabi.e XIX. 


xr 1 f . 12WV^ 

Values of U.- 


V 

1800 

2400 

3000 

3600 

4200 

4800 

1 

5400 

Oooo 

] 

()6oo 

7200 

oc 

8 1 

V 

30 

40 

SO 

60 

70 

80 

00 ; 

1 lOO 

1 10 

120 

130 

tc 

II . 7 

20.8 

32.6 

47.0 

64.0 

83 . 2 

I0(> 

130.5 

15^ 

188 

*221 


From Table XIX it becomes evident that the centrifugal 
tension, which diminishes the cflcctive tension-producing pressure 
between belt and pulley upon which the frictional driving jjower 
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depends, increases rapidly with the velocity and if ^1 = 240 lbs. 
per square inch there will be no effective pressure at a speed of 
about 8000 ft. per minute. In other words the belt, if put on 
with the proper value of /q corresponding to /i = 24o, can trans- 
mit no power at this speed, because the centrifugal force is so 
great that no pressure exists between the belt and the face of 
the pulley, and hence there is no friction. 

The necessary value of P is a given condition in any problem. 
If the power to be transmitted by the belt is given in HP and 
the velocity of the belt, F, in feet per minute is known, 

gPX 33,000 
V 

The most economical speed at which to use a leather belt is 
about 4500 ft. per minute. In general P is determined by 
dividing the foot-pounds of work per minute to be transmitted, 
by the belt speed (or pulley rim velocity) in feet per minute. 

The value of 0 is determined for the pulley of smallest arc 
of contact from the diameters of the pulleys and the distance 
between their centers. (See sec. 174.) 

The value of //, the coefficient of friction, varies with the 
kind of belting, the material and character of surface of pulley, 
the condition of the belt as regards dressing, the side of the 
leather used, and particularly with the rate of slip of the belt 
on the pulley. This slip is a compound of two factors, actual 
slippage and belt creep, the latter being the unavoidable move- 
ment of the belt on the pulley due to its elasticity and the dif- 
ference in tension between the tight and slack sides. Leather 
belting is extremely variable in its properties. The coefficient 
of friction for oak-tanned leather, hair side on a cast-iron turned 
pulley, ranges approximately as follows :* 

* Prof. Lanza, Trans. A. S. M. E., Vol. VII. See also paper by Wilfred Lewis, 
same volume and one by Prof. W. W. Bird in Vol. XXVI. Another good paper 
is that of F. W. Taylor, Vol. XV. 
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This corresponds roughly to 


/t— T.OO 


6 i + 


Prof. Lanza recommends a uniform value of This 

corresponds to a uniform slip of l)et\veen two and three feet 
at all speeds. 

In his valuable paper in Trans. A. S. M. K., VoL XXXI, 
Carl Barth writes this formula, based ui)on his own experiments 
and those of Prof. Bird, 


and he also recommends, 








/t-.54 


140 

500 b V * 


Equating these two expressions for /q 

y Tt)o I o.cSSF 
85 4 0.03 ^ ’ 


These formuhe are open to criticism, 1 )ut may be 

tentatively until further data are nuide available. 

The total slip on two pulleys 2 per exmt 

200 F, 
slip = - ^ . 


accepted 
of total 


174. Efficiency of Belt Drive.-~-An :ipj)roximate estimate 
of the cfTicicncy of a lielt drive can Ik; made. 'I'hc subscripts 
I and 2 arc used for driver and follower, respectively. There 
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are three losses to be considered: (a) journal friction, (b) work 
of bending the belt, (c) slip and creep friction. Each of these 
losses takes place at each pulley. 

(a) The journal friction work per minute at both bearings, 
in foot-pounds 




ndiNi 7zd2N2 
.12 12 . 


where ja' = coefficient of journal friction appropriate to 

conditions (see Chaps. XII and XIII) ; 
di and ^2== journal diameters, inches; 

Nx and iV2 = revs. per minute; 

Ti, T2, and T^, total belt tensions as above, pounds. 

( 6 ) For the work lost in bending the belt the following formula, 
based upon Eytelwein’s' for ropes, may be used in default of 
one based upon specific investigation. 

Work in foot-pounds per minute bending belt 


/h? h? 

= .o 48PF 

\ri r2. 


P==belt pull = 2^1 -T2j in lbs.; 

F==belt velocity, feet per minute; 

/i = belt thickness, inches; 
ri and ^2 = pulley radii, inches. 

(c) The friction loss due to belt slippage at each pulley in 
foot-pounds per minute 

=lxprdVs, 


//= coefficient of friction of belt on pulley at the selected 
rate of slip; 

pressure between belt and pulley face per linear inch, 
pounds; 

radius of pulley, inches; 
tf = arc of contact, radians; 

F^=slip at each pulley, feet per minute. 



304 


M.^CHINE DFSIGN. 


This transforms into : 

Total friction work at l)oth pulleys due to slippage in foot- 
pounds per minute 


=/^n{ 


('A - 7 ;) + ('A .7',) 


(d,+^2). 


Summing these three losses {a), ih), and (r) in foot-pounds 
per minute, sul)tracting them from PV and dividing the result 
by PV will give the elTiciency of the drive. 

175. Problem. — A single-acting pump has a plunger 8 inches 
= 0.667 foot in diameter, whose stroke has a constant length of 
10 inches =0.833 foot. The number of strokes per minute is 50. 
The plunger is actuated by a crank, and the crank-shaft is 
connected by symr-gears to a pulley shaft, the ratio of gears 
being such that the pulley-shaft runs 300 revolutions per minute. 
The pulley which receives the power from the line-shaft is 18 
inches in diameter. The |)ressure in the delivery-pipe is loolbs. 
per square inch. The line-shaft runs 150 revolutions per 
minute, and its axis is at a distance of 12 fc‘et from the axis of 
the pulley-shaft. 

Since the line-shaft runs half as fast as the i)ulk‘y-shaft, the 
diameter of the pulley on the line-shaft must be twice as great 
as that on the pulley-shaft, or 36 inclu‘S. The work to be done 
per minute, neglecting the friction in the machine, is eciual to 
the number of pounds of water pumpt‘d per minute multiplied 
by the head in feet against which it is pumi)ed. The number 
of cubic feet of water per minute, mjglecting 'bslip,” eciiials the 
displacement of the plunger in cul)ic feet multiplied by the 

number of strokes per minute ^^Xo.8:^3X 50 =- ,14.55, 

4 

and therefore the number of pounds of water pumi)ed per minute 
= 14.55X62.4 = 908. One foot vertical height or 'diead’^ of 
water corresponds to a pressure of 0.433 1'^* square inch, 
and therefore 100 lbs. per square inch corresponds to a ^‘head” 
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of 100-^0.433=231 feet. The work done per minute in pump- 
ing th2 water therefore is equal to 908 lbs. X231 feet =209,748 
ft. -lbs. The velocity of the rim of the belt-pulley is equal to 
300x1.5X7:= 1414 feet per minute.* Therefore the force P = Ti 
— T2 = 209,748 ft.-lbs. per minute -^1414 feet per minute = 
148 lbs. 



Fig. 182. 


To find a (see Fig. 182) sin ~ — =0.0625. 

I 144" 

Therefore /5 = 3°35'; a = i8o°~~2^ = i8o®-~7° io'==i72® 50'; a 

in measure = 1 72fXo.oi75 =3.025 =^. 

Ti 

log ^ = 0.4343 XfiXd^ 0.4343 X 0.3 X 3.02 5 = 0.3941 . 


* ‘ T2 


= 2.48; P = Ti — T2 = I48. 


Combining these equations Ti is found to be equal to 248 lbs., 
the maximum stress in the belt. 

Ti 248 

The cross-sectional area of belt should be equal to — = — 

/i 240 

= 1.03 square inch. 

Single-thickness belting varies from 0.2 to 0.25 of an inch in 

thickness, hence the width called for by our problem would be 

1*03 . , 

= 5 inches, say. 

0.2 

176. Problem. — sixty-horse-power dynamo is to run 1500 
revolutions per minute and has a 15-inch pulley on its shaft. 


At this speed the simple form of the belt formula may be used. 
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This transforms into : 

Total friction work at both pulleys due to slij)page in foot- 
pounds per minute 

( 7 '. - 7 ',) + ( 7 ’, 7 ',)^ 

2 




{fh 


Summing these three losses ((/), ib), and (r) in foot-pounds 
per minute, subtracting them from PV and dividing the result 
by PV will give the efTiciency of the dri\'e. 

17$. Problem.~A single-a(*ting [)ump has a plunger 8 inches 
= 0.667 ^oot in diameter, whose stroke has a constant length of 
10 inches =0.833 foot. The number of strokes per minute is 50. 
The plunger is actuated l)y a cra.nk, and the cra,nk”shaft is 
connected by spur-gears to a i)ulley shaft, the ratio of gears 
being such that the pulley-shaft runs 300 revolutions per minute. 
The pulley which receives the power from the line-shaft is 18 
inches in diameter. The pressure in the delivery pipe is joolbs. 
per square inch. I'he line shaft runs 150 revolutions per 
minute, and its axis is at a distance of 12 ftad from the axis of 
the pulley-shaft. 

Since the line-shaft runs half as fast as tlie ])ulley%shaft, the 
diameter of the pulley on the line-shaft must be twice as great 
as that on the pulley-shaft, or 36 iruiu's. The work to be done 
per minute, neglecting the friction in the machine, is e(|ual to 
the number of pounds of water pumped per minute multiplied 
by the head in feet against which it is pum{)ed. The number 
of cubic feet of water per minute, neglecting “slij),*^ equals the 
displacement of the plunger in cubic feet multi|)lied by the 

number of strokes per minute 0.833X50 ^^-14.5 5, 

4 

and therefore the number of i)ounds of wattT pumped i)er minute 
= 14.55X62.4 = 908. One foot vertical height or '‘head” of 
water corresponds to a pressure of 0.433 lb. i)er square inch, 
and therefore 100 lbs. per square inch corresponds to a "head” 


BELTS, ROPES, BRAKES, AND CHAINS, 


305 


of ioo-r-0.433 =231 feet. The work done per minute in pump- 
ing the water therefore is equal to 908 lbs. X231 feet =209,748 
ft. -lbs. The velocity of the rim of the belt-pulley is equal to 
300x1.5X7:= 1414 feet per minute.* Therefore the force P=T\ 
— ^2 = 209,748 ft. -lbs. per minute-M4i4 feet per minute = 
148 lbs. 



Fig. 182. 


Y Qff 

To find a (see Fig. 182) sin / 3 =X— 2 =-— -=0.06215, 

I 144" 

Therefore /? = 3°35'; a = i8o°— 2/9 = i8o°— 7° io' = i72° 50'; a 
in TT measure = i72fXo.oi7S =3.025 =^. 

log = 0.4343 X/xXd =0.4343 X 0.3 X 3.02 5 =0.3941. 


^=2.48; P = ri-r2 = i48. 
■I 2 


Combining these equations Ti is found to be equal to 248 lbs., 
the maximum stress in the belt. 

Ti 248 

The cross-sectional area of belt should be equal to — = — 

/i 240 

= 1.03 square inch. 

Single-thickness belting varies from 0.2 to 0.25 of an inch in 
thickness, hence the width called for by our problem would be 


1*03 .1 

= 5 inches, say. 

0.2 

176. Problem. — K sixty-horse-power dynamo is to run 1500 
revolutions per minute and has a 15-inch pulley on its shaft. 


At this speed the simple form of the belt formula may be used. 
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Power is supplied by line shuft running 130 revolutions per 
minute. A suitable belt eonnerti(m is to bt' tU^sijrned. 

The ratio of anKular velocities of dynamo shaft to line-shaft 
is 10 to 1; hence the diameter of tlu‘ ])ullev on the line-shaft 
would have to be ten times as gn^al as that of the one on the 
dynamo, -=12.5 feet, if the connections were direct. This is 
inadmissible, and therefore tlu^ increase in speed must be ob- 
tained by means of an intcu-mediate or counter shajl. Suppose 
that the diameter of the largest pullc'y that can l)e used on the 
counter-shaft 48 inches. 'Fluai the neccassary speed of the 

15 


r5ooX 470. ru'arly. 'The ratio of diameters 


counter-shaft 

of the required pulleys for ('onrualing tlu‘ line shaft and the 


counter-shaft 


470 


1 50 


^.13. Su])posi‘ that a Oo inch pulley can 


be used on the line shaft, tluai the dianu1(T of the required 

()0 


pulley for the counter-shaft will 


i() inches, nearly. Con- 


sider first the l)elt to connect llu‘ dynamo to the counter-shaft. 

i,(;8o,ooo ft. lbs. per minute; the rim 


The work T)oX 33,000 


of the dynamo-])ull(yv moves 


“‘5 


1 500 58c)o feet per minute. 


Therefore 7 \ - 7 ^ ^ 33h 11 )S. Tlu‘ axis of the counter- 

5000 


shaft is 10 feet from the axis of llu‘ dynamo, and, as before, 


. n 24 7 .S 

sm/ 9 ^- o.rjyc;. 

/ J20 

Therefore /X 7^ 54'. 

a 180^' -2/? 164^ 12', 

0 ^^ i64'k2Xo.oi75 2.874. 

The nearest value of T, in Table XIX, to 5890 is fxxx), and 
the corresi)onding value of is 130.5. 

More accurately 


ic 126, 
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_ 240-126 

log -^^3^^=0.4343X0.518X2.874 

= 0.6442. 

114=4.387(^2-126), 

h=T-S2, 

tl -^2=240 -152 = 88, 

P 336 

^ ^ — = =3.82 square inches. 

tl — ^2 00 

A double belt is about | inch thick. Our problem, then, 
calls for a double belt 1X3.82 = 10 inches, say, wide. 

177. Variation of Driving Capacity. — From equation (3^')^ 

T 

sec. 173, it follows that the ratio of tensions, — , when the belt 

±2 

slips at a certain allowable rate {ix,, when ^ is constant), de- 
pends only upon a:. The velocity of the belt also remains 
constant. This ratio, therefore, is independent of the initial 

T 

tension, Tq; hence ‘^taking up” a belt does not change — . 

2 

The difference of tension, Ti-To — P^ is, however, dependent 
on Pq- Because p, the normal pressure between belt and 
pulley, varies directly as Tq, then, since dF^jipds^dTj it 
follows that dT varies with Tq] and hence 

fdT=^T,-T,^P 

varies with Tq. This is equivalent to saying that “taking 
up ” a belt increases its driving capacity. 

This result is modified because another variable enters the 
problem. If Pq is changed, the amount of slipping changes, 
and the coefficient of friction varies directly with the amount 
of slipping. Therefore an increase of Tq would increase p 
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friction in the bearings is increased, and this method should be 

avoided. Or it may be used on a slack belt to increase the 

T 

angle of contact, a, the ratio and therefore P, the driving 

force. In this case the value of To,= y , may be 

made as small a value as is consistent with driving, and hence 
the journal friction may be small. 

Tighteners are sometimes used with slack belts for dis- 
engaging gear, the driving-pulley being vertically below the 
follower. 

In the use of any device to increase [l and a, it should be 
remembered that Ti is thereby increased, and may become 
greater than the value for which the belt was designed. This 
may result in injury to the belt. 

In Fig. 184, the smaller pulley, A, is above the larger one, 
B. A has a smaller arc of contact, and hence the belt would 



Fig. 184. Fig. 185. 


slip upon it sooner than upon B. The weight of the belt, how- 
ever, tends to increase the pressure between the belt and Ay 
and to decrease the pressure between the belt and B, The 
driving capacity of A is thereby increased, while that of B is 
diminished; or, in other words, the weight of the belt tends to 
equalize the inequality of driving power. If the larger pulley 
had been above, there would have been a tendency for the 
belt weight to increase the inequality of driving capacity of the 
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pulleys. The conclusion from this, as to urranijjcment of pulleys, 
is obvious. For elTect of humidity see Jour. A.S.M.K., 1915. 

178. Proper Size of Pulleys.- A belt r(‘sists a force which 
tends to bend it. Work must be dor.e, llunadore, in l)ending a 
belt around a jmllcy. The more' it is bent llu‘ more work is 
required and the more rapidly the btdt is worn out. Suppose 
AB^ Fig. 185, to represent a belt which moves from A toward 
B. If it runs upon C it must be bmit more than if it runs 
upon D. The work done in bending tlu* btdt is converted into 
useless heat by the friction betwecai tlu‘ belt libers. It is desirable, 
therefore, to do as little bending as possible. 'This is one reason 
why large pulleys in gcmeral are more elheit*!!! tlian little ones. 
The resistance to bending inertaases with t!u‘ thickness of the 
belt, and hence double belts should not lu' use<l on small pulleys 
if it can be avoided. 

Double l)elts may 1 )(‘ us(‘d on pulhws and over. 

Triple 

Quadruple 30'' “ 

179. Distance Desirable between Shafts. In the design of 
belting care should Ix^ takem not to mak<‘ tlu* distance between 
the shafts carrying the pulleys too small, especially if there is the 
possibility of sudden change's of load. Ihdts have some elasticity, 
and the total yielding under any givtm strt'ss is proportional to 
the length, the area of ero.ss- sect ion being tlu* same. There- 
fore a long belt becomes a yielding part, or spring, and its yielding 
may reduce the stress due to a suddenly applied loatl to a safe 
value; whereas in the ca.se of a short Ih‘1i, witli aihvr conditions 
exactly the same, the .stress due to nuudi Ii*ss yielding might be 
sufficient to rupture or vveakc'u tlu* joiiil. 

180. Rope-drives.— The formula* whicli liave been derived 
for belts also ai)ply to rope clrivt*s. For good durability the 
allowable tension in a rope-drive should be al>out 20od^ lbs. 
where d is the diameter of the rojie in inches. Experiments 
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vary greatly in the value of the coefficient of friction for a well* 
lubricated rope on a flat-surfaced smooth metal pulley. It may 
be taken equal to 0.12.* But ropes are not commonly used 
on flat pulleys; instead of this they run in grooves on the faces 
of sheave wheels, and substitution must be made for [i in the 

angle of groove 

formula (3), not 0.12 but o.i2Xcosec ^ . 

The following table gives the values of jjl for different angles 
of grooves. 

Table XX. 

Angle of groove in degrees . 



Fibrous ropes for power transmission purposes are made 
chiefly of cotton or manila fiber. The former is softer, more 
flexible and elastic, the latter is cheaper and stronger. The 
former weighs about 10 per cent less than the latter. The fol- 
lowing tables are computed for manila rope. 

Taking the weight of rope per linear inch = o.o268d2 lbs., 
and the allowable tension, Ti^2ood^ lbs., and solving for 
at various speeds, gives the following results : 

Table XXI. 

. 12WV^ . 

{Tc = — ^ =o.oiv^d\) 

o 4000 4500 5000 5500 6000 6500 7000 7500 8000 8500 
044.456.269.584.0 100 118 136 156 178 200 

V is the velocity of the rope in feet per minute. 

For convenience the following table is given showing the cor- 
responding values of angles in degrees and circular measure : 


V 

1000 

2000 

2500 

0 

8 

To 

(P 

2.78 

II. I 

17.4 

25.0 


30 

35 

40 

45 

50 

55 

0.46 

0.40 

0-35 

0.31 

0.2S 

0.26 


* ‘‘Rope-driving,” by J. J. Flather. New York: Wiley & Sons. 
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Table XXII. 


a. .\ 

105 

120 

135 

150 

165 

180 

1 

i 

210 

240 

e. .. 

1.83 

2.09 

i 

2.35 

2.62 

2.88 

3-14 

3-43 

3 • 

4.19 


It will be remembered that ^^-o.oiyscr. 

The diameter of the sheave wheel is j)roperly calculated from 
the point of tangency of the rope to the groove (/I- 4, Fig. i86) 
and not from the middle of the rope O. The diameter of the 
sheave wheel should not be too small or the rope will wear out 
very rapidly. The following table gives the minimum values 
D being the diameter of the wheel and d that of the rope; 


Table XXIII 


3," 

i" 

li" 

1?/' 


2" 

24 


48 

60 

72 

84 


Table XXIII is for general purposes. Specifically the formula 
D == x^V -^12 inches may be used. 

Two systems of rope-driving are in use, the English and 
the American. In the former a number of ro]:)es arc used side 
by side. In the latter a single continuous rope is used with 
a guide and tightener. As long as all the grooves in each 
sheave are alike, each rope will tend to carry its proportionate 
share of the load in the English system, provided all the ropes 
had the same original tension, and have stretched the same 
amount. 

Next to the angle of groove the most important item is to 
have the grooves as smoothly surfaced as possil)lc. 

Fig. iS6A shows one manufacturer’s standard groove pro- 
portions for fibrous ropes. 

The diameters of multiple-grooved sheaves must be accurately 
alike. 

For the American system the grooves In tne larger sheave 
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should have a greater angle than those in the smaller sheave, or the 
load will be unequally divided among the various wraps of the rope,* 



Fig. 186. 


The tension in each wrap of the rope will be the same, when 
running, if the friction on each sheave wheel is the same. The 
friction on each pulley will be the same if the products of the 
arcs of contact by the respective coefficients are equal. 

T 

Let = coefficient of larger sheave =0.1 2 cosec — ; 

7* = angle of groove of larger sheave; 
a = arc of contact of larger sheave ; 

* See further Proc. Am. Soc. C. E., Vol. XXIII. Mr. Spencer Miller on 
Rope-driving. 
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it' = coefficient of smaller sheave - 0.12 cosec 
^ 2 

7^= angle of groove of smaller sheave; 
a:'==arc of contact of smaller sheave. 

Then should == 

r Y a' 

coscc — cosec — x~"~. 

2 2 0: 

The following table gives the proper values for e(|ual adhesion: 

Table XXIV. — Angle op CIroove for Kqual Adhesion. 


Arc of contact on ^ 

Arc of contact on large pulley a 
Angle of groove in large j)ulley when 

groove in small pulley — 35° 

Angle of groove in large pulley when 

groove in small pulley =* 40 ° 

Angle of groove in large jiulley wIkui 
groove in small pulley =« 45° 


The angle of groove on the smaller sheave wheel is generally 
made 45°. Assuming this, an angle of contact of 165®, and an 
allowable stress —20od^, the following table has been com 
puted for the horse-power transmitted by each wrap of the rop 


O.Q 

40® 

45® 

50® 


0.8 

44 ° 

50 ° 

55" 


0-75 

47" 

54 " 

f>o® 


0.7 

51 " 

58® 

66 » 


o . 65 

5S“ 

64“ 

72° 


O . () 

{) 0 ^ 

70® 

80° 


Table XXV.-— Horse Power Transmitted by Single Rope. 


Velocity 
i rope in 
ft. per 
min. 

Diameter of rope in inche.s. 

V. 

1 


X 

li 


li 

2 

1000 

1.38 

1.98 

3-52 

5 . 50 

7.01 

11.20 

14.08 

2000 

2.64 

3-8o 

6 - 7 S 


. 20 

21.50 

27.00 

2500 

3.18 

4-58 

8.15 


18.3s 

26.00 

32,60 

3000 

3-67 

5.28 

9.40 


21.15 

30.00 

37.60 

3500 

4.07 

S.8S 

10.40 


23.40 

33 . 20 

41 .60 

4000 

4-36 

6.28 

II. IS 


25 , 10 

35 - 90 

44 . 60 

4500 

4-54 

6-34 

11.60 


26 . to 

37.00 

46 . 40 

5000 

4-57 

6-59 

11.70 


29-35 

37.30 

46 . 80 

5500 

4-45 

6.42 

11.40 

17.80 

25.95 

36.40 

45 . ^>o 

6000 

4.2 

6.05 

10.75 

16.80 

24.20 

34.30 

43.00 

6500 

3-73 

5-37 

9-55 

14-93 

21.50 

30.40 

38 . 20 

7000 

3.12 

4-50 

8.00 

12.50 

18.00 

25.50 

32.00 

7500 

2.31 

3-32 

5-90 

9.21 

13.30 

18.80 ; 

23.60 
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For durability a few turns of a larger rope are preferable to 
more turns of a smaller rope. 

The most economical speed, taking first cost and relative wear 
into consideration, is about 4500 feet per minute. 

In any given case, since Ti==2oo(P and Tc^o.oiv‘^(P, T2 
can be computed by writing for it xd‘^. Substituting these values 
in equation (3), 

, 20odP‘ -o.ojnfidP- 

-O.AM3A 

The term (P divides out, ^ can be solved for, and the value 
of 2^2 determined from T2 = xP. 

The initial tension, Tq, is determined from the equation 


The length and deflections of the rope are important points. 
The curve the rope takes between supports is the catenary and 
the following equations are approximately correct for horizontal 
drives:* 


J 


C^w 


L=C+ 


8J2 


j = deflection at middle of span in feet; 
C=span, in feet; 

w== weight of rope per linear foot; 


* For inclined drives, etc., see Reuleaux’s Constructor or Flather’s Rope Driving. 
Trade catalogs of the C. W. Hunt Co., the Plymouth Cordage Co., and others, 
give valuable data on groove forms, arrangement of installations, etc. 
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T'=tension in pounds (J'o, Ti, or T> for doi or J^); 
i= length of catenary in feet. For original length use Tq 
and Jo- The entire rope length for one wrap= 
2Lo+Ri^i+I^2f^2; 
i2i,i?2=pulley radii, in feet; 
til, (72 = corresponding arcs of contact, radians. 

i8i. Efficiency of Rope Drives. — ^The claims made for rope 
driving embrace: suitability to transmitting large amounts of 
power, quiet running, can be carried in any direction, can be 
subdivided most readily, does not rcciuire accurate alignment of 
sheaves, freedom from electrical disturbance, reasonalrly weather 
proof, economy in first cost and in maintenance. IC. II. Ahara, in 
Trans. A. S. M. E., Vol. XXXV, reports on a scries of about 700 
tests, extending over a continuous period of five montlis. His 
results show higher efficiencies for the American system than 
for the English and higher efficiencies for the open drive than 
the “ up and over,” with either system. He u.sed extreme Ijclt 
tensions, in some cases r2=36orf“, therefore transmitting as much 
as four times the power suggested as economical in 'ral)le XXV. 
This was done without loss in efficiency, whatever may have 
been the result on the ultimate life of the rope. Data collected 
by J. J. Flather indicate that ropes in which Ti greatly exceeds 
200# wear out with serious rapidity. The Ahara tests show 
American open drives under best conditions averaging about 
93 per cent, English open drives 87 per cent, American “ up 
and over ” 80 per cent, English “ up and over,” 75 per cent. 
They seem to show “that the efficiency in rope driving is con- 
siderably greater at the lower speeds than at the higher ones, 
the dropping off being especially noticeable above 4500 ft. per 
minute of rope speed. They also show that the efficiency of a 
rope drive is not materially affected by distances between centers 
up to 150 ft., that the drop of efficiency at 50 per cent load is 
comparatively small over that of full load, and that, if proper 


BELTS, ROPES, BRAKES, AND CHAINS. 


317 


care is exercised to have all grooves perfect in pitch diameter, 
many as well as few ropes can be mn on a drive with good 
efficiency.” 

182. Problem. — An engine, running at 100 revs, per minute 
and delivering 275 H.P. is to drive a main-shaft 60 ft. distant 
at 300 revs, per minute. Conditions permit the use of sheaves of 
most economical size. 

Select F = 4 Soo ft. per minute. 

V 

Engine sheave diameter= =14.291 ft. 

TT X 100 

14.201 

Shaft sheave diameter = =4.764 ft. 

3 

Allowable rope diameter, from 

D = F + 12 ins., 

where 


Z) = smaller sheave diameter in inches, ^=1.5 inches. 

Angle of contact on smaller pulley = 

^ o . , 7-i4b -2.^82 ^ 

180 ”2 sin 1 = i7i° = 3 radians. 

60 

Angle of contact, larger pulley = 3.283 radians. 

Tc from Table XXI = 56. 2^^^. //=o.3i. 

, 200 —<6.2 

log ^ =0.4343X0.31X3. 

A/ sO.2 

r?c;=ii 3 . 72=113^2. 

Ti - 7^2 = 200(^2 - 1 13^2 = 876^2, 

= 196 lbs. 

4500X196 


H.P. per wrap = 


-=26.7. 


33,000 
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27s 

Number of wraps = ^^= xo.5, say 10 wraps. 

f 2 \ 12 IK 

^ j =153^^ =344 lbs., 

60^X0.322^/2 


T.= [ 


udn= 


° 8x153^^^ 

8x0.952 


Lq =60- 


3x60 


= 0-95 ft, 
= 60.04 ft. 


Length of one wrap (under tension To) = 

2 X60.04 +7.146 X3.283 +2.382 X3 = 150.7 ft 


Length of’ten wraps = 1507 ft. 

Add allowance for splice and tension carriage. 


ii = 


6o^X0.7.22(P 
~&X2ood^ ■’ 


6o2X0.322(i2 

Txiis^i^ 


1.28 ft. 


183. Wire Rope Transmission.*— For many years wire rope 
has been used satisfactorily for power transmission. It is not 
particularly applicable to short spans (where they are under 
60 ft. it is not possible to splice the rope with such a degree of 
nicety as to give the desired tensions and deflections, and some 
mechanical adjustment becomes necessary) but it is applicable 
to long spans. At Lockport, N. Y., a clear span of 1700 ft., 
without intervening support, has been used. The length of clear 
span is determined by the allowable deflections. When the 
distance exceeds the limit for a clear span, supporting sheaves 


* See Reuleaux’s Constructor. 
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with unfilled grooves (idlers) are used. In very long trans- 
missions it is impracticable to run the rope at high velocities. 
The force factor must therefore be made greater, and this is 
done by increasing the angle of contact by lapping the rope 
several times about a pair of grooved drums at each end. The 
sheaves used should be filled with hard wood, tarred oakum, 
or segments of leather and rubber soaked in tar and packed 
alternately in the groove. The sheaves should be accurately 
balanced. The rope rests free on the packing and does not 
wedge in the groove as with fibrous rope transmission. 

The same general formulae apply as developed for fibrous 
ropes. 

Under ordinary conditions, six-strand ropes of seven wires 
to the strand, laid about a hemp core, are best adapted to the 
transmission of power, but conditions often occur where twelve- 
wire or nineteen-wire rope is to be preferred. 

The weight of cast-steel rope per linear inch is approximately 

w— — . Its ultimate tensile strength is approximately 64,0006^-. 

For plough steel this is 76,0006^2 to ()o,oood^. For Swedish iron, 
^OjOood^. 

The stress induced by bending the rope around the sheave 
is computed from the formula (Bach), 


/i-=-35 




/ft = flexural stress, pounds per square inch; 

£ = modulus of elasticity, 29,000,000 for steel; 
D = diameter of sheave, inches; 
d = diameter of individual wires, inches 
=-9- diam. of rope for 7-wire rope 
diam. of rope for 19-wire rope. 
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The maximum safe tension is taken at one-fourth the ulti- 
mate strength and equals about i6,ooo</- for cast-steel ropes. 
Three- fourths of this (i 2 ,oood-) may be allowed for bending 
stress and one-fourth (qoooc/-) for working tension. On this 
basis Tables XXVII-XXIX have been developed. 

Tablk XXVL-— Vaiatks of m for Wirk Ropk. 


Dry rope*on a grooved iron drum 120 

Wet rope on a grooved iron drum .085 

Greasy rope on a grooved iron drum 070 

Dry roi)e on wood-lilled sheaves 235 

Wet roiJC on wood-filled sheaves 170 

Greasy rope on wood- filled sheaves 140 

Dry rope on rubber and leather filling 4g5 

Wet rope on rubber and leather filling 400 

Greasy rope on rubber and leather filling 205 


Table XXVTT. — Diameters of Minimum Sheaves in Inches. 


Diam. of Rope. 


1 

4 

A 

‘4 

A 

I 

•J 

A 


. 9 . 


7-Wire. 


24 

30 

41 

47 

S 3 

SO 

65 

70 

82 

94 


Steel. Iron. 



7 -Wire. | 

lO-Wire. 

T 4 

4 H 

28 

17 

(ro 

34 

21 

\ 72 

42 

24 

Ha 

48 

28 

04 

S6 

31 

106 

62 

as 

n8 

70 

3 K 

130 

76 

42 

140 

84 

40 

164 

08 

56 

188 

1 1 2 



Table XXVIII.—- Deflection of Wire Ropes. 


Def. of still rope at center in feet, 
Def. of driving rope at center in feet, 
Def. of slack rope at center in feet, 
o==span, in feet. 


Steel 

Ao= .oooo6() 

A 1 =.000040 C" 
A2= .000103 O 


Iron 

Ao=.ooot38 O 
Ai= .ooooqB 
A'i— .000206 O 


BELTS, ROPES, BRAKES, AND CHAINS. 


321 


Table XXIX.— Horse-Powers for a Steel Rope Making a Single Lar on 
Dry, Wood-Filled, Minimum Sheaves. 


Diameter 


Velocity of Rope in Ft. per Second. 


inches. 

10 

20 

30 

40 

50 

60 

i 

2.5 

4.7s 

7 

9-5 

ii-S 

i 

I 3 -S 

A 

3.75 

7-5 

II 

14-S 

18 

21.5 

1 

5-5 

10. 5 

16 

21 

26 

30-5 

ns 

7-5 i 

14.5 

21.5 

28.5 

3 S-S 

42 

1 

2 

9-5 

19 

28 

37 

46 

54-5 

9 

TS 

12 

24 

36 

47 

58.5 

69 

1 

IS 

30 

44 

58 

72 

8S 

a 

18 

36 

53-5 

71 

87-5 

103 

3 

21. s 

43 

63.5 

84 

104 

124 

J 

29 

S8 

86.5 

114 

I4I 

167 

I 

38 

76 

113 

149 

i8s 

218 


The horse-power that may be transmitted by iron ropes is 
one -half of the above. 

Table XXX (p, 322) gives one manufacturer’s standard 
sheave wheel proportions -for steel and iron ropes. 

184. Steel Belting.* — ^The use of fiat steel belts, ranging 
from 0.008 to 0.03 inch in thickness, in place of leather belts 
has been a development of recent years. The advantages claimed 
for them are : 

(а) Steel belts need be only from one-half to one-fourth the 
width of leather belts. This means pulleys of narrower face 
and less weight and cost. 

(б) Their own first cost is considerably below that of leather 
or rubber belting. 

{c) They do not stretch or slip after being put on the pulleys 
properly. 

id) They are not appreciably affected by variations in tem- 
perature or moisture. This makes them very reliable for use 
in damp places. They are especially adapted for use in paint 


* American Machinist, Vol. 37, pp. 852-3. 
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or varnish works, etc., as they can be washed off readily with 
gasoline. 

On the other hand, they are more sensitive than other belts, 
and shafts and pulleys must be in line and level or the belt will 
run to the low side of the pulley and may run off. Crown pulleys 
cannot be used for them in any case. They will run on flat- 
faced, uncovered, iron or steel pulleys, as well as on wood pulleys, 
but the use of canvas or rubber pulley covering is so beneficial 
that it seems almost necessary to good service. 

185. Block and Band Brakes. — For the sake of unity of 
treatment block brakes will be considered at this point. The 
formulae are all developed by equating to zero the sum of the 
moments about the axis of the brake lever, considering the latter 
as a free body. 

jF = force in pounds at end of brake lever; 

P = tangential force in pounds at rim of brake wheel, called 
braking force; 

= coefficient of friction between brake block and brake wheel. 


I. Block brake. Fig. i86J3. For rotation 
either direction ; 

CL b\fi/ 


2. Block brake, Fig. 186C. Upper sign 
for clockwise, lower sign for counter-clockwise 
rotation : 


F= 


Pb / 




3. Block brake, Fig. i86D. Upper sign 
for clockwise, lower sign for counter-clockwise 
rotation: 



Fb /i c 
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The brake wheel and friction-block may l^c grooved as shown 
in Fig- i86£. In this case substitute for /t in the foregoing 


equations the value ■ : — where a is 

sin (v T/t cosn 

one-half the angle included by the faces of the 
grooves. 

The formuke for band brakes, simple and 
Fig. i86jE. differential, are developed from the belt for- 



'jT 

mula, logo 7~=n0, which may be written — e being the base 

1-2 J 2 


of natural logarithms = 2.71828. 0 is the angle of contact of 

brake and drum in radians. 

/i is the coefiicient of friction. 

P = tangential force in pounds at rim of brake drum; 

F = force in pounds at end of l)rake lever; 

2\ = tension in tight side of Ijand, pounds; 
r2=tension in slack side of l)and, i)ounds. 


7 \ - 7 b-P, 


ri = P 


Jb=P- 


.F> 


I. Simple band brake, Fig. 186P. 


For clockwise rotation; P= 


a \e^ ~i/' 

For counter-clockwise rotation 


- n -P*/ I 
alion: P = — 1 . 

a\^ ~i 
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3. Differential band brake, Fig. iSbil. 

■t 7 1 1 . . r. Pfboe^'-bi 

For clockwise rotation: F=- 


r. , , . P(b2-bxe^^' 

ror counter-clockwise rotation: F==-\ — z 

-1 

In this case if &2 is equal to or less than bie^^, F will be zero 
or negative and the brake sets automatically. 




4. Differential band brake, Fig. 186J. 

^ , , . . Plb^e^^-^hx 

For clockwise rotation: = — — 

a\ 

For counter-clockwise rotation: F = 

a\ / 

xr 7 7 T r 1 x. Pb(e^-\-l\ 

If 0i = h2=^b, for both cases: I. 

a - 1/ 


186. Chains. — Various types of chains are used for power 
transmission purposes. 

(a) Tests made at the University of Illinois* show that 
the ordinary method of computing round-rod chain strength, 
both open and stud link, is incorrect. 'They show that a load 
P on the link, while it produces an average intensity of stress 

P 

in the cross-section containing the minor axis==~, a being the 


Bulletin No. 18. 
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area of the rod = 




, produces a much greater maximum fiber 


stress than this. With an open link of usual [)roportions the 
maximum tensile stress is approximately four times this value, 
2 ? 

or — . The introduction of a stud in the link eciualizes the 
a 

stresses somewhat throughout the link and reduces the maximum 
tensile stress about 20 per cent. The following formula; are 
applicable to chains of the usual form: 


P = o. 4^/-/£, for open links; 

P==o.^iPft, for stud links; 

/i == allowable- unit tensile stress — 15,000 to 20,000 (maxi- 
mum) pounds per sejuare inch. 


1 I( 




[ 



■ 

■ 


Fig. x86/. 



Fig. 1S6A'. 


(6) Flat link chains of cither the block or roller type, Figs. 
186/ and Kj are used for power transmission pur[)oses. They 
are not suitable for high speeds. Not only do they tend to wear 
and stretch, which throws them out of cciuality of pitch with their 
sprockets, but from the nature of their construction it is inev- 
itable that they transmit motion at a continuously varying velocity 
ratio. They have a wide held of usefulness, however, for low- 
speed transmission where an absolutely uniform velocity ratio 
is not required nor noise objectionable. Their proportioning 
involves two chief points, the shearing strength of the pins and 
the tensile strength of the side plates at their minimum section. 
If kept free from dust, well-lubricated, not overloaded and not 
run at too high a speed, they show efficiencies ranging as high as 
94 per cent. 
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(c) Some of the objections to fiat link chains, particularly 
those connected with change of pitch of chain and sprocket 
with stretch and wear, have been met and conquered in so-called 
silent, high-speed chains, such as the Renold and Morse. These, 
because they continue to fit their sprockets, run with much less 



noise than block or roller chains, may be run at considerably 
higher speeds, will transmit much greater powers, and when 
properly installed and cared for show extremely high efficiencies. 

Fig. i86i, from the Morse Chain Company’s catalog, shows 
the action of this chain and clearly illustrates their employment 
of the extremely efficient knife-edge bearing at the joints. 
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FLV-WnKKLS AND 1‘rLLKVS. 

187. Theory of Fly-wheel. Often in nKuinries there is 
capacity for uniform elTort, hut tlu‘ rcsis(aiu't‘ lliuliuites. In 
other cases a fliuluatin^^ c'ffort is appluul to overt'omt‘ a uniform 
resistance, and yet in both case's a more or Itass uniform rate 
of motion must he maintaiiu'd. When this occurs, as has been 
explained,* a moving body of consi(h‘rahlt‘ weiidU is interposed 
between elTort and ri'sistanct', which, hecaause of its weight, 
absorbs and stores up energy with inert'ase* of velot'ity when 
the effort is in excess, and gives it out with dt'cnaist* of velocity 
when the rcvsistance is in excess, litis moving body is usually 
a rotating body called a, lly wlu'el. 

To fulfill its ofiice a lly wlu*el must havt' a variation of 
velocity, because it is by rtaisnn of this variaticat that it is able 
to store and give out energy. l'ht‘ kiruUit' (iiergy, /i, of a 
body whose weight is IF lbs., moving with a vedtHaiy v feet per 
second, is expressed by the ecfuation 

Wv^ 

To change E, with W constant, v must vary. Thv allowable 
variation of velocity depends upon tin' work to !h' ac c omplished. 
Thus the variation in tm engine running electric lights or spin- 
ning-machinery should bt‘ very small, |)robably not greater 


* See i 43. 


32H 
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than a half of one per cent, while a pump or a punching- 
machine may have a much greater variation without interfering 
with the desired result. If the maximum velocity, vi^ of the 
fly-wheel rim and the allowable variation are known, the mini- 
mum velocity, V2r becomes known ; and the energy that can be 
stored and given out with the allowable change of velocity is 
equal to the difference of kinetic energy at the two velocities. 


JE = == — (Vi^ 

2 g 2 g 2 g 


188. The general method for fly-wheel design is as follows: 
Find the maximum energy due to excess or deficiency of effort 
during a cycle of action, =JE. Use the foot-pound-second 
system of units. Assume a convenient mean diameter of fly- 
wheel rim. From this and the given maximum rotative speed 
of the fly-wheel shaft find Vi. Solve the above equation for 
W thus: 


W = 


2 gAE 

Vi^ 


Substitute the values of AE^ vi, V2, and ^ = 32.2 feet per second^, 
whence W becomes known, = weight of fly-wheel rim. The 
weight of rim only will be considered; the other parts of the 
wheel, being nearer the axis, have less velocity and less capacity 
per pound for storing energy. Their effect is to reduce slightly 
the allowable variation of velocity.* 

189. Problem. — In a punching-machine the belt is capable 
of applying a uniform torsional effort to the shaft; but most 


* Numerical examples taken from ordinary medium -sized steam-engine fly- 
wheels show that while the combined weight of arms and hub equals about one 
third of the total weight of the wheel, the energy stored in them for a given varia- 
tion of velocity is only about 10 per cent of that stored in the rim for the same 
variation. 
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of the time it is only iv(|uiml to drive the moving parts of the 
machine against frictional resistance. At intervals, however, 
the punch must be forced through metal wliicli otTiu's shearing 
resistance to its action. Kitluu* tlu‘ belt or ily wheel, or the two 
combined, must be capable of overcoming this resistance. A 
punch makes 30 .slrokt‘s per minute, and enttu’s tlu‘ die \ inch. It 
is required to punch inch hok‘s in steid platt's h inch thick. 
The shearing strength of the sivvl is about 50,000 lbs. per s(iiiare 
inch. When the punch just toiU’lu‘S tlu* platt‘ the surfa(‘e which 
offers shearing resistance to its m1ion i‘(|uals tlu' surface of the 
hole which results from the punching, zdE in which r/ aliam- 
cter of hole or punch, i thh'km'ss of platm 'The maximum 
shearing resistaiuan therefong (‘quals z'j < | < 50,000 58,900 lbs. 

As the punch advances through the platt' the resistance decreases 
because the surface in shear dt'creases, aird when tlu‘ punch 
just passes through the platt* tlu* n^sistama* Ina'omes zero. If 
the change of resistance be assumed uniform (wlucli would 
probably be approximately trutd the mean resistarua* to punching 
would equal the maximum resistance f mitunuun resistance, 2, 

2 The radius of the crank widt h actuates 

2 

the punch *^2 in. In Fig. 1H7 the circle rt'pn^sents the path of 
the crank-pin center. Its vertical diameter tlien repn^sents the 
travel of the punch. If tht* aa tuating nuadianisin !)e a slotted 
cross-head, as is usual, it is a t‘ase td harmoidc mofitm, and it may 
be as.sumed that while the punch travels vt^rtically fnmi .4 to B, 
the crank-pin center travels in tlu‘ .semicirch* ACB, Let BD 
and BE each = | inch. Then wlu*n tlu* punch naiches E it 
just touches the plate to be punched, wlut h is J inch thick, and 
when it reaches B it has just passed tlinnigli the [date. Draw the 
horizontal lines EF and /X/’and the radial lines 00 ami OF, 
Then, while the {mneh passes tlirougli tlie fdate, tfie crank-pin 
center moves from F to or tlirough an angle (in this case) 
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of 19®. Therefore the crank-shaft A, Fig. 188, and attached 
gear rotate through 19° during the action of the punch. The 
ratio of angular velocity of the pinion and the gear = the inverse 

60 

ratio of pitch diameters =— =5. Hence the shaft B rotates 

through an angle =19^X5 = 95° during the action of the punch. 
If there were no fly-wheel the belt would need to be designed 
to overcome the maximum resistance; i.e., the resistance at the 
instant when the punch is just beginning to act. This would 



give for this case a double belt about 20 inches wide. The need 
for a fly-wheel is therefore apparent. Assume that the fly- 
wheel may be conveniently 36 inches mean diameter, and that 
a single belt 5 inches wide is to be used. The allowable maxi- 
mum tension is then =5Xallowable tension per inch of width 
of single belting = 5 X 70 =350 lbs. == Ti. 

Since the pulley-shaft makes 1 50 revolutions per minute and 
the diameter of the pulley is 2 feet, the velocity of the belt = 
150X2X7: = 942 feet per minute. At this slow speed the simple 

form of the belt formula may be used, i.e., log 7yr = 0.4343//^. 

■L 2 

Assume an angle of contact of 180°. Then 
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0 


/£ O. 




lop; - 0.4081 


and 


T-. 

T. 




.350 


1 38.7 lbs. 


2"^ _7’2 = 2I3.3 lbs. =Uu‘ driving forcr at tlu- surface of the pulley. 

Assume that the frictional resistance of the inacliinc is 
equivalent to 25 lbs. applied at the i)ulley riiu. 'I'hen the belt 
can c.Kcrt 213.3-25 -188.3 ll)s. to accelerate the lly -wheel 
or to do the work of punching. A.ssunic variation of velocity -10 
percent. The work of punching the mean resistance otTered 
to the punch multiplied by tlie space through whicli the punch 


acts, 


58900 


■ Xo.5" = 14725 in. lbs. 1225 ft. ll)s. 'I'he pulley- 


shaft moves during the punching tlirough 95“, and the driv- 
ing tension of the belt, —P 188.3 ^bs., does work -PXs])acc 


moved through during the punching - 188.3 lbs. X~(/ 


360 


a 88.3 


95 . 
'360' 


lbs.X7tX2 ft.X':^;7 = 3i2 ft. -lbs. The work left for the fly- 


wheel to give out with a reduction of velocity of 10 per cent 
= 1225—312=913 ft.-lbs. Let r'l nia.'cimum velocity of fly- 
wheel rim; ^£2 “minimum velocity of lly wlieel rim; W •- weight 
of the fly-wheel rim. The energy it is capable of giving out, 

while its velocity is reduced from to ^ , an.l 

"A 

the value of W must be such that tins energy given out shall 
equal 913 ft.-lbs. Hence the following eejuation may be written: 


=913- 
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Therefore 


W = 


9^3X2Xg 

Vi^-~V2^ 


The punch-shaft makes 30 revolutions per minute and the pulley- 
shaft 30X5= 150 =iV' revolutions per minute. Hence Vi in 
NDk 

feet per second^— i> being fly-wheel diameter in feet = 3 feet. 


_ iSoX37r 


=23-56; 


V2 =0.907/1 =21.2; 

'^'1^ = 555; '^^2^=449; Wi2 -7/32 = 106. 


Hence 


913X2X32.2 

I06 


= 555 lbs. 


To proportion the rim: A cubic inch of cast iron weighs 

0.26 lb.; hence there must be The cubic 

contents of the rim =mean diameter X^Xits cross-sectional area 
A ==2135 cu. ins.; hence 

2135 

• If the cross-section were made square its side would =\/ 18.45 
= 4 - 3 - 

190. Ptimp Fly-wheel. — The belt for the pump, p. 304, is 
designed for the average work. A fly-wheel is necessary to 
adapt the varying resistance to the capacity of the belt. The 
rate of doing work on the return stroke (supposing no resistance 
due to suction) is only equal to the frictional resistance of the 
machine. During the working stroke the rate of doing work 
varies because the velocity of the plunger varies, although the 
pressure is constant. The rate of doing work is a maximum 
when the velocity of the plunger is greatest. In Fig. 189, A 
is the velocity diagram, B is the force diagram, C is the 
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tangential diagram drawn as indicated on pp. 78 8o. The 
belt, 5 inches wide, is ca])al)le ol applying a. tangential force 
of 148 lbs. to the 18-inch pulley n'im. Tlie velocity of the l)ulley- 
riin =7:1.5X300 =-1414'. The vtdocity of the crank4)in axis 
= 71X0.833 X 50 = 130.(/. Therefore the forev of 148 lbs. at 


the pulley-rim corres[)onds to a force - 

applied tangentially at the crank -pin axis 
as an ordinate upon the tangential dia 


'I'll is may he iilotted 
j,n-;un C, from the base 



M 



line XXi, using the same fon'c s(‘ale. Through the upper 
extremity of this ordinate draw tlu‘ liorizonlal linc^ DE. The 
area between DE and XXi represents tlie work the belt is. 
capable of doing during the working stroke'. During tlie return 
stroke it is capable of doing the same amount of work. But 
this work must now be absorbed in accelerating the ny-wheel. 
Suppose the plunger to be moving in the direction shown by 
the arrow. From E to F the elTort is in excess and the ny-wheel 
is storing energy. From F to G tlie n'sistance is in excess and 
the fly-wheel is giving out energy. The work the (ly-wlieel must 
be capable of giving out with the allowalile reduction of velocity 
is that represented by the area, under the curve aliovc the line 
FG. From G to D, and during the entire return stroke, the 
belt is doing work to accelerate the tly» wheel. Tins work 
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becomes stored kinetic energy in the fly-wheel. Obviously the 
following equation of areas may be written : 

XiEF+XGD^XHKXi^GMF. 

The left-hand member of this equation represents the work 
done by the belt in accelerating the fly-wheel; the right-hand 
member represents the work given out by the fly-wheel to help 
the belt. 

The work in foot-pounds represented by the area GMF 
may be equated with the difference of kinetic energy of the 
fly-wheel at maximum and minimum velocities. To find the 
value of this work: One inch of ordinate on the force diagram 
represents 8520 lbs.; one inch of abscissa represents 0.449 foot. 
Therefore one square inch of area represents 8520 lbs. X0.449' 
= 3825.48 ft. -lbs. The area GMi^=o.4 sq. ins. Therefore 
the work ==3825.48X0.4 = 1530 ft.-lbs. = The difference of 
W 

kinetic energy =1530; W equals the weight of 

the fly-wheel rim. Hence 

^^, 1530X32.2X2 

Assume the mean fly-wheel diameter = 2.5 feet. It will be 
keyed to the pulley-shaft, and will run 300 revolutions per 
minute, = 5 revolutions per second. The maximum velocity 
of fly-wheel rim =71X2.5 X5 =39.27 =1^1. Assume an allowable 
variation of velocity, =5 per cent. Then 7;2 = 37. 27X0.95 = 
373. 1/^2 = 1342.3; i»2 = I 39I-3; = Hence 


TT^_ ^53oX32.2X2 

151 


= 651 lbs. 


There must be 651 -f-o. 26 cu. in. in the rim, =2504. The mean 
circumference =30" X7r = 94.2". Hence the cross-sectional area 
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of rim = 2504 94.2 == 26.6 sc[. ins. The rim may be made 
4.5" X 6". 

The frictional resistance of the machine is nc\<i;Iecle(l. It 
might have been estimated and introduced into the problem as a 
constant resistance. 

191. Steam-engine Fly-wheel.— From given data draw the 
indicator-card as modified by the accelerati(>n of reciprocating 
parts. See page 77 and Fig. 46. From tins and the velocity 
diagram constmet the diagram of tangential driving force, 
Fig. 47. Measure the area of this diagram and draw the e(|uiva- 
lent rectangle on the same base. I'his redan gU^ n^presents the 
energy of the uniform resistance during one stroke; while the 
tangential diagram represents the work done by tlie steam upon 
the crank-pin. The area of the tangential diagram, which 
extends above the rectangle represents the work to be absorbed 
by the fly-wheel with the allowable variation of velocity.* Find 
the value of this in foot-pounds, and (‘(juate it to the expression 
for difference of kinetic energy at maximum and minimum 
velocity. Solve for PF, the weight of lly-wheel. 

192. Stresses in Fly-wheel Rims.—Mathematical analyses 
of the stresses in fly-wheel rims are unsatisfactory. In tlie first 
place, in order to get solutions of reasonable simi)licily it is 
customary to make assumptions which are contrary to the 
actual conditions; and in the second plac'c, no satisfactory 
data exist concerning the strength of cast iron in such heavy 
sections as are used in large engine fly-wheels. An (examination 
of the nature of the stresses, however, will indicate the points 
to be looked out for in design. 

Considering a ring of hollow cylindrical form, comparatively 

* For compound engines and for varying resistances the diagrams should be 
constructed for the complete cycle. For full treatment of the |)roblcm of fly 
wheels for engines driving alternators the reader is referred to the Trans. A. S. 
M. E., Vol. XXII, p. 955, and Vol. XXIV, p. 98. 
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thin radially, it can be shown that, when it is rotated about its 
axis, tension is set up in the ring proportional to the weight of 
the material used and the square of the linear velocity. This 
tension is due solely to the action of “centrifugal force” and is 
termed “centrifugal tension.” 

Consider the half-ring shown in Fig. 190: 

2;== the velocity of the rim in feet per second, 
c = “centrifugal force” per foot of rim; 
jR = radius in feet; 

A =area of rim in square inches; 

P== total tension in rim in pounds; 
jt =unit tensile stress in rim in pounds; 
w = weight of material as represented by a piece i inch 
square and i foot long; 
g =32.2 feet per second per second; 

2P = sum of horizontal components of all the small centri- 
fugal forces cds) 

Each horizontal component = cos 6, which may be written 
cR cos d dOj because ds-=Rdd. 



Fig. 190. 




2P= I ^ cR COS 0 do =2 cR', 


But, 


P = cR. 
Mv- W ifi 

Wv^ 


P = 


g 


W being the weight of one linear foot of iim=wA 
Also, P=ftA-, 

r j „ wAnP 

g 


/. 




g 


MActiiNt: niisk;K\ 


For cast iron, putting y) jo,ooo Ihs., thr uHiinato strength, 
and w^^^o.2()K\2 Ihs., it follows that r .\^\ Uvi per second. 
In otlier words a cast-iron ring will hurst at a s[H‘t‘{l of 454 feet 
per second, hurthcrinorc, an cxaniinat itui of the formula 
shows that for a ring this hursting vtlocity (h’pt'uds not at all 
on the size or shape of the <'ross sialion, hut only on the material 
used as rei>resented hy yi and ’u'. d'his is not entirely true. In 
cylindrical disk, without any hole, the rnaxinuun centrifugal 

tension is at the center, when* J] ^ ^ . h'or a t'ylindrical 


disk with incipient hole, yi 


o.Sj 


K 


luu* tlu‘ derivation of these 


formuke, see khving's S/rm^^ih of Maivrials: also Siodola's Steam 
Turhine^S^ 

This centrifugal tension eauses a eorn‘sp<jnding elongation ol 
the material and tiiend'ore an inenaise in the radius of the ring. A 
free, thin ring of whatever eross sialion eau and does take the new 
radius and the tension on all stslions f pounds |>er square inch 

With the iniroduetion of rigidly fastemsl anus a numl)er oi 
new and vital idements enter itUo the prohkun. An arm of the 
same original li-ngth as the original radius cif the rim wher 
rotated alxnit an axis [H'rpendit ular its inner tsul will alse 
suffer an elongation due to e(’nlrifugal aditm. Hit* aitumnl of thi; 
radial elongation will vary with the fonti t>f the arm, liut in m 
practical case will it amount to as mm h as ont‘ third the 
radial increase* of the ring rotating a! tlu* sanu* speasl. 

To accommodate this diffenmee ilu* arm, if rigidly fasteiicc 
to huh and rim, will he extemiesl lengtlnvise* hy tin* rim and the 
rim will be drawn in, out of its n‘gu!ar t ireular form, l)y the 
arm. The relation hedwetm the* amenmt the arm is drawn oii 
and the amount the* rim is drawn itt is govenusl hy the* proper 
tions of these parts. 


* Sec* alnc), Moss in Trans. A. .S. IVt. K., VoL XXX I V*. 
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The result is that the rim tends to bow out between the arms 
and really become akin to a uniformly loaded continuous beam 
with the dangerous sections midway between the arms and at 
the points of junction of arms and rim. The fallacy of applying 
the ring theory solely to the fly-wheel rim becomes evident at 
once. In a fr ee ring the form of cross-section is immaterial^ as 
the s ection is subjected only to tension. In the rim with arms 
the form of cross-section becomes a vital point, as the rim is 
subjected to flexure as well as tension, and the strength of a 
member to resist flexure depends directly upon the modulus 
of the section. 

In addition to the foregoing stresses, which are induced 
under all conditions, even under the extreme supposition that 
the wheel is rotating at a perfectly uniform rate, there are others 
when the rim is considered as performing its functions — i.e.^ 
in a balance-wheel, absorbing or giving out energy by changes 
of velocity and, in a band-wheel, transmitting the power. 

This may be seen by reference to Fig. 191. A shows the 
relation between rim, arm, and hub when the wheel is at rest 
or rotating uniformly and not transmitting 
any power. B shows the relation when 
work is being done. The arm becomes an 
encastr6 beam and corresponding stresses 
are induced in it. Furthermore, the bend- Fig. 191. 

ing of the arm tends to shorten it radially, thus drawing in the 
outer end, which increases the flexure in the rim. In addition 
to the foregoing there are stresses in the rim due to the weight 
of the wheel, shrinkage, etc., which cannot be eliminated. 

193. Stresses in Arms of Pulleys or Fly-wheels. — The arms 
are principally stressed by the bending moment due to variations 
of velocity of the wheel or to the power transmitted. 

LetMz = the greatest turning moment transmitted in inch- 
pounds ; 
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number of arms; 

/f=safe unit stress in outer liber of arm in pounds ])er 
square inch; 

/ 

— -modulus of section of arm, dimensions in inches. 
c 


Then 

Mt=n}t- may be written and solved for--. 

Having determined upon llu‘ form of cross sialion the dimensions 

can be determined from tliis value of . 

If Mi is unknown the arms can hv made as strong as the shaft 
by equating the twisting strength of the shaft to the bending 
strength of the arms, thus: 


/i— allowable shearing stress in outer liber of shaft, pounds per 
square inch; 

f -radius of shaft in inches; 



__A fty before. 


Fig. X92. 


Consider junction of arm and hub next. (Sec 
Fig. X92.) 

The tendency for the arm to fail through 
flexure on the section A-A may bt* e(|uatt*d to llu* tendency 
for the bolts 2 and 3 to shear off, using i as a iiivot. 

Let ^ -combined shearing areas of 2 and 3, sejuare inches; 
/i, -allowable shearing stress of 2 and 3 in pounds per 
square inch; 

distance between centers i anti 2, and i and 3, in 
inches; 
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ft = allowable stress in outer fiber of arm in pounds per 
square inch; 

— = modulus of arm section, dimensions in inches. 

Then 

AUl-h^, 

which can be solved for A, the desired area. 

If the arm is bolted to the rim a similar method may be em- 
ployed to make the bolts as strong as the arm. 

194. Construction of Fly-wheels. — Since weight is so great 
a factor in fly-wheels it has been common practice to make 
them of that material which combines greatest weight with 
least cost, namely, cast iron. That this is not always safe 
praotice has been conclusively demonstrated by many serious 
accidents. 

Up to 10 feet in diameter the wheels are generally cast 
in a single piece. Occasionally the hub is divided to relieve 
the stress due to cooling. In such cases, supposing the wheel 
to have six arms, the hub is made in three sections, each having 
a pair of arms running to the rim. Since the sections are inde- 
pendent, any pair of arms can adjust itself to the conditions of 
shrinkage without subjecting the other arms to indeterminate 
stresses. The hub sections are separated from each other by 
a space of half an inch or less and this is filled with lead 
or babbitt metal. Then shrink-rings or bolts are used to hold 
the sections together. Sometimes the hub is only split into two 
parts. 

For reasons connected chiefly with transportation, wheels 
from 10 to 15 feet in diameter are cast in two halves which 
are afterwards joined together by flanges and bolts at the rim, 
and shrink-rings or bolts at the hub. 
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In still larger and heavier wluads tlu‘ huh is generally made 
entirely separate from the arms. 'The rim is ma(lc‘ in as many 
segments as there are arms. Somt‘linu‘s tlu' arm is east with 
the segment and sometimes the arms and st\gnumts are cast 
separately. The hub is commonly madt' in the form of a pair 
of disks having a si)ace betwtam tluan to ivvclvv the arms which 
are fastened to them l)y means of ac*euralely lilttal tlirough bolts. 

Unless the wheel is to l,)e a forct‘d fit on its shaft it is best 
to have three e([ually spaec‘d keyways, S(^ that il may hv kept 
accurately centered with the shaft. 

In these large wheels the joints of llu‘ si'gnumts of the rim 
are usually midway between the arms and stiad straps or links 
such as are shown in Kig. are 

heated and dropptsl into rta'cssi's pre- 
viously titled to recidvt* them. As they 
cool, their contraction draws tlu‘ joint together. 'Flaw should 
not, however, be siibjkrted to a very iDvnl initial tension of this 
sort. The form shown at A is most t'ommonly used, 'The links 
are made of high grade stt*el and tludr an‘a is such that tludr ten- 
sile strength etjuals that of llu‘ rediuusl section (jf the rim. The 
areas subjected to shcair and compression must also have this 
strength. 

Taking the nature of the stresst*s into considm’alion it is clear 
that the rim should always be as det‘p ratlially as possible to 
resist the flexure action, also that tlu* arms shoidd 1 k‘ near together. 
Many arms are much bedter than a few and a disk or web is still 
better.* 



Fio. 103, 


The strongest wluad having arms will be om* wliose rim is 
cast in a single piece, while the arms and hubs an* (aist as a, second 
piece. On the inside of tlu* rim then* an* lugs lH*tween which 


* Disk wheels have tlu* further utlvauta^'e of lev* rcHistaiu (' tu the 

air. This may Ixi a considerable item. S<’e (‘uMHier's Mag., Vul. pp. 577 and 
761. 
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the ends of the arms fit so that there is a space of about one 
fourth inch all around. (See Fig. 194.) This space may be 
filled with oakum well driven in. It is clear that the rim in this 
case acts as a free ring and is subjected solely to centrifugal 
tension 

Joints in the rim must always be a source of weakness whether 
located at the end of the arms or midway between arms. 


Tension. 

Rod^ 

Fig. 194. Fig. 195. 

If a flanged joint midway between the arms is used, such as 
is shown in Fig. 195, w'hich is common practice for split band- 
wheels of medium size, the flanges should be deep radially and 
well braced by ribs. The bolts should be as close to the rim 
as possible, and a tension rod should carry the extra stress (due 
to the weight of the heavy joint and its velocity) to the hub. 
Experiments made by Prof. C. H. Benjamin f show that the use 
of such tie-rods increases the strength of the wheel 100 per cent 
over that of a similar wheel without tie-rods. He also found 
that jointed rims are only one fourth as strong as solid rims. 

Probably as strong a form of cast-iron built-up wheel for 
heavy duty as any yet designed is one described by Mr. John 
Fritz, t having a hollow rim and many arms. 

But, at the best, cast iron is an uncertain material to use 
for such tensile and flexure stresses as are induced in a heavy- 
duty fly-wheel, and it is wiser to make such wheels of structural 
steel. A built-up wheel having a disk or web of steel plates and 
a rim of the same material, all joints being carefully ^'broken 
and strongly riveted, is so much better than any built-up cast- 

* See Trans. A. S. M. E., Vol. XX, p. 944, and Vol. XXI, p. 322. 
t Ibid., Vols. XX and XXIII. 
t Ibid., Vol. XXI. 
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iron wheel that the latter are passing out of use. The steel 
wheels can have at least twice the rim velocity of the cast wheels 
with greater safety and may therefore be much lighter for the 
same duty. Their lesser weight makes less pressure on the 
bearings and consequently less friction loss.* 

Plate II shows forms of rim joints for split rim flywheels 
and pulleys which are probably as strong as any that can be 
devised. They arc taken from the American Machinist, Vol. 30. 
It is a mistake, however, to believe that any of tliese joints will 
will give as strong a wheel as one having a solid rim. 

Pulley rims, according to Carl Barth, should liave a mini- 
mum width, jP, equal to times the belt width inch. Their 
thickness is a question of sound castings and avoidance of shrink- 
age stresses rather than of strength which can l)e computed. 
The minimum finished thickness at the edge of pulleys 6 or 8 
inches in diameter may be as little as -J inch, rising to § inch 
for 72 inches diameter. The radial height of crown may l.)e 

— . The diameter of hub may be made twice the lx)re. Six 

32 

arms of elliptical cross-section are most frequently employed, 
the minor axis being about one-half the major. To get the width 
of the arm at the hub, the circumference of the latter is divided 
into as many equal parts as there are arms. The arms are 
tapered in width, about J inch per foot, but may have uniform 
thickness. Generous fillets should be employed where they 
join each other and the hub, as well as where they join the rim. 
Transition from thick to thin sections must be made as gradual 
as possible. For extra width of face two parallel sets of arms 
may be used. 


* For drawings and descriptions of wheels naadc of forged materials the reader 
is referred to Vol. XVII, Trans. A. S. M. E., and Power ^ April 1894, Nov. 1895, 
Jan. 1896, and Nov. 1897. Also, Jones’ Machine Design. 
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CHAPTER XVII. 


TOOTHED WHEELS OR GEARS. 

195. Fundamental Theory of Gear Transmission. — ^Wlien 
toothed wheels are used to communicate motion, the motion 
elements are the tooth surfaces. The contact of these surfaces 
with each other is line contact. Such pairs of motion elements 
are called higher pairs, to distinguish them from lower pairs, 
which are in contact throughout their entire surface. Fig. 196 
shows the simplest toothed- wheel mechanism. There are three 
links, a, b, and c, and therefore three centros, ah, be, and ac. These 
centres must, as heretofore explained, lie in the same straight 
line, ac and ab are the centers of the turning pairs connecting 
c and b to a. It is required to locate be on the line of centers. 

When the gear c is caused to rotate uniformly with a certain 
angular velocity, i.e., at the rate of m revolutions per minute, 
it is required to cause the gear b to rotate uniformly at a rate 
of n revolutions per minute. The angular velocity ratio is there- 

fyi 

fore constant and = — . The centre be is a point on the line of 
n 

centers which has the same linear velocity whether it is con- 
sidered as a point in 6 or c. The linear velocity of this point be 
in & = 27 rRin; and the Unear velocity of the same point in ^: == 27 tR 2 m ; 
in which Ri =radius of be in b, and i?2=radius of be in c. But 
this linear velocity must be the same in both cases, and hence the 
above expressions may be equated thus: 

27zRin = 27cR2in, 
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whence 


Rx 

R2 ^ ’ 


Hence he is located by dividing the line of centers into parts which 
are to each other inversely as the angular velocities of tlie gears. 
Thus, let ah and ac^ Fig. 197, be the centers of a pair of gears 

ni 1 T 

whose angular velocity ratio Draw the line of centers; 

divide it into m-Hn equal parts; m of these from ah toward the 
right, or n from ac toward the left, will locate he. Draw circles 
through hcj with ah and ac as centers. These circles are the 
centrodes of he and arc called pilch circles. It has l;een already 
explained that any motion may be rei)roc!uce(l by rolling the 
centrodes of that motion upon each other without slip|)ing. 




Therefore the motion of gears is the same as that which would 
result from the rolling together of the ])itch circles (or cylinders) 
without slipping. In fact, these pitch cylinders tliemselves 
might be, and sometimes are, uscal for transmitting motion of 
.rotation. Slipping, however, is apt to occur, and hence these 
^Triction-gears” cannot be used if no variation from the given 
velocity ratio is allow’’able. Hence teeth are fonned on the 
wheels which engage with each other, to prevent slipping. 

196. Definitions. — If the pitch circle be divided into as many 
equal parts as there arc teeth in the gear, the arc included between 
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two of these divisions is the circular pitch of the gear. Circular 
pitch may also be defined as the distance on the pitch circle 
occupied by a tooth and a space ; or, otherwise, it is the distance 
on the pitch circle from any point of a tooth to the corresponding 
point in the next tooth. A fractional tooth is impossible, and 
therefore the circular pitch must be such a value that the pitch 
circumference is divisible by it. Let P= circular pitch in inches; 
let D= pitch diameter in inches; iV = number of teeth; then 
TtJD ISfP tzD 

NP^TrD; N = these relations 

any one of the three values, P, D, and iV, may be found if the 
other two are gi\^cn. 

Diametral pitch is the number of teeth per inch of pitch 

N 

diameter. Thus if diametral pitch, p=--^. Multiplying the 

^ TtD ^ N , . ^ ttD iV 

two expressions, P and p together gives Pp ^ =7r. 


Or,' the product of diametral and circular pitch =;r. Circular 
pitch is usually used for large cast gears, and for mortise-gears 
(gears with wooden teeth inserted). Diametral pitch is usually 
used for small cut gears. 

In Fig. 198, b, c, and k are pitch points of the teeth; the arc 
hk is the circular pitch] ah is the /ace of the tooth; bm is the flank 
of the tooth ; the whole curve abm is the proflle of 
the tooth; . 4 .D is the total depth of the tooth; AC 
is the working depth] AB is the addendum] a 
circle through A is the addendum circle. Clear- 
ance is the excess of total depth over working 
depth, =CD. Backlash is the width of space on the pitch line 
minus the width of the tooth on the same line. In cast gears 
whose tooth surfaces are not 'Tooled,” backlash needs to be 



* Sometimes called circumferential pitch. 
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allowed, because of unavoidable imperfections in die surfaces. 
In cut gears, however, it may be reduced almost to zero, and the 
tooth and space, measured on the pitch circle, may be considered 
equal. 

197. Conditions Governing Forms of Teeth.-— Teeth of almost 
any form may be used, and the avera^^c velocity will be right. 
But if the forms are not correct there will be continual variations 
of velocity ratio between a minimum and maximum value. These 
variations arc in many cases unallowable, and in all cases unde- 
sirable. It is necessary therefore to study tooth outlines which 
shall serve for the transmission of a constant velot'ity ratio. 

The centre of relative motion of the' two gears must remain 
in a constant position in order that the velocity ratio shall be 
constant. The essential condition jor constant velocity ratio is^ 
therefore^ that the position of the centro of relative motion of the 
gears shall remain unchanged. If A and lug. t()(), arc tootli 
surfaces in contact at a, their only ])ossibh' nTitive motion, if 
they remain in contact, is slip])ing motion along the tangent CD. 
The centro of this motion miust be in Eh\ a normal to the tooth 
surfaces at the point of contact. If these be supposed to be 
teeth of a pair of gears, h and c, whose re(|uir(‘(l velocity ratio 
is known, and whose centro, hc^ is therefore^ loditt'd, then in 
order that the motion communicated from one gcair to the other 
through the point of contact, a, shall be the rc'ciuirc'd motion, it 
is necessary that the centro of the relative motion of the tectli 
shall coincide with he. 

198. Illustration. — ^In Fig. 200, let ac and ah be centers of 
rotation of bodies h and c, and the required velocity ratio is such 
that the centi'o of h and c falls at be. Contact between b and c 
is at p. The only possible relative motion if these surfaces re- 
main in contact is slipping along CD] hence the centro of this 
motion must be on EF, the normal to the tooth surfaces at the 
point of contact. But it must also be on the same straight line 
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with ac and ab; hence it is at be, and the motion transmitted for 
the instant, at the point p, is the required motion, because its 
centre is at be. But the curves touching at p might be of such 
form that their common normal at p would intersect the line of 
centers at some other point, as K, which would then become the 
centre of the motion of b and e for the instant, and would corre- 
spond to the transmission of a different motion. The essential 
condition to be fulfilled by tooth outlines, in order that a con- 
stant velocity ratio may be maintained, may therefore be stated 
as follows: The tooth outlines must be such that their normal at 
the point oj contaet shall always pass through the centre corre- 
sponding to the required velocity ratio. 


Fig. 199. 



199. Given Tooth Outline to Find Form of Engaging Tooth. 

— ^Having given any curve that will serve for a tooth outline 
in one gear, the corresponding curve may be found in the other 
gear, which will engage with the given curve and transmit a 

constant velocity ratio. Let — be the given velocity ratio. 

n 

wH-M=thc sum of the radii of the two gears. Draw the Hue 
of centers AB, Fig. 201. Let P be the “pitch point,” i.e., the 
point of contact of the pitch circles or the centro of relative 
motion of the two gears. To the right from P lay off a distance 
PB=m; from P toward the left lay off P .4 =w. A and B will 
then be the required centers of the wheels, and the pitch circles 
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may be drawn through P. Let ahc be any given curve on the 
wheel A. It is required to find the curve in B which shall engage 
with ahc to transmit the constant velocity ratio required. A 
normal to the point of contact must ])ass througli. llie centro. 
If, therefore, any point, as be taken in the given curve, and a 
normal to the curve at that point l^e drawn, as aa', then when a 
is the point of contact, a will coincide with P. Also, if cj is a 
normal to the curve at c, then y will coincide with P wlien. c is 
the point of contact between the gears; and since h is in the })itch 
line, it will itself coincide with P when it is the point of contact. 

FlO. 20 T. 



Since the two pitch circles must roll upon eac'h other without 
slipping, it follows that the arc Pa' --arc Pev, arc 7V/- arc Pb^ 
and arc Pf =arc Pj, 

Rotate the point a, about A, through the angle 0, At the 
same time a' rotates backward about B through the angle 0' 
and a and a' coincide at P. Pa" rei)resents the rotated position 
of the normal aa. Rotate Pa" about B through the angle O'] 
P will coincide with a' and a" will locate the point a' of the desired 
tooth outline of gear B. The point // of the desired outline is 
readily located by merely laying off arc Ph' -=arc Ph, 

c' is located by the same method we employed to detcmiinc 
a'. This will give three points in the required curve, and through 
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these the curve may be dravTi. The curve could, of course, be 
more accurately determined by using more points. 

Many curves could be drawn that would not serve for tooth 
outlines; but, given any curve that will serve, the corresponding 
curve m.ay be found. There would be, therefore, almost an 
infinite number of curves that would fulfill the requirements of 
correct tooth outlines. But in practice two kinds of curves are 
found so convenient that they are most commonly, though not 
exclusively, used. They are cycloidal and involute curves. 

200. Cycloidal Tooth Outlines. — It is assumed that the char- 
acter of cycloidal curves and method of drawing them is under- 
stood. 

In Fig. 202, let h and c be the pitch circles of a pair of wheels, 
always in contact at he. Also, let m be the describing circle in 
contact with both at the same point. M is the describing point. 
When one curve rolls upon another, the centre of their relative 
motion is always their point of contact. For, since the motion 
of rolling excludes slipping, the two bodies must be stationaiy, 
relative to each other, at their point of contact; and bodies that 
move relative to each other can have but one such stationary 
point in common — their centro. When, therefore, m rolls in 
or upon h or r, its centro relatively to either is their point of con- 
tact. The point ikf, therefore, must describe curves whose 
direction at any point is at right angles to a line joining that 
point to the point of contact of m with the pitch circles. Suppose 
the two circles h and c to revolve about their centers, being always 
in contact at hc\ suppose m to rotate at the same lime about its 
center, the three circles being always in contact at one point and 
having no slip. The point M will then describe simultaneously 
a curve, 6 ', on the plane of &, and a curve, c', on the plane of c. 
Since M describes the curves simultaneously, it will always be 
the point of contact between them in any position. And since 
the point M moves always at right angles to a line which joins it 
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to he, therefore the normal to the tooth surfaces at their point 
of contact will always |)ass tliroiiejh ln\ and the condition for 
constant velocity ratio transmission is fuhillt‘d. But these curves 
arc precisely the epicyedoid and hypocycloid that would be drawn 
by the point M in the generating cindt*, l)y rolling on tlie out- 
side of h and inside of c. Olndously, tlu^n, the (‘picyidoids and 
hypocyedoids generated in this way, used as ltM)th profiles, will 
transmit a constant velocity ratio. 

This jiroof is inde])endent of thi‘ size of tlie geiuu'ating circle, 
and its diameter may thend'ore t‘(|ual tlu‘ ra<lius of r. Then the 
hypocyedoids generated l)y rolling within c would 1 k‘ straight 
lines coinciding with tlu‘ radius of c. In this case the Hanks 
of the teeth of c become radial lini‘S, and tluu'iddn' the teeth are 
thinner at the base than a.t tlu‘ ])itch Hiu^; for this reason they 
are weaker than if a smaller gi'iuu’ating (dr(d(‘ had bcnai used. All 
tooth curves generated with llu‘ sanu‘ gtaieraling cindc: will work 
together, the jiitch being tht‘ sanu'. It is thereforc‘ iU‘C(‘ssary 
to use the same generating circle for a set of giairs which need 
to interchange.'^ 

The describing cirede may 1)(‘ madt‘ still largiu*. In the first 
case the curves described liave tludr con viwity in llu* sa.mc‘ direction, 
i.e., they lie on the same side of a common tangi'iit. Wlum the 
diameter of the describing cindi* is mad(‘ (*c|ual to the radius 
of c, one curve becomes a straight liiu* tangent to tlu‘ other curve. 
As the describing cirede becomes still larger, tlu‘ curv(\s havt‘ their 
convexity in opposite directions. As the (dnde approximates 
equality with c, the hy])ocy(doid in r grows shortin', and finally 
when the describing circle e([uals c, it bi'C'omt'S a point which is 
the generating ])oint in c, which is now tlu‘ gt‘nera,tin<^ tdndm If 
this point could be replaced by a pin having no sensible diameter, 
it would engage with the ejiicycloid geniu'ated by it in th(‘ other 
gear to transmit a constant velocity ratio. But a pin without 

* Sec § 205. 
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sensible diameter will not serve as a wiieel-tooth, and a proper 
diameter must be assumed, and a new curve laid off to engage 
with it in the other gear. In Fig. 203, AB is the epicycloid gener- 
ated by a point in the circumference of the 
other pitch circle. CD is the new curve \f/ 

drawn tangent to a series of positions of the 
1 in as shown. The pin wall engage with -r 

this curve, CD, and transmit the constant ^ ^ 

v.ilocity ratio as required. In Fig. 202, let it --3 

be supposed that when the three circles rotate 
constantly tangent to each other at the pitch point he, a pencil is 
fastened at the point M in the circumference of the describing 
circle. If this pencil be supposed to mark simultaneously upon 
the planes of b, c, and that of the paper, it will describe upon b 
an epicycloid, on a hypocycloid, and on the plane of the 
paper an arc of the describing circle. Since M is ahvays 
the point of contact of the cycloidal curves (because it gen- 
erates them simultaneously), therefore, in cycloidal gear-teeth, 
the locus or path of the point of contact is an arc of the describ- 
ing circle. The ends of this path in any given case are located 
by the points at which the addendum circles cut the describing 
circles. 

In the cases already considered, where an epicycloid in one 
wheel engages with a hypocycloid in the other, the contact of 
the teeth with each other is all on one side of the line of centers. 
Thus, in Fig. 202, if the motion be reversed, the curves will be 
in contact until M returns to be along the arc MD-bc; but after 
M passes be contact will cease. If c -were the driving-wheel, the 
point of contact would approach the line of centers; if b were the 
driving-wheel the point of contact would recede from the line of 
centers. Experience shows that the latter gives smoother running 
because of better conditions as regards friction between the tooth 
surfaces. It would be desirable, therefore, that the wheel with 
the epicycloidal curves should alw-ays be the driver. But it 
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should be possible to use eitlier wheel as driver to meet tire varying 
conditions in practice. 

Another reason why contact should not be all on one side 
of the line of centers may l)e explained as follows: 

201. Definitions: Pitch-arc, Arc of Action, Line of Pressure. 
—The angle through which a gear whecd turns while one of its 
teeth is in contact with the corresponding tooth in the other gear 
is called the angle of action. It is found by drawing radial lines 
from the center to the pitch ('irck‘ at the two tooth [lositions cor- 
responding to the beginning and end of engagcamait. The arc of 
the pitch circle corresponding to the angle of action is ('ailed the 
arc of action. 

The arc of action must be greater than the piti'h an' ” (the arc 
of the pitch circ'Ie that includes out' tooth and one spat'c), or else 
contact will cease between one pair of t(‘eth before it begins between 
the next pair, ('onstrainment would tluu’t'fon* not b(‘ (‘ompletc, 
and irregular velocity ratio with noisy ac'tion would result. 

In Fig. 204, let AB and CD be tlu' pitch t'irck's of a. ])air of 
gears and E the describing ('irt'kn L(‘t an arc of action he laid 
off on each of the circkvs from /^as Pa, P(\ and P(\ Through 
c, about the center 0, draw an add(‘ndum circle; /.c., th'‘ circle 
which limits the points of the teeth. Sinct' tlu‘ cinde E is the 
path of the j)oint of ('ontact, and tin* addiauluin circle 

limits the points of the teeth, their inttu’scH'tio!!, r, is the point at 
which contact ceases, rotation bt‘ing as indicat(‘d Iw the arrow. 
If the pitch arc just e<iuals tht‘ assumed an' of ac’lion, contact 
will be just beginning at P when it ca^ast's at c; but if tlu‘ i)itch 
arc be greater than the arc of ac'tion, cotUatt will not l)egin at 
P till after it has ('eased at c, and tlu*n‘ will bt* an interval when 
AB will not drive CD. The gnaitm* tlu‘ arc cd action tiu‘ greater 
the distance of e from P on thc‘ t'irt'umfcTtau't' of the describing 
circle. The direction of pressure betweant tin* tta'lh is always 
a normal to the tooth surface, and this always jKisses through 
xhe pitch point; therefore the greater the arc of actiem— Le., 
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the greater the distance of e from P — the greater the obliquity 
of the line of pressure. The pressure may be resolved into two 
components, one at right angles to the line of centers and the 
other parallel to it. The first is resisted by the teeth of the follower- 
wheel, and is effective to produce the desired rotation, while the 
second tends to crowd the journals apart, and therefore produces 
pressure with resulting friction. Hence it follows that the greater 
the arc of action the greater will be the average obliquity of 
the line of pressure, and therefore the greater the component 
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of the pressure that produces wasteful friction. If it can be 
arranged so that the arc of action shall be partly on each 
side of the line of centers, the arc of action may be made 
greater than the pitch arc (usually equal to about times 
the pitch arc); then the obliquity of the pressure-line may 
be kept within reasonable limits, contact between the teeth 
will be insured in all positions, and either wheel may be the 
driver. This is accomplished by using two describing circles as 
in Fig. 205. Suppose the four circles A, B, a, and /? to roll con^ 
stantly tangent at P. a will describe an epicycloid on the plane 
of B, and a hypocycloid on the plane of A. These curves wall 
engage with each other to drive correctly. ^ will describe an 
epicycloid on JL, and a hypocycloid on B. These curves will 
engage, also, to drive correctly. If the epicycloid and hypocycloid 
in each gear be drawn through the same point on the pitch circle, 
a double curve tooth outline will be located, and one curve wiU 
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engage on one side of the line ot (‘I'nlt/rs and tlu‘ other on the 
other side. If A drivt'S as inditaited by the arrow, c'ontact will 
begin at D, and the point of eontael will fe)llow an arc of a to P, 
and then an arc of ^ to C. 

202. Involute Tooth Outlines. — ^If a string is wound around a 
cylinder and a pencil i>oint attached to its t‘nd, this point will 
trace an involute on a plane normal to tlu‘ axis of the cylinder 
as the string is unwound from tlu‘ cylimhu*. Or, if the point 
be constrained to follow a tangnsit to tlu‘ cylimha*, and the string 
be unwound by rotating the cylindt‘r about its axis, the point 
will trace an involute on a plant' that rotatt's with tlu' cylinder. 

IlluslnUlon.—Lci tr. Fig. eob, bt* a. circular picct' of wood free 
to rotate al)oul C; is a circular pita'c of cardboard made fast 
to a; AB is a straight t'dgt' ludd on the t'ircumft'rt'iu'e of a, 
having a pencil point at B. As /> moves along the straight-edge 
to A, a and fi rotate about C, and H trat'cs ait involutt* I)B upon 
/ 3 , the relative motion of the tracing point and d being just the 
same as if the string had Ihh'U simply unwound from a fixed. 
If the tracing point is caused to return ahnig tlu‘ straight-edge 
it will trace the involute Bl) in a reverse direct it)n. 



The cenlro of the tracing point is always t!u* point of tan- 
gcncy of the string with llu' cylimltT; tlierefon* tin* string, or 
straight-edge, in Fig. 208, is always at rigid angles to the direc- 
tion of motion of the tracing point, and heru'c is always a normal 
to the involute curve. Let o' and H, lug. 207, Ik* two bast^ cylin- 
ders; let AB be a cord wound upon a and and j>assing tlirough 
the centre P, which corresponds to tlu* recfuired vt‘k)city ratio. 
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Let a and /? be supposed to rotate so that the cord is wound from 
upon a. Then any point in the cord will move from A toward 
5 , and, if it be a tracing-point, will trace an involute of a on the 
plane of a (extended beyond the base cylinder) , and will also trace 
an involute of /? upon the plane of /?. These two involutes will 
serve for tooth profiles for the transmission of the required con- 
stant velocity ratio, because AB is the constant normal to both 
curves at their point of -contact, and it passes through P, the 
centro corresponding to the required velocity ratio. Hence the 
necessary condition is fulfilled. The pitch circles will have OF 
and O'P as their respective radii. 

Since a point in the line AB describes the two involute curves 
simultaneously, the point of contact of the curves is always in 
the line AB. And hence AB is the path of the point of contact. 
In any given case the two ends of the path he at the intersections 
of the addendum circles with AB. Should either addendum 
circle intersect the line of action outside of the portion lying 
between A and P, interference ” takes place. In such cases 
the addendum may be shortened or the profile of the tooth- 
point modified from the true involute. 

To avoid interference, the allowable length of addendum 
in any case (conversely, the least number of teeth of pinion) 
may be computed by Bach’s formula: 



a2 == addendum of gear-tooth 


commonly ~ = — Y 

P TT / 


inches; 


iVi = number of teeth of pinion; 
iV2 = number of teeth of gear (= oo for rack) ; 
a = angle between line of action and line of centers; 

P== circular pitch, inches. 

One of the advantages of involute curves for tooth profiles 
is that a change in distance between centers of the gears does 
not interfere with the transmission of a constant velocity ratio. 
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This may be proved as follows: in ao;, from similar triangles 

that, is, tlu‘ ratio of the radii eh' tlu' base eireles 

sections of the ba'se cylinders) is c‘(|ual to tht‘ ratio of the radii of 
the pitch circles. This ratio e(|iials tlu‘ inverse ratio of angular 
velocities of the gcairs, Suppost* now that O and (V ))e moved 
nearer together; tlu‘ pitch cin-Ies will 1 h‘ smaller, Imt the ratio 
of their radii must he lajual to th(‘ unchangi'd ratio of the 
radii of the l)ase tartdes, and tlunadon* tin* vtdoeity ratio nunains 
unchanged. Also the involute (Uirves, sinct* they are generated 
from the siime base cylinders, will Ik* the sanu* as Indore, and 
therefore, with the same tooth outlines, tlu* sanu* eo istant veloc'ity 
ratio will be transmitter! as before. 

203. Racks. A nitdv is a whetd wlu^se piteh radius is iiillnite* 

its pitch circle, theri'fore, becomes a strai‘du line, ami is tangimt 
to the pitch circle of tlu* wIuh-I, or pinion/t: vviih whicli the rack 
engages. The line of centers is a n(»rmal to ilu* pitt h lim* of the 
rack, through the cemter c^f tlu* pitt h i in le i»f the pinitiu. ddie 
pitch of the rac'k is detc'rmined by laying (df tlu* i irrular pitch 
of the engaging whetd on tlu* pitt !i lim* of the rack. 'Flu* curves 
of the cycloidal ratde teeth, like those cd' whetds td’ liuitt* radius, 
may be generated by a point in the eiivumfenaun id' a t in le which 
rolls on the pitch cinde. Siium, however, tlu* pif< h t in It* is iu)w 
a straight line, the tooth curves will In* vsrhmh, both for llardcs 
and fac'cs. in Fig, 208, AB is the piu h t in le <d' the pinion atul 
CD is the pitch line of tlu* rin k; a and h an* tlest ribim.^ cirrlt*s. 
Suppose, as before, that all nune witluatt slippiiij^ and are con- 
stantly tangent at 1 \ A point in the <*ir(iunfen*mv of a will then 
describe simultaneously a cycloid on CD^ and a hypocycloid 
within AB, I lu‘se will Ih* (tjrrtad tendh outlines. Also, a point 
in the circumference of h will dtsc ribe a ( va loitl (7A and an 
epicycloid on AB, These will bt* (amren t tootlt cHitliru*s. To 

Pinion is a word lo denote a gear having a hiw nutiiher of teeth, or the iOMiller 
one of a pair of engaging gear.s. 
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find the path of the point of contact, draw the addendum circle 
EF of the pinion, and the addendum line GH of the rack. When 



Fig. 208. Fig. 209. 


follow arcs of the describing circles through P to K, It is ob- 
vious that a rack cannot be used where rotation is continuous in 
one direction, but only where motion is reversed. 

Involute curves may also be used for the outlines of rack 
teeth. Let CD and C'D', Fig. 209, be the pitch lines. When it 
is required to generate involute curves for tooth outlines, for a 
pair of gears of finite radius, a line is drawn through the pitch 
point at a given angle to the line of centers (usually 75°) ; this 
line is the path of the point which generates two involutes simul- 
taneously, and therefore the path of the point of contact between 
the tooth curves. It is also the common tangent to the two base 
circles, which may now be drawn and used for the describing of 
the involutes. To apply this to the case of a rack and pinion, 
draw EFj Fig. 209, making the desired angle with the line of 
centers, OP. The base circles must be drawm tangent to this 
line; AB will therefore be the base circle for the pinion. But 
the base circle in the rack has an infinite radius, and a circle of 
infinite radius drawn tangent to EF would be a straight line 
coincident with EF. Therefore EF is the base line of the rack. 
But an involute to a base circle of infinite radius is a straight 
line normal to the circumference — in this case a straight line per- 
pendicular to EF. Therefore the tooth profiles of a rack in the 
involute system will always be straight lines perpendicular to the 
path of the describing point, and passing through the pitch points. 
If, in Fig. 209, the pinion move clockwise and drive the rack, the 
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contact will begin at M, the intc'rseelion of the* luldendum line 
of the rack Gil, and the padi of (he point of eontacl RF, and 
will follow the line FF through P ((' the point where FF cuts the 
addendum circle TAI of (he i)inion. 

204. Annular Gears.— Both ceiitiTS of a pair of gears may be 
on the same side of the pitch i)oin(. 'This arrangement corre- 
sponds to what is known as an annular gear and pinion. Thus, 
in Fig. 210, /If? and C/i> are the pitch circles, and their centers 



Fu;. 210. 211. 


tali rotation between AB and CP, AH will bt^ an ordinary 
spur pinion, but it is obvious that CD birotnc's a ring of metal 
with teeth on the insi(U‘, i.e., it is an annuhir gtsir. In (his ra.se 
a and /9 nuiy be de.scril)ing cirrk‘S for ryt'loidal ti‘eth, and a point 
in the circumference of a will di'scnlx^ liyptH'veloids simultaneously 
on the planes of AB and CP; and a point in the (arriiinference 
of /? will describe e])ieycIoids simultaiu‘ously on the [>Luu‘S of . 4 i 3 
and CD. These will engage to transmit a ('onstant velocity 
ratio. Obviously the space insi<lc‘ of an annular gear ('orresponds 
to a spungear of tlie .same pitch and pitcli diattK^tm-, with tooth 
curves drawn with the same descTil)ing cirede. Lt't KF and (//I, 
Fig. 210, be the addendum circles. If the pinion move clockwise 
driving the annular gear, the jjath of tlu* point of camtact will be 
from e along the circumference of n tt) I\ and from P along the 
circumference of [I to K, 

The construction of involute teeth for an annular gear and 
pinion involves exactly the same principles as in tlu* case of a 
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pair of spur-gears. The only difference of detail is that the 
describing point is in the tangent to the base circles produced 
instead of being between the points of tangency. Let O and 0 ‘\, 
Fig. 21 1, be the centers, and AB and IJ the pitch circles of an 
annular gear and pinion. Through P, the point of tangency of 
the pitch circles, draw the path of the point of contact at the given 
angle with the line of centers. With O and O' as centers draw 
tangent circles to this line. These will be the involute base 
circles. Let the tangent be replaced by a cord, made fast, say, 
at iT', winding on the circumference of the base circle Ci?', to O, 
and then around the base circle FE iir the direction of the arrow, 
and passing over the pulley G, which holds it in line with PB, 
If rotation be supposed to occur with the two pitch circles always 
tangent at P without slipping, any point in the cord beyond P 
toward G will describe an involute on the plane IJ, and another 
on the plane of AB. These will be the correct involute tooth 
profiles required. Draw NQ and LM, the addendum circles. 
Then if the pinion move clockwise, driving the annular gear, 
the point of contact starts from e and moves along the line GH 
through P to K. 

AWien a pair of spur-gears mesh with each other, the direction 
of rotation is reversed. But an annular gear and pinion meshing 
together rotate in the same direction. 

205. Interchangeable Sets of Gears. — In practice it is desirable 
to have “interchangeable sets” of gears; i.e., sets in which any 
gear will “mesh ” correctly with any other, from the smallest 
pinion to the rack, and in which, except for limiting conditions 
of size, any spur-gear will mesh with any annular gear. Inter- 
changeable sets may be made in either the cycloidal or involute 
system. A necessary condition in any set is that the pitch shall 
he constant^ because the thickness of tooth on the pitch line must 
always equal the width of the space (less backlash). If this 
condition is unfulfilled they cannot engage, whatever the form 
of the tooth outlines. 
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The second condition for an interchangealdc set in the cycloi. 
dal system is that the size of the dcscrihuii^ circle shall be constanL 
If the diameter of the describing circle e(iuals the radius of the 
smallest pinion’s pitch circle, the Hanks of this pinion's teeth will 
be radial lines, and the tooth will therefore be thitiiuu* at llie l)asc 
than at the pitch line. As the gears inc'rease in sizt‘ with this 
constant size of describing circle, the teeth grow thic'ker at the 
base; hence the weakest teeth arc those of the smallest pinion. 

It is found iinadvisable to make a |)ini()n with It‘ss than twelve 
teeth. If the radius of a fiftecai tooth pinion he stHeded for the 
diameter of the describing circle, the Hanks which bound a s])ace 
in a twelve-tooth {)inion will l)e vtuy nearly parallel, and may 
therefore be cut with a milling-cutter. This would not be possi- 
ble if the describing circle were made larger, caiusing tlu‘ space 
to become wider at the bottom than at tlie pitch circle. There- 
fore the maximum describing circle for milk'd gi'ars is one whose 
diameter equals tlie pitch radius of a fiftei'n- tooth pinion and 
it is the one usually selected. ICach change' in llu' numlK'r of 
teeth with constant pitch cause's a change' in tlu' sizt' of the [)itch 
circle. Hence the form of the tooth outline, gt'neratt'd by a 
describing circle of cemstant diameter, also changes. For any 
pitch, therefore, a separate cutti'r would be reciuirt'd corre'sponding 
to every number of teeth, to insure absolute ae'curaey. IVacti- 
cally, however, this is not necessary. Tlu' ciiangt* in the form 
of tooth outline is much greater in a small gt'ar, for any increase 
in the number of teeth, than in a large one. It is foiinti that 
twenty-four cutters will cut all possible gears (d llu* same ])itch 
with suflicient practical accuracy. Tlu* range* of tlu'se cutters 
is indicated in the following table, taken from Brown and Shar[)e’s 
“Treatise on Gearing.” 

These same principles of interchangc'ablc sets of gears with cy- 
cloidal tooth outlines apjHy not only to small milled g(*ars as above, 
but also to large cast gears with tooled or untook*cl tooth surfaces. 
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Table XXXI. 


Glitter A cuts 

12 teeth 

Cutter M cuts 

27 to 

29 teeth 

.. B ‘‘ 

13 

cc Br 

30 “ 

33 “ 

tc ^ n 

14 

cc 0 

34 ‘‘ 

37 

cc J) .. 

15 ‘‘ 

cc p cc 

38“ 

42 

cc E cc 

16 ‘ ‘ 

cc Q CC 

43 “ 

49 

.. B - 

17 ‘‘ 

cc p cc 

50 “ 

59 '' 

.. G ‘‘ 

18 

cc 5 cc 

60 “ 

74 “ 

H ‘‘ 

19 

cc p cc 

75 “ 

99 

“ I 

20 ‘ . 

cc u - 

100 ‘‘ 

149 

.. J .. 

21 to 22 teeth 

cc y cc 

150 “ 249 

cc b: 

23 24 

w 

250 “ 

rack 

cc L ‘‘ 

25 '' 26 “ 

cc X 

rack 



206. Interchangeable Involute Gears. — In the involute system 
the second condition of interchangeability is that the angle between 
the common tangent to the base circles and the line of centers shall 
he constant. This may be shown as follows: Draw the line of 
centers, AB^ Fig. 212. Through P, the assumed pitch point, 
draw CD, and let it be the constant common tangent to all base 


A 



circles from which involute tooth curves are to be drawn. Draw 
any pair of pitch circles tangent at P, with their centers in the 
line AB. About these centers draw circles tangent to CD; these 
are base circles, and CD may represent a cord that winds from 
one upon the other. A point in this cord will generate simul- 
taneously involutes that will engage for the transmission of a con- 
stant velocity ratio. But this is true of any pair of circles that 
have their centers in AB, and are tangent to CD. Therefore, 
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if the pitch is constant, any pair of gears that have the base circles 
tangent to the line CD will mesh together properly. As in the 
cycloidal gears, the involute tooth curves vary with a variation 
in the number of teeth, and, for al)solute theoretical accuracy, 
there would be required for each pitch as many cutters as there 
are gears with different numl)ers of teeth. The variation is 
least at the pitch line, and increases with the distance from it. 
The involute teeth are usually used for the finer i)itches and the 
cycloidal teeth for the coarser pitclies; and since the amount that 
the tooth surface extends beyond the ])itcli line increases with the 
pitch, it follows that the variation in form of tooth curves is 
greater in the coarse pitch cycloidal gears than in the fine pitch 
involute gears. For this reason, with involute gears, it is only 
necessary to use eight cutters for t'acli pilcli. Tlie range is shown 
in the following table, which is also taken from Brown and Sharpens 
^‘Treatise on Gearing’’: 

Tahlic XXXII. 

No. I will c.ut wluH'ls from ccS n> rat'ks 


2 ‘ 

< ( 

t e 

“ 55 ‘ 

134 

3 ^ 

( i 

( t 

35 ' 

54 

- 4 ‘ 

it 

< t 

“ 2C> ‘ 

* ‘ 34 

‘‘ 5 ' 

< ( 

1 1 

' ‘ 2 1 ^ 

25 

6 ‘ 

*• 

( ( 

- 17 ‘ 

' ‘ 20 

7 C 

( ( < 


14 ‘ 

“ lO 

“ 8 ‘ 

C it 

C ( 

‘ 12 * 

‘ “ 13 


207. Laying Out Gear-teeth. — /iwn*/ and Approximate 
Methods . — ^There is ordinarily no reason why an c^xact method 
for laying out cycloidal or involute curves for tootfi outlines should 
not be used, either for large gears or gear patttTns, or in making 
drawings. It is required to lay out a, cy(doidal gear. The pitch, 
and diameters of pitch circle and describing cdrcle are given. 

Draw the pitch circle on the drawing-pai)er, using a fine line. 
On a flat piece of tracing-cloth or thin, transparent celluloid draw 
a circle the size of the generating circle. Use a fine, clear line. 
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Place it over the drawn pitch circle so that it is tangent to the 
latter at P as shown in Fig. 213. AB is an arc of the pitch circle. 

Insert a needle point at P, and using it as a pivot swing the 
tracing-cloth in the direction of the arrow a very short distance, 
so that the generating circle cuts the pitch circle at a new point 



Fig. 213. Fig. 214. Fig. 215. Fig. 216. 


to P. Insert a needle point at Q, remove the one at P, and swing 
the cloth, about (2 a pivot, in the direction of the arrow until 
the two circles are tangent at Q. (See Fig. 215.) The point P 
of the tracing-cloth now lies off the pitch circle a short distance. 
With a needle point prick its present position through to the 
drawing-paper. Now with Q as a pivot rotate the tracing-cloth 
until the two circles intersect at a point R slightly beyond Q. 
Insert needle at R and remove the one at Q. Swing tracing- 
cloth about R until R becomes the point of tangency of the two 
circles and then prick the new position of P through to the drawing- 
paper. Taking points very near together and repeating the 
operation gives a close approximation to true rolling of the gen- 
erating circle on the pitch circle and therefore the path of the 
point P as marked on the drawing-paper by pricked points is an 
epicycloid and may be used for the face of the tooth. 

Next place the tracing-cloth on the inside of the pitch circle, 
as shown in Fig. 216, with the generating circle tangent to the 
pitch circle at the original point P. Using the method just 
described to prevent slipping, roll the generating circle, in the 
direction of the arrow, on the pitch circle and the path traced 
by P as marked by pricked points on the drawing-paper will be 
a hypocycloid for the flank of the tooth. 
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Mjuiish: nasiGN, 


The comiKmnd curve alH), Fii*;, ji;, has now })een traced 
which forms the l)iisis of the rompK‘!tHl tooth outliiua 

AB is an are of the pitch cindt* whose ctailtn' is at (). With 
O as center, swin|jj in the achhauliun circli* ID aiu\ the full 
depth circle EB\ according to tlu‘ proportions givi^n in § 208. 
With a radius e({ual to jh of tlu‘ circular pilch draw the fillet 
cd tangent to EF and aPb, d'he coin{>lt‘tt*d tooth [irolile is the 
curve edPe. 

Cut a wooden templati' to fit tlu‘ tooth curv(% and make it 
fast to a wooden arm free to rotatt* about O, making the edge of 
the template coincide with cdPc, It may now ht* swung succes- 
sively to the other pitch iioints, atui the tooth outline mav 1 h‘ drawn 
by the template edgm d'his giv(‘s oiU‘ side of all of tin* teeth. 
The arm may now be turned ovm* and the other sides of the 
teeth may be drawn similarly. 




It is required to lay out exact involutt* tetdh. 'Fhe pilch, 
pitch-circle diameter, and angle of iht* common ttingent are 
given.— Draw the jiitch circle AB, lug. 21H, and tlic* line of 
centers 00'. Through the pitch point /Nlraw ( 7), the common 
tangent to the base circles, making the angle /? with the line of 
centers. Draw the base circle F,F al)0ut O langtaU to Cl). 

On a piece of flat tracing-cloth draw a line, clear, straight line 
and lay the tracing-cloth over the drawing so that this line coin- 
cides with CD. Take a needle point and in.sert it at the point 
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of tangency Q. With another needle, mark the point P on the 
tracing-cloth. Now, employing a pair of needle points to pre- 
vent slipping, roll the traced line on the base circle EF^ prick- 
ing the path, aPh^ of the point P of the tracing-cloth through to 
the drawing-paper. This path is the involute of the base circle 
and is the basis of the involute tooth outline. To complete the 
latter proceed as follows: Draw the addendum circle GH and 
the full-depth circle JK. In general JK will lie inside of the 
base circle EF and it will be necessary to extend the tooth outline 
inward beyond a. About O swing a circle whose diameter equals 
one half the circular pitch and draw ac tangent to it. With a 
radius equal to of the circular pitch swing in the fillet de tan- 
gent to JK and ac. deaPj is the completed outline. If the 
gear has 20 teeth or less ac should be made a radial line. If 
EF lies inside of JK we draw the fillet tangent to JK and aP.* 
208. Gear Proportions. — The following formulas and table 
are given to assist in the practical proportioning of gears : 

Let D = pitch diameter; 

jDi = outside diameter; 

1)2 '-= diameter of a circle through the bottom of spaces; 

P =circular pitch = space on the pitch circle occupied by 
a tooth and a space ; 

p = diametral pitch =number of teeth per inch of pitch- 
circle diameter; 

N = number of teeth; 
t = thickness of tooth on pitch line; 
a = addendum; 


* Approximate tooth outlines may be drawn by the use of instruments, such 
as the Willis odontograph, which locates the centers of approximate circular arcs; 
the templet odontograph, invented by Prof. S. W. Robinson; or by some geomet- 
rical or tabular method for the location of the centers of approximate circular 
arcs. For descriptions, see “Elements of Mechanism,’' Willis; “Kinematics,’’ 
McCord; “Teeth of Gears,” George B. Grant; “Treatise on Gearing,” pub- 
lished by Brown and Sharpe. 
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c = clearance; 

d =workinp; (lei)th of siiaces; 
di =full depth of spaces. 


Then 


77, ^ Ih n .:(« I c); 


/); 


n - 


p.\ 


P ; n ^ : .V /)/;; 

/. /■/. 

r ~ P - 
p--p ] /' I , no liacklasli; 

• , ■; Jf/; ^/i \ c; a ^ iiu'hcs. 

,10 20 p20 p 


The following dimensions art' givtai as a gui(lt‘; they may be 
varied as conditions of design napiirc: Widtli of faiH‘ about 3P; 
thickness of rim 1.25/; tliickiu'ss of amis 1.25/, no taiier. 
The rim, may be reinforced by a rib, as shown in 2 1 {). Diam- 
eter of hub 2 Xdiameler of shaft. Length of hub width of 
facc + .y'; width of arm at junction with huh ,1 cinaunfiTence 
of the hub for six arms. M(d<t‘ arms taper about per foot on 
each side. 


Taiu.k XXX hi. 


Diametral 

Pitch. 

Circular Pitch. 

'riiicktich; « tl 
Tt'uth <ni the 
Pitch hint*. 

lliaturtral 

Ihich. 

1‘ifvtilat’ Pitt h, 

Thicknc.»»s of 
'rutith nil the 
Pitch Line. 

P 

/' 

t 

/• 

/* 

t 

i 

6.283 

3. t.n 

.ii 

.8ti7 

.440 

5 

4. i8t) 

2.004 

4 

.7S4 

•363 

I 

3. r4i 
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5 
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li 
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i 

f» 
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7 
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.224 

li 
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8 
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2 
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.785 

P 
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.174 

2i 
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.0()8 
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.K 7 

2i 
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.131 
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209. Strength of Gear-teeth. — ^The maximum work trans- 
mitted by a shaft per unit time may usually be accurately estimated ; 
and, if the rate of rotation is known, the torsional moment may 
be found. Let O, Fig. 220, represent the axis of a shaft perpen- 
dicular to the paper. Let A = maximum work to be transmitted 
per minute; let iV == revolutions per minute; let Fr = torsional 
moment. Then F is the force factor of the work transmitted, 
and 27 :rN is the space factor of the work transmitted. Hence 

A 

2 F 7 zrN =A^ and Fr = torsional moment = — 

270 N 

If the work is to be transmitted to another shaft by means of 
a spur-gear whose radius is ri, then for equilibrium F‘iri=Fr, 
Fr 

and Fi =— . Fi is the force at the pitch surface of the gear 

whose radius is fi, i.e.j it is the force to be sustained by the gear- 
teeth. Hence, in general, the force sustained by the teeth of a gear 
equals the torsional moment divided by the pitch radius of the gear. 

When the maximum force to be sustained is known the teeth 
may be given proper proportions. The dimensions upon which 
the tooth depends for strength are : Thickness of tooth = /, width 
of face of gear = 6, and depth of space between teeth =Z. These 
all become known when the pitch is known, because t is fixed for 
any pitch, and I and b have values dictated by good practice. 
The value of b may be varied through quite a range to meet the 
requirements of any special case. 

In computations for strength the tooth is treated as a canti- 
lever. It has been customary to consider that the entire load 
is borne by a single tooth {i.e., that there is contact between only 
one pair of teeth), the point of application being the extreme 
end of the tooth, and the direction of the acting force being 

normal to the tooth profile at that point. This assumes that 

the arc of action is no greater than the pitch arc, which may 

be true of a pair of gears having a low number of teeth; but 
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in all cases in which the arc of action exceeds tlie pitc'h arc the 
force is borne by several pairs of teeth in siniultaiuHxis engage- 
ment, and to consider it l)orne by a single paii leads to an excess 
of strength. This is of course an assumption on the safe side. 
Experimentally determined coehlcients to (otita't tor the ratio of 
the arc of action to the pitch art' will be foumi in 'Pabh^ XXXVIII. 
It is also assumed that the load is uniformly distributed across 
the face of the tooth. This is a safe assumption if the width of 
face, h, does not exceed lliret^ times the ciirular i>itch, /.c., 3P, and 
if the gears are well aligned and rie;itlly su|)pt>r{t‘d. All tialh of 
the same pitch have not the saint' form, as was t'Xplained in the 
discussion ol intertEangt'ablt' gt'ars, and theielon* they \'ary in 
strength. The fewer tiH'lh tlu‘ ihiimer they will be at tlu'ir base 
and consequently the weakt'i* they will be when atling as canti- 
levers. 



Mr. Wilfred Lt'wis * has drawn a number of figures on a 
large scale to r<‘pn*.sent very act urately the ledli cut by eoniplete 
sets of cutlers of the 15^^ invtdute, tin* jd' invidute. and the evtdoidal 
.systems. In the latter lie used a rolling t in !e liaviiii^ a diameter 
equal to the raxlius the la to(j|h pinion, dlie ]>r{»porti(ms 
of the U*eth used in liis in vest ignition are - ligjilly dillerenf from 
those given aliove whit h eorrt's|H»Md fo tin- liroun ami Shaqic 
system, Init no serious ernu's ulll result Iroin applving ihr formulas 
derived by him, llis reastaiing was as bdlow.s (see Fig. 2Ji): 


* PriKS nhilu. Kng. Chih, and Xmvt M.i* It.. .Msv 4 4 ipI Jitiir iHqj. 
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The greatest stress in the tooth occurs when the load is applied 
at the end of the tooth as indicated by the arrow at a, its direction 
of action being norm.al to the profile at a. The component of 
this force, which is effective to produce rotation of the gear, equals 
F and is called the working force. 

This load is applied at b and induces a transverse stress in 
the tooth. To determine where the tooth is weakest advantage 
is taken of the fact that any parabola in the axis be and tangent to 
bF incloses a beam of uniform strength. Of all the parabolas 
that may thus be drawn one only will be tangent to the tooth form 
(as shown by the dotted line in the figure) and the weakest sec- 
tion of the tooth will be that through the points of tangency c 
and d. Having determined the weakest section in each case, Mr. 
Lewis developed the following general formulae from the data so 
obtained : 

For 15® involute and the cycloidal system, using a rolling 
circle whose diameter equals the radius of the 12-tooth pinion, 

R-fPb(o.i24-^y 

For the 20® involute system. 

.jP= working force in pounds; 

/ = safe allowable unit stress in pounds per square inch; 

P= circular pitch in inches; 
b = width of face of gear in inches; 

N = number of teeth in the gear. 

* For the cycloidal system, using a rolling circle whose diameter equals the 
radius of the is-tooth pinion, 

F=fPb 

(Trans. A. S. M. E., Vol. XVIII, p. 776.) 


/ o .678\ 

(^0.106-— j. 
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Experimental data fixing the value oi J for diiterent materials 
and velocities have been lacking. 

Experiments made at' Stanford University* lead to the fol- 
lowing equation for 14.U standard, involutca ('ast iron, cut gears: 


K 


0.154 



V(X. 


i^ = safc working load at pitch line, in [lounds; 

/ft = modulus of rupture in Ilexure 
= 36,000 lbs. i)ers([uare ini‘h for exist iron; 

P = circular pitch, iru'hes; 

& = width of face, iiK'hes; 
if == factor of safety 

■ =4 for uniform stress in one direction only 
= 6 for suddenly applii‘d loads, one direction only 
= 8 for shocks and revi'rsals of stress; 
velocity coetlit'ient from 'fable XXX 1\“ 
a = arc of action coellicient from 'fable XXXV; 
iV = number of :eeth in gear. 


Table XXXIV.- (’okfciciknts, 14 f* Involctk ('iKarb. 


Pitch velocity in feet 

per minute 

Coetricienl, v 


o 1 looj .*00 aotJ 4WC %t:m 
i . oo;o . Solo . 74 o . ( S ri4^u Co o 

I I i . 1 . 


750 iCKKj I ,*50i 1 5cx)i 1 750 2000 
4 K 500.4skc4.CO.41 0.40 


I 


Table XXXV.- Awe* of Action C’caaFicaEMf;, 145 ' Involctc Ckars. 


.r, Arc of action 
Ratio: - 

PiU'h arc 

Coellicient, a. 


■i ..4 

I i 1.05 


I . (» ^1.7 I . H 

I. to I I. 15 , 1.24 


I p ^ 1.05 , 2,00 2.20 
1 ..cH , 1.47 , 1 ,60 1 4)0 


* The. SIrrnsIh of Cmr Teeth, C. 11. Marx, Tran,. A. .S. M. K., 1912 ; and 
G. H. Marx and L. K. Cutter, Trains. .\.S.,M.K, ims. 
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For 20° involute, stub-tooth, cast-iron, cut gears the same 
investigation yielded the formula : 

mi 


F= 


K 


0-278 


The values of v arxd a to be used in this equation are given in 
Tables XXXVI and XXXVII. 


Table XXXVI. — Velocity Coefficients, 20° Involute, Stub-tooth Gears. 


Pitch vel., ft. per 
min 

0 

100 

200 

300 

. 400 

500 

750 

1000 

1250 

1500 

1750 

2000 

Coefficient, v 

1 ,00 

0 

00 

Ox 

0.76 

0. 71 

0.67 

0.64 

0-59 

0-55 

0.52 

0.50 

0-47 

0.45 


Table XXXVII. — Arc of Action Coefficients, 20® Involute, Stub-tooth 

Gears. 


, . Arc of action 

Ratio: — 

Pitch arc 

1 .00 

1.23 

1.37 

1.43 

1.46 

1.47 

1.49 

I-S 3 

1.56 

1 .61 

Coefficient, a 

1 .00 

1. 13 

1 .20 

1 . 24 

1.25 

1.26 

1 . 27 

1.29 

1. 31 

1-33 


To save computation of the arc of action, Table XXXVIII 
gives the values of a for both forms for typical sets of gears. 
Interpolations can be made readily for other combinations. 

Table XXXVIII. — Values of a. 


Teeth in Engaging Gears. 

Corresponding a. 

14^° Invol. 

20° Invol. Stub 
Tooth. 

Single tooth engages 

1 .00 

1 .00 

12 

12 

1 .00 

1. 13 

20 

30 

I-I5 

1 . 20 

30 

30 

1.47 

1.22 

30 

40 

1.60 

1 . 24 

30 

60 

1.60 

1.25 

30 

80 

1.60 

1.26 

30 

100 

1 . 60 

1.27 

30 

Rack 

1.60 

1.29 

100 

100 

1.60 

1. 31 

100 

Rack 

1.60 

1-33 
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M tCHISi' /M-,.S/i;V. 


Expcnmcnts n‘|u)rti*<l l»y Mr. Aiulnnv show th 

results of tests on i ; tnutli >terl piinuiH, i.|V‘ invuliUe, i-ind 
face, of various kintis steel, suit, t um* hanit-iied. and tempered 
His results iuclieate that tur >u!t. i . ,»r> t arhun. opi-u heart! 
steel a value of/r, of tK),aou will uui rXi vM flu* elaNtie limit. Th 
same material east* harth*n(*«i ami luait trealetl -.huwed an ultimat 
breaking value oi fn iu ex(ivH> ul ip. Miuii. \itkel steel gav 
values of abtuit 15 |>er rent higher than ihe-'a-; and ehrome 
nickel tempering sti'el values about per tent higher. Limitet 
in numl)er though they are. these t'xperinientH are very significant 




For rawhide gears, may be taken as lbs. [ht sguar 


inch as a minimum. 


Hard fibre is tmuv brittle; 


K 


y(Xio ma; 


be taken as a maximum. 

In these formulag for a givi-n g<'ar tlie wlmle riglit side 0 
the equation becomes known and the atlowatde valiu* of F i 
readily determined. It U more diiiimli It. apjdy t!ie formula 
where the force to Ik* transmitted givtm. In h a tase th 
value of P is delermima! by trial. 

210. Problem. Design a pairof 14M involute gears to transnv 
6 II.P. The distance blweeii t emers is iti im lies and ih 
velocity ratio of tiu* shafts is to lie The pinion sliaft make 
150 revolutions per minute. 

The distance between centers Indug iti indues ami the vtdocit 
ration the radii will Ih* to each ciilter us 4:,* and llieir sur 
^=10 inches, hence the ratlins of tlie pinion wilt be 4 iiielies, whil 
that of the gear will lie 0 ini lies. If btah gears are tif tile sum 
material the teeth of the smalku’ will Ih* tlie wealmr. Corr 
putations will therefore Ih* made for the pini«»ii lH‘eaiise tht* gcti 
will Ix! stronger and, eonsetjUi-nilv, safe. Tlie pitch diametc 


Mtuhimry. J*ifL, t»ii4. 
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of the pinion =8 inches, its velocity = i5oX7rXTV =314.2 feet per 
minute. 


6 H.P. =6X33,000 = 198,000 ft. -lbs. per minute; 

lbs. 

314.2 


Assuming cast iron, i4^ty involute gears, variable load in 
one direction only: 


K 


I.26\ 


F = 6^2 lbs. P is sought, b is unknown, but a trial value, 
proportionate to the size of the gear diameters, may be assumed; 
if the value assumed is too small it leads to an irrational quadratic 
equation for P; if too great a value is used P will be less than 
In this case assume first trial value of 6 = 1 inch. N is 

unknown, so is substituted for it, Di being the pitch diameter 


of the pinion, 8 inches in this case. The velocity being 314.2 
feet per minute, the value of the velocity coefficient, v, from Table 
XXXIV, is 0.68. The ratio of arc of action to pitch arc being 
unknown it is safe to take a = 1.00. 76 = 36,000 lbs. per square 
inch. X=6. 


, 36,000 XPX I 

632= — 7 — 



i. 26 xP\ 
0.68 X 

25-13 / 


I, 


P^ -3.o8P + 2.37i 6= -0.6184, 
.*. P -1-54 = zb V -0.6184. 


This shows that the assumed trial value of b=i inch was 
too i^mall. Try b = 2 inches. 


632 = 


36,000 xPx 2 


154 


i. 26P\ 

)o.68Xi. 


6 


25-^3. 



/. P 1.54 ■ • rfc v/q.S^. 

/. P o.(>4 (sHKiller root). 


Nearest regular ( I iunietral piUii ji 5. 

This gives 5X 8 -40 teeth on pinion, and 
5X1^ "60 te(‘th on gear. 

These values will answtT, although the ratio of h to P is 
little more than the maximum dtsinihU* vahu' of 4. A new trh 
of P-i.\ int'hes would lead to a valui* of P of about 0.()2. Th 
nearest regular value of p would be giving the pinion an 
gear, 28 and .:)2 teeth, respectively. 

1 C the greatest allowable value of b still leaves the imaginarj 
then the value of must lie increased either by using a stronge 
material or by cutting down the fai tor of safety. 

Another way of .solving the problem would ha ve been to assum 
h in terms of P, thus b cP (c being le.ss than ,p), thus giving 


K 


■ 1 .“id 


2 (>P\ 

:I> h- 


In this, substitute trial valius for until ont‘ is found whirl 
satisfies the eciuatiom 

211. Tooth Friction, Pressure and Abrasion,"^ fVom ih 
nature of their relative motion there is a sliding, under pressure 
of the engaging tooth surfaec*s oVi*r eac h other, d'he dislano 
rul)l)ed over in any ease while a pair of tta^th art^ in engagemen 
can be computed from the fact that the relative sliding is eijua 
to the sum of the addendum of tlte drivt^r less llie engaging lengtl 
of the driven dedendurn plus tlu* addendum of tlu* driven tooth 
less the engaging length of the driver dedendurn. dins dis 


* For exhaustive treatment see paner by Lasilir in c!. V. tL L, Vol. XbUI 
i8c)(), and by Buchner, Z. tl. V. cl. L, Vol. XI AU, ipoi. Alm.» Bach’s Maschinm 
Ekmente, iilh ed., pj). 304-336. 
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tance multiplied by [xF'^ where fx equals the coefEcient of friction 
and F' equals the average normal pressure, gives the friction work 
on each pair of teeth during one engagement. There is no 
difficulty in mathematically determining the space factor for any 
given form and proportions of engaging teeth. A value of [x 
depending upon the nature of the surfaces, the lubricant, the 
temperature, whether there is bath lubrication or not, etc., may 
be assumed with a close approximation to the probable actual 
value; but F' will remain a variable term dependent not only 
upon jP, the tangential force at the pitch circle contact, but also 
upon the number of teeth simultaneously in action, and the 
form of the path of the point of tooth contact. Experimental 
results show that with accurately cut, properly mounted, well 
lubricated, not overloaded gears this tooth friction loss is so little 
as to be practically negligible. Efficiencies of 99 per cent are 
not unusual. 

The question of the allowable tooth pressure to avoid squeezing 
out of the lubricant and consequent abrasion, or even permanent 
elastic deformation without removal of the lubricant, is one still 
in need of experimental investigation. 

It is evident that the allowable pressure will depend upon the 
properties of the lubricant and the method of its application. 
It is also evident that it will depend upon the radii of curvature 
of the engaging tooth profiles as well as upon the strength, elastic 
yielding and surface hardness of the tooth materials. 

The real factor governing the economic selection of gear- 
tooth materials and proportions will be this one of allowable 
pressure and relative wear rather than the mere ultimate strength. 
Various formulae for allowable pressure have been proposed. 
Lasche * gives charts for raw-hide on cast-iron, and bronze on 
steel gears, which lead to the following equations: 


Z. d. V. d. I., Vol. XLIII, pp. 1490-1491. 



A/.-/<:///.\7;' /)/:\S7r;.V. 


3S0 


For raw hide on cast 


For bronze on st(‘el, 


icu! tetihj, 
/'* - r.{>.in. 
c • b 

F , r.fi.in. ^ 
e \// 


,-^5,000. 
f >0,000. 


//...tangential force at pitch line*, ptjuncls; 
r.p.m. revolutions pcT niinult'; 

£‘ - numlHTof pairs of teeth in siinultaiu‘ous engagement = 
are of ad ion 
pitch arc 

/mvidth of face, incIu'S. 


These ecpiations are, ho\vi‘Vt*r, only t>f value for ('omparal)l 
conditions— c'ontinuous unifonu servii t* iinotor gears), rc^gularit 
of speed, good workmanship, accuratedy cut gears, etc. Bad 
proposes the e(j,uation for c'ut, cast inm gears fur continuou 
service 

F 7.1 v^r.p, nu|. 


circular pitch, inc'hes. F and b as abovt*. 

This gives values to F which sta'in too small for wcdl executec 
installations. It would mak(‘ I* o, fur any t ast iron gears runninj 
at 1600 r.p.m. or over, wliich is cajiitrary to expmaence. 11ie wholt 
subject needs further accairatc and wale reat hing experinumlation 
212. Non~circular Wheels. Only dn ular tcnlrudes or pitcl 
curves correspond to a (anislant velocity ratio; an<i by makin| 
the pitch curves of proper form, almost any variation in the velocit) 
ratio may be produced. 'Fluts a gear whose pitc h (airve is ar 
ellipse, rotating about oiu* of its foca, may c-ngage* with anothei 
elliptical gear, and if tlu* driver has a c inistant angular velocit) 
the follower will have a c'tnuimially xarviiig angular velocity 
If the follower is rigidly atlaclual to the c rank of a slider eranl 
chain, the slider will have a (juick return motion. Idds is some- 
times used for shapers and slotting mac hitucs. When more thar 
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one fluctuation of velocity per revolution is required, it may be 
obtained by means of “lobed gears”; i.c., gears in which the 
curvature of the pitch curve is several times reversed. If a 
describing circle be rolled on these non-circular pitch curves, the 
tooth outlines will vary in different parts; hence in order to cut 
such gears, many cutters would be required for each gear. Prac- 
tically this would be too expensive; and when such gears are 
used the pattern is accurately made, and the cast gears are used 
without ''tooling” the tooth surfaces. 

213. Step, Twisted and Herring-bone Gears. — If a pair of 
wide-faced, ordinary spur gears be divided into several pairs 
of narrow-faced gears and then the successive gears on the one 
shaft be rotated on the shaft by uniformly progressive angles, 
the mating gears will be rotated through corresponding linear 
distances and, therefore, through proportionate angles. Each 
pair of narrow gears will mesh as before, but it is clear that the 
interval of shaft rotation between successive pairs of teeth coming 
into (and going out of) mesh will be reduced in proportion to 
the number of narrow or step gears. This leads to more con- 
tinuous and smooth action. 

If the original gears be considered as made up of a series 
of very thin disks or laminae, the uniform increment of angular 
advance causes each tooth element, originally parallel to the 
shaft axis, to become a helix — the steps having become infinitesimal 
in width. This gives the teeth a spiral form — their profiles in 
a plane normal to their axes of rotation being those, however, 
of the original spur gears. If the twist is in one direction only 
on each gear there will be an end thrust on the shafts when 
the gears are transmitting power, in addition to the regular 
radial and tangential forces. If the gears are made double, or 
herringbone, this end thrust balances itself. Such gears are 
now very accurately cut or hobbed and are applicable to cases 
involving large velocity ratios, high speeds, and fairly large 
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amounts of power. It is c‘lainu‘cl lor tluin that they are free 
from backlash, vibration and objectionable noise, and very high 
crfidencics (up to po per cent) are guarantet‘d. 'These gears 
are for connecting |)arallel a.xes and must not bc' confused with 
spiral gears for non™parallel axc‘s. h'or tlu‘se see the section 
“ Spiral Gearing.” 

214. Bevel-gears.— All transverst‘ sedions of spur gears arc 
the same, and their axes intersect at infinity. Spur gi^ars serve 
to transmit motion l)etwcH‘n parallt‘l shafts. It is max'ssary also 

to transmit motion betwtm shafts whose axes int(*rsta‘t. In this 

case the i)itch cylinders become pit(“h cont's; the tca‘th are formed 

upon thest‘ conical surfact‘s, t!u‘ result” 
ing gears being called lu'vel gears. 
"To illustrate, Id a and 6 , h'ig. 222, be 
the axes bt^twedi which tin* motion is 
to be transmilt(‘d with a given velocity 
ratio. 'This ratio is e(|ual to the ratio 
of the lengtlii A to tliat of B, 

Draw a line CD parallel to (C at a distance' from it t‘({ual to 

the length of the line - 4 . Also draw the line ('A parallel to/), 

at a distance from it e(|ual to the* k'ngth of tlu‘ line B, Join 
the point of intersection of these Tnu's to tlu' point O, the 
intersection of the given axes. This locates tlu* line OF, which 
is the line of contact of two pilch cont's which will roll together 

MC A 

to transmit the required velocity ratio. ^YO and if it 

be supposed that there are fru.sta of cones so thin tliat they may 
be considered cylinders, their radii l/cing ec|ual to MC and iVC, 
it follows that they would roll together, if slipiung In* prevented, 
to transmit the reciuired velocity ratio. But all pairs of radii 

of these pitch cones have the same ratio, and tlierefore 

any pair of fmsta of the [liteh cones may lx* used to roll together 
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for the transmission of the required velocity ratio. To insure 
this result, slipping must be prevented, and hence teeth are 
formed upon the selected frusta of the pitch cones. The theo- 
retical determination of these may be explained as follows: 

215. ist. Cycloidal Teeth. — If a cone, A (Fig. 223), be rolled 
upon another cone, B, their apexes coinciding, an element he of 
the cone A will generate a conical surface, and a spherical sec- 



Fig. 223. Fig. 224. 

tion of this surface, adh, is called a spherical epicycloid. Also 
if a cone, A (Fig. 224), roll on the inside of another cone, C, 
their apexes coinciding, an element he of A will generate a conical 
surface, a spherical section of which, hda, is called a spherical 
hypocycloid. If now the three cones, 5 , C, and A^ with apexes 
coinciding, roll together, always tangent to each other on one 
line, as the cylinders were in the case of spur-gears, there will 
be two conical surfaces generated by an element of A : one upon 
the cone B and another upon the cone C. These may be used 
for tooth surfaces to transmit the required constant velocity 
ratio. Because, since the line of contact of the cones is the axo * 
of the relative motion of the cones, it follows that a plane normal 
to the motion of the describing element of the generating cone 
at any time will pass through this axo. And also, since the 
describing element is always the line of contact between the gen- 
erated tooth surfaces, the normal plane to the line of contact of 
the tooth surfaces always passes through the axo, and the condi- 
tion of rotation with a constant velocity ratio is fulfilled. 

216. 2d. Involute Teeth. — ^If two pitch cones are in contact 
along an element, a plane may be passed through this element 
* An axo is an instantaneous axis, of which a centro is a projection. 



3^4 




makini>[ an at\a;k‘ (say 75^) with tht‘ plaru^ of tlu‘ ax(‘s of ihi* rones. 
TangCMil to this plane tliert* may Ik* tw(^ rones whose axes roin- 
ride with the axi's of tlu‘ pitrh c-on(‘s. If a plants is siippostxl to 
wind olT from ont* bast* rone upon tlu‘ otluax tlu‘ liiu‘ of lani>;t‘nry 
of the ])lane with om‘ r(vne will leavi* the i'oiu‘ ant! atlvaiu'e in the 
plane toward the otlua* ('one, and will i^tauaxite siniultant'ously 
ui)on the pit('h t'oni‘S roniral surfaces, and spluairal staiions of 
these surfari's will l)t‘ s]>lu‘riral involuti'S. 'Flu'se surfart\s may 
be used for tooth surfaces, and will transmit tht‘ re(|iiired con- 
stant veloeity ratio, l)eraiis(‘ the tau'^’ent plane is the constant 
normal to the tooth surfaces at tlna’r line of contact, and this 
I)lane passc's through tlu‘ axo of the pitch ctiius. 

217. Determination of- Bevel-gear Teeth, d o d(‘termiiu‘ the 
tooth surfac'es with piadVct acaairaev, it would 1h* iiect'ssarv to 
draw the nsjuiivd curves on a spluuical surfaci', and tluai to 
join, all i)oints of these* curves to \hv point of intersection of the 
axes of the pit('h cones. lh-ai‘l rally this would l)e iitt[K)ssil)le, 
and an approximate method is used. 

If the frusta of i)itch coruxs be givc'u, H a!ul i. \ h'ig. 225, then 
points in the bas(‘ circkxs of the cones, as A, .1/, ami K, will move 
always in the surface of a sphen* wiumt* projta tion is the circle 



LA KM. Properly, the tooth curvtxs slum Id Ik* laid out on the 
surface of this sphere and joined to the cent(*r of tiu* sphere to 
generate the tooth surfat'cs. Draw cones /AJM and Mil K tan- 
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gent to the sphere on circles represented in projection by lines 
LM and MK. They are called the “back conesd’ If now 
tooth curves are drawn on these cones, with the base circle 
of the cones as pitch circles, they will approximate the tooth 
curves that should be drawn on the spherical surface. But a 
cone may be cut along one of its elements and rolled out, or de- 
veloped, upon a plane. Let MDH be a part of the cone MHK, 
developed, and let MNG be a part of the cone M GL, developed. 
The circular arcs MD and MN may be used just as pitch circles 
are in the case of spur-gears, and the teeth may be laid out in 
exactly the same way, the curves being either cycloidal or in- 
volute, as required. Then the developed cones may be wrapped 
back and the curves drawn may serve as directrices for the 
tooth surfaces, all of whose elements converge to the center of 
the sphere of motion. 

218. Cutting Bevel-gear Teeth. — ^The teeth of spur-gears may 
be cut by means of milling-cutters, because all transverse sections 
are alike, but with bevel-gears the conditions are different. The 
tooth surfaces are conical surfaces, and therefore the curvature 
varies constantly from one end of the tooth to the other. Also the 
thickness of the tooth and the width of space vary constantly 
from one end to the other. But the curvature and thickness 
of a milling-cutter cannot vary, and therefore a milling-cutter 
cannot cut an accurate bevel-gear. Small bevel-gears are, 
however, cut with milling-cutters with sufficient accuracy for 
practical purposes. The cutter is made as thick as the narrowest 
part of the space between the teeth, and its curvature is made 
that of the middle of the tooth. Two cuts are made for each 
space. Let Fig. 226 represent a section of the cutter. For the 
first cut it is set relatively to the gear blank, so that the pitch 
point a of the cutter travels toward the apex of the pitch cone, 
and for the second cut so that the pitch point h travels toward 
the apex of the pitch cone. This method gives an approximation 
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to the required fomi. Gears cut in this manner usually need 
to be filed slightly before they work satisfadorily. Hm’ebgcars 
with absolutely correct tooth surfacc‘s may In* madt‘ lyv planing. 
Suppose a planer in which the tool point travels always in some 
line through the apex of the pitch cone. I lu*n suppose that as it 
is slowly fed down the tooth surface, it is guidial along tlu‘ rtajuired 
tooth curve by means of a tem])let. h’roni what has pixa'cded 
it will be clear that the tooth so formed will be corrc'ct. Planers 
embodying these jirinciples have (Unsigned and const riuied 

by Mr. Corliss of ProvideiU'e, and Mr. (Jlt^ason oi Rochestm*, 
with the most .satisfactory re.sults. 

219. Design of Bevel-gears. Given energy to be transmitted, 
rate of rotation of one shaft, velocity ratio, and angle between 
axes; to design a pair of bevtd gt‘ars. Locate* the* intersection 
of axes, 0 , Fig. 227. Draw the axes 0.1 and OH, making the 
required angle with each ot!u*r. Localt* ()( \ ihi* line of tangt*ncy 
of the pitch cones, by the method givdi on p. 3S2. Any pair of 
frusta of the pitch cones may be si*lecltHl ui)on whit^h to form 
the teeth. Special conditions of tin* problt'iu usually {lictaU^ this 
selection approximately. Suppo.se that the inner Umil of the 
teeth may be conveniently at D. Then make J>I\ tin* width 
of face, -"-”^ 2)0 : 2. Or, if P is loctited by sonu* limiting etauli- 
tion, lay off PI) PO : 3. In either ea.se tin* limits of tin* tt*elh 
are defined ientativ(*Iy. Ko\y frean the energy atul tin* numh(*r 
of revolutions of one* shaft ((‘itlu‘r sliaft may In* used) tin* moment 
of torsion may lie found. The mean furee at the pilch surface 
==dhis torsional moment : tin* mean ratlins of tiu* gt'ar; /.r., 
the radius of the {)oint A/, Fig. 227, midway be!wt*en P and I). 
The pitch corresiionding to this force may lx* found. 

In order to compute it considt*r tin* ttiUli of ihv pinion f/.c., 
the smaller gear), as tliey will Ik* llu* wvukvr, I Caving fiiund 
the force, F, which is to Ik* transmitted we determine the pilch 
required to carry F by a spur gear, whose pitc h radius ifiV 
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and whose width of face, &, equals PD. (The radius MN is 
used to govern the shape of the tooth and not MR, because the 
teeth are laid off on the developed back cones and not on the 
pitch circles, as has been explained. The circle whose radius 
is MN is sometimes called the ]ormative circle in order to dis- 
tinguish it from the pitch circle.) 

The pitch of such a spur-gear would be the mean pitch of the 
bevel-gearsc But the pitch of bevel-gears is measured at the 



large end, and diametral pitch varies inversely as the distance 
from O. In this case the distances of M and P from 0 are to 
each other as 5 is to 6 . Hence the value of diametral pitch found 
X|-=the diametral pitch of the bevel-gear. If this value does 
not correspond with any of the usual values of diametral pitch, 
the next smaller value may be used. This would result in a 
slightly increased factor of safety. If the diametral pitch thus 
found, multiplied by the diameter q.PQ, does not give an integer 
for the number of teeth, the point P may be moved outward 


M.fcinxil nrsi<;\. 


along the \ nnlil tlu* numluT t)t’ tn-lh luntiniis an integer. 

'Iliis also would result iu slight iiuToas* iU' t!u* fat tor (jf safely, 
d'he pe)int P is thus linally hu'atod, tin* itniinird uidth of ta(‘e=: 
PO-;- and tlu‘ pitidi is known. Tho drawing ot tin* gears may be 
completed as follows: Draw d prrfHmiliimlar fi> Pi). With 4 
and B as ce'iiU'rs, draw the ares PI\ :iiui Pi\ I si* tlu'si* as pitc'h 
arcs, and draw the outli!ie> nf t\vi>tu* three teeth u[»nn them, with 
cycloidal (H' involute* cur\i*s as retpn’rtd. I heM’uill servi* to show 
the* form of tooth outlines. I*rojn P t-ai h u.;s alone, the liiu' 4 /^ 
lay e)!! the* adde*iulum and the i K aram o. loian flu* four ptiinls 
thus locale'd draw line:, tinvard n riniratin;' in llir line DP,. 
Tlie lop*"^ le’cth atul th<* hot!iaH .»a :«paer.‘. are thus «h‘tine(i. 
Lay off uptJU .l/> bidow the lfiin»»ni-. »»t the spaMss a space IIJ 
jihoui ('([Uii! to 4 the thit ktu’s'. “{ the (oitih ofi the pilch ciredta 
This give‘S ti ring of nuUal to aippori the lecih. l*'rt»m J draw 
JK lowtinl (h Idle wi‘b /, rhould ha\c .diout tlir same thu kiusss 
as l!u‘ ring has at /v. Join lid . ?*eh to a piMpfuly pro|ionione‘d 
hub as shown, 'Idle plan and t lrvaiiou o| i ,u h ttear may now 
be dniwn by the* tjulinaiy nuihod:. of phijrifion. Pm* large 
fillets. 

220. Twisted Bevel Gears. In a inanmn' etitin^ly analogous 
to that e?cplaine‘d in Se*c. tomennng tlir dewelopnumt of 
twisted and herringbeme from (U’dinary spur gears, a pair of 
bevel ginirs rmiy he t'onsulered as niaele up of \ery tliin en- 
gaging disks or huninaa 'The'^e may bt^ givam progrt^ssivt* 
angles of twist, eaiusiag the elemenlH of tlit* leelln eiriginally 
straight lines converging at tlu* ttmter of relative rofatuin, to 
lx‘eome spirals on conical surfaci*s. Sections <tn platies nor- 
mal to tlie axes (d nifation nnuain of the same profile as 
ordinary straight toothed bevel gears. 'Idle *.aini^ claims of 
improved smoothness of act ion, nolMde^siif-H:., high idficuaicy 
and strength arc made ftir Uvisimi livwl geai’N as for twisted 
spur gears. 
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221. Skew Bevel-gears. — When axes which are parallel are 
to be connected by gear-wheels the basic form of the wheels is the 
cylinder. W^hen intersecting axes are to be so connected the basic 
form is the cone or cone frustum. It is sometimes necessary to 
communicate motion between axes that are neither parallel nor 
intersecting. If the parallel axes are turned out of parallelism, 
or if intersecting axes are moved into different planes, so that they 
no longer intersect, the pitch surfaces become hyperboloids of revo- 
lution in contact with each other along a straight line, which is the 
generatrix of the pitch surfaces. These hyperboloids of revolu- 



tion rotated simultaneously about their respective axes, circum- 
ferential slippage at their line of contact being prevented, will 
transmit motion with a constant velocity ratio. There is, however, 
necessarily a slippage of the elements of the surfaces upon each 
other parallel to themselves. Teeth may be formed on these pitch 
surfaces, and they may be used for the transmission of motion 
between shafts that are not parallel nor in the same plane. Fig. 
227T shows, in plan view, a pair of such hyperboloids of revolu- 
tion. Disk portions of these, cut anywhere except at the gorge, 
are approximately conical frusta and are the basic form of skew 
bevel-gears. The difficulties of construction and the additional 
friction due to slippage along the elements make them undesir- 
able in practice, and there is seldom a place where they cannot be 
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Fig, 228 


replaced by some other form of connection. It i.s evident from 
the figure, for instance, that disk portions taki-n at the gorge of 
the hyperboloids of revolution are aiipro.ximately cylinders, which 
are the basic forms of ordinary siiiral gears. 

A very complete discussion of skew bevel-gears may bi- found 
in Reuleaux’s “Constructor.” 

222. Spiral Gearing.* — If line contact is not e.s.sential 
there is much wider range of choici- of gears to conni'ct shafts 
which are neither parallel nor inter.secling. .-1 and A, Fig. 228, 
are axes of rotation in dilTerenl planes, both 
planes being parallel to the paper. Let /fF and 
•A GH be cylinders on the.se axi-s, tangent to each 
° other at the point S. .Any line may now be 
drawn, in the plane which is tangent to the 
two cylinders, through .S' either between .■! and 
B or coinciding with cither of them. This line, .say DS, 
may be taken as the common tangent to helical or .screw 
lines drawn on the cylinders KF and GIl\ or helical surfaces 
may be formed on both cylinders, DS being their common tan- 
gent at 5. Spiral gears are thus pnxluced. Fach one is a por- 
tion of a many threaded .screw. The contact in the.se gears i.s 
point contact; in practice the point of contact becomes a very 
limited area. 

For the sake of simplicity the .special ca.sr‘ of spirtd gears with 
axes at 90° will be considered first. 'I'he term helix angle i.s here 
taken (as in the treatment of all other .scri-ws) as meaning the 
angle of the mean helix with a plane which i.s perpendicular to 
the axis of rotation. Throughout the di.scu.ssion the .suh.script i 
is used in reference to the driver and the suh.script 2 in reference 
to the follower. - 


*See further “Worm and Spiral Gearing," Ity F. A. Halsey. Van Niwtrand 
Science Series. Also “Worm Gearing” by H. K. ThumaH, MiCraw-Hill Book 
Company. 
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Let Fig, 228,4 represent the plan view of a pair of spiral gears 
with axes at 90°. In this special case it will be noted that the 
axis of the follower lies in the plane perpendicular to the axis of 
the driver and, therefore, that the helix angle of the driver is the 
angle ABC^ made by the teeth of the driver with the axis of the 
follower. Call this helix angle of the driver ai. 

Similarly, the helix angle of the follower equals the angle be- 
tween the teeth of the follower and the axis of the driver. Call 
the helix angle of the follower a2. 




Let Fig. 22^B represent the development of both pitch cyl- 
inders in the tangent plane. It will be noted that the same line 
is normal to the teeth of each gear and that their pitches measured 
on the normal must be equal. The distance occupied by a tooth 
and space on this normal is called the normal pitch. 

If now the driver (i) be moved in the direction 4 . 5 , the 
follower (2) will be forced to move in the direction CD. For 
a movement of the driver equal to ab, the follower must move a 
distance cb. This establishes the fact that 

circumferential vel. of follower distance moved by follower 
circumferential vel. of driver distance moved by driver 

cb circumferential vel. of follower , , 

But ---tanai; .% — — ^ -tanai, (i) 

ab Circumferential vel. of driver 
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Let C= distance between centers of gears; 

Pi = pitch diameter of driver; 

P2= pitch diameter of follower; 
iVi=.number of teeth of driver; 
iV'2= number of teeth of follower; 
r.p.m.i = revolutions per minute of ilriver; 
r.p.m.2= revolutions per minute of follower. 

The following equations may then be written; 

circumferential velocity of follower "/>2 r-p.m^ 
circumferential velocity of driver "Pi r.p.m.i 


Combining (i) and (2), 


nDo r.i).m.2 
xDi r.p.m.i 


tan oi; 


. ^2 

• • ~D I 


r.ji.m.i 

r.i).m.2 


tan O' I 


(3) 


[Note. — E quation (3) may also bt' written 


r.p.m.2 


I), ^ 

tan A'l. 


But is the angular velocity ratio, Hena* in spiral gears 

r.p.m.i 

the angular velocity ratio depends upon two factors: first, the 
inverse of the ratio of pitch diametcTs; second, tlu* tangtmt of 
the helix angle of the driver. 

In ordinary spur-gears, it will b(* rememb(*rt‘(b the angular 
velocities are inversely as the pilch diameliTs, or the pilch 
diameters arc inversely as the velocities. In spiral gt^jirs (axes 
at 90°) this is only true when tan^i i, henct* wlien the helix 
angle is 45®. 

Whereas with spur-gears, for a givtm distanci* betweim centers 
and a given velocity ratio, the pilch circles art* at ontx^ deter- 
mined since there can only be a single pair to fit tlu* conditions; 
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with spiral gears an indefinite number of values may be used 

Di+D<i 

for Di and D2. It is only necessary to keep =the given 

2 

center distance, and ^ tan ai = the required velocity ratio. As 
Di and D2 are varied it is only necessary to vary tan ai accord- 
ingly; or, if tan ai is varied ^ must be varied accordingly. 

For gears with axes at 90°, if — 45°, 0:2 = 45° also, and the 
diameters will be inversely as the angular velocities, i.e., in- 
versely as the revolutions per minute. For all other values of ai 
this does not hold,] 

Since C= distance between centers 


Di-{‘ D2—2C\ 
D2^2C — Di. 

Substituting in (3) , 

2C—D1 r.p.m.i 


Di 

2C-Di = Z9i 


tan 0:1, 


r.p.m.2 

r.p.m.i 
r.p.m.2 


tan ai 


). 


^ _ , r.p.m.i 

2C = jDi ( I -{ — tan 0:1 




r.p.m.2 
2C 


). 


r.p.m.i 
I -I tan o:i 


(4) 

(5) 


( 6 ) 


r.p.m.2 

Equations (6) and (5) will give us all the possible solutions for 

any given values of C and . 

r.p.m.2 
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The particular solution which will best suit a given ease is 
determined by practical considerations. 

First, it must be remembered that spiral gears have screw 
action and hence have highest efficiencies for helix angles whose 
value is in the neighborhood of 45°. For satisfactory operation 
it must never be allowed to be less than 15° or over 75°. 

Second, it must be remembered that as au aj)proaches 45° 
the ratio of the diameters becomes the inverse of the velocity 



ratio. For a very great velocity ratio this may make one of 
the gears too small and the other too large for i)rac:lical con- 
struction and operation. 

Third, the gears must be such as can I)e cut witlr stock 
cutters in any universal milling machines. For this rea.son 
their normal pitch must have some standard value and the lead 
of the tooth helix must also be a value which can be attained 
with the milling machine. 

The following discussion will deal with this third condition. 
See Fig. 228C, A, which shows a .spiral gear e.xUmded a.xially 
to a length sufficient to include a comr)lete tooth -hcdi.v. 
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The normal helix is a helix at right angles to the tooth helix. 
Its entire length is that length which will include (i.e., cut across) 
all the teeth of the gear exactly once. 

Let = length of normal helix of driver; 

£2 = length of normal helix of follower; 

P= normal pitch of each. 

From Fig. 228C, which shows a developed pair of gears, 
it can be seen that 

ii=7rZ)i sin ai; (7) 


L2=^D2 cosai; 


( 8 ) 


u 

u 


-Di, 

— = — tanai. 
■D >2 


From equation (3), 


r.p.m.2_i?i 
r.p.m.i D2 


tan ai, 


ii___r.p.m.2 
£2 r.p.m.i* 


(9) 


. . (10) 


That is, the normal helices are inversely as the number of 
revolutions per minute. Since 

1,1= length of normal helix of driver, 

P= normal pitch, 

and iVi= number of teeth of driver. 


Li = PNi. 

Similarly, L2=PN 2, 

■ Li^Ni^ x.-p.m.2 , s 

* ■ £2 N2 r.p.m.i 

That is, the numbers of teeth are inversely as the numbers of 
revolutions. (Just as in spur-gears.) 
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From (ii), 


iVi = 


r.p.m.i . 


( r.p.m.i ..r \ 

Ni must be a whole number, as must also 1 ) , 

' i.p.ni.2 / 

for a fractional tooth is impossible. Hence a noimal pilch 
must be selected which will divide both L[ and Lo perfectly. 

Also this normal pitch must be a stock value. L(‘t p be 
the diametral pitch corresponding to the normal pilch I\ Then 


But 


Also 


Pp 




P 



N^t: 
”Ai ’ 


.-. p 


L 2 ’ 


and p must correspond to some standard diametral i)itclu 

The values of Li and as determined by cMiuations (7) 
and (8) may not be such as will give tal)ular valiu‘s for p. It 
then becomes necessary to take the nearest standard value for 

PI \7Z 1 • .... 

p to that obtained from 7) = — - and to substitute it in this 

equation, thus deriving a corrected value for L\. Similarly for 
L2* This is based upon the assumption that N\ and are 
given. If p is given, N{ and must l)e computed, tlie m^arest 
corresponding whole numbers selected, and Li and corrected 
accordingly. Interference must be guarded against. 

But changing and involves also clianging /)}, 7)2, 
ai, and 0:2 as can be seen by reference to (7) ami ((Sk 


Li- 7 tD\ sin <vi, . . , . 

cos fi'i, , • • « » 


(— 7r/)2 sin A' 2 ). 


(7) 

(8) 
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If ai be not altered, it is evident that Di and D2 will be 
altered proportionately with Li and L2 and this will change 

the value of the center distance C, since C — 

2 

If the center distance may be altered to this new value the 
solution is complete. The size of the gear blank of the driver 


would be DiH — ; helix angle, a 1; number of teeth, ; normal 

P 

(diametral) pitch, p. For .the follower the values would be D2 + 


2 

0:2 (=9o°-u:i); N2, and p. 

P 

In most cases, however, it will be impossible to change the 
value of C, and the values of Di, D2, and a2 must all be 
changed to keep the corrected values of Li and L2. 

From (7) and (8), 


i?2=— 

TT Sin ai TV cos ai 

Z)i4-D2 = 2C. 

■ = 2C. 

TT Sin ai TT cos ai 


Divide by — , 
7z Sin ai 


L2 2C . 

i+— tan ai = — sin ai. 

Li Li 


(4) 


(12) 


Using corrected values of Li and Z2, try different values for 
ai until we get an identity. This is the correct value of ai. 

Use this value of and the correct values of Li and L2 in 



TT sin ai 


and 



TT cos 


and solve for corrected values of Di and D2- 
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These corrected values of Di, Do, ai, and (V2 (=9o°-ai), 
together with Ni, N2, and p, already obtained, fully determine 
the gears. 

There remain two points of practical importance to be deter- 
mined: first; the “ pitch of the tooth helix;” second, die particular 
cutter of the determined pitch which should be used. 

1. By pitch of the tooth helix is meant the axial length 
corresponding to one complete turn of the tooth helix about 
the pitch cylinder. In ordinary screws this is termed the “ lead,” 
and as “ pitch ” is used for so many diiTerent purposes we will 
use the term “ lead.” 

Referring to Fig. 228C, B, it is clear that 

lead) 

-'~=tan <>;i, 

TtDl 

lcadi = :rZ)i tan (Vi. 
lead 2 ^ 

— — = tan «2“eot ni; 

nD-z 

lcad2=7rD2 cot (Vi. 

From these leads the gear settings of tlie milling machine 
are determined. (See Halsey’s “Worm and Spiral dears” 
for table of Brown and Sharpe settings.) 

2. In ordinary spur-gcars the cutter to be u.se<l for any gear 

is directly determined by the 
number of teeth of the gear. 
This is not the case with si)iral 
gears. 

The metliod for determining 
the culler is based upon the 
following reasoning, due to Prof. Lc Conte. 

Reference is to Fig. 228Z>. 0: = helix angle as before. 

The figure shows the material of the pilch cylinder extended 



Fig. 228Z). 
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either side of the gear; ahc is the tooth helix; np represents a 
plane normal to the tooth helix at h. This normal plane will 
cut an ellipse from the pitch cylinder. The minor axis will 
= D^ the diameter of the pitch cylinder. The major axis is 


determined by the relation 
D 


D 

— : r- = sin a ; 

major axis 


major axis 


sin a 

If we cut a spiral gear in the same way as we cut this pitch 
cylinder, selecting the point b midway between two teeth, the 
form of the space on the normal plane will be the true normal 
shape. It will therefore be the true shape of the cutter to be 


used. 


Now the curvature of the normal section of the gear at the 
point indicated is, of course, the curvature of the ellipse at the 
extremity of the minor axis. And the cutter to be used would 
be the cutter for a pitch circle having this curvature. Such a 
circle (i.c., one whose radius equals the radius of curvature of 
the ellipse at the extremity of its minor axis) is called an “ oscu- 
lating circle.” 

Let = radius of osculating circle; 

a = half of major axis of ellipse — — : ; 

2 sin a 


& = half of minor axis of ellipse — - 


D 


Then, 


4 sin- a D 
^ h D 2 sin^a 


(13) 


2 


Let Aro = number of teeth of normal pitch P on the osculat- 
ing circle, 


iVo- 


2np 


(14) 
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Combining (i) and (2), 


iVo = 


T.D 

sin“<vP 


(15) 


Let iV= actual number of teeth on spiral gear of diameter D, 
P'= actual circular pitch of spiral gear. 

Then, 


N-. 


itD 


(16) 


It will also be seen that p = sin cv, 



sin a 


N= 


TtD sin a 




NP 
sin a 


(17) 


Substituting value of D of (17) in (15), 


iVo = 


NP 
sin^ aP 


N_ 

sin*(i; 


(18) 


For the driver, then. 


For the follower. 


No= 


JLl 

sin^ai' 


iV„= 


iVa 

sin*«2 


(19) 


(20) 


Equations (19) and (20) give the number of teeth whose 
corresponding cutters should be used. 

This completes the solution for spiral gears with axes at 90"=^. 

The following problem gives the full application of the fore- 
going method. The computation of spiral gears which will run 
together properly calls for strictly accurate numerical work and 
the use of logarithmic tables is recommended. 
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223. Problem. — Design a pair of spiral gears for the follow- 
ing conditions : 

Axes at 90°. ^=3.375". 

r.p.ni.2 I revolutions per minute of follower 

r.p.m.i 2 revolutions per minute of driver ’ 

Z)i = pitch diameter of driver; 

D2 = pitch diameter of follower; 

0:1 = helix angle of driver; 

0:2 = helix angle of follower (=90°— a 1); 
iVi = number of teeth of driver =10; 

7^2 = number of teeth of follower =20; 

= normal helix length of driver; 

1/2== normal helix length of follower. 

It is further assumed that, for reasons of construction, it is 
desired to have the two gears as nearly equal in size as possible. 


First Solution, 

Let j 9 i = D2, and allow C to change in value. 

B2 r.p.m.i 

= tan ai. . . 

Di r.p.m.2 

2 

i = -~ tan ai] 

I 

tan = 

/. a:i=^26°34', 0:2 = 63° 26'. 

Trial Li^izDi sin ai 

=^X3.375X.4472 
= :;rX 1.509. 

Trial 1/2= cos 0:1 

=^X3.37SX.8944 
= :rX3.oi8. 


(3) 
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But p=^~ and Ni has been assunu'd -^ lo; 
Li 

10 X" ^ ^ 

p = — — 

^ jrXi-Sog 


The nearest standard diametral pilch (o this is 7. Selecting 
p = j, with iVi = 10, 

/Via- 

Actual, or corrected, L\ NxP ^ , 

L\ A-i 10 
. . Correct 

" P 1 

Actual, or corrected, L-z N^P /Vn ' ^ , 

,, Lz Nz 20 

Correct - .’.SsS. 

r. p ^ 


Correct j[)i = 


correct L 
a sin «i 


- . . (7) 


1.420 

.447-* 




Driver gear-blank dianieter= 7 A + ~ 3.io.V' I .286" 3.4tSi". 


Correct I)z= 


correct Li 
a cos 


■ (d) 


2.85S 

.8()44 


,b '<)5 • 


Follower gear-blank diameter-^ 7)2 3.105" I ..‘St/' 3.481". 

To select the cutter of the 7 diametral pilcli set: 

-r. • >r A 7 | 10 

Driver No =— — -111.8, 

.sin-bti .4472'* 

calling for B. & S. involute cutter No. 2. 


Nz 


20 


Follower JVo=-^~ == „ .,=27.05, 

Sin3a2 .8944‘* 


calling for B. & S. involute cutter No. 
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To determine the lead of tooth helix, in order to select the 
corresponding gear set of the milling machine: 

Driver lead=7rPi tan «i 
=^X3.i95X.5 
= 5.018", 

calling for gears 86, 48, 28, and 100 in B. S. milling machine. 

Follower lead=7rZ?2 cot ai 
= 71X3.195X2 
= 20.075", 

calling for gears 86, 24, 56, and 100 in B. & S. milling machine. 
Summary for modified distance between centers: 


Driver. 

Pitch diameter, £>1 = 3.195'^ 
Gear-blank diameter = 3.48i" 
Number of teeth, iVi = io 
Helix angle, ai = 26° 34' 
Diametral pitch, ^ = 7 
Cutter, involute. No. 2 
Lead of tooth helix =5.018" 
Gears, 86, 48, 28, 100 


Follower. 

-^2=3-i95" 
Blank diameter = 3.481" 
N 2 ~ 20 
0:2 = 63° 26' 
P ^7 

Cutter No. 4 

Lead =20.075" 

Gears, 86, 24, 56, 100 


C= 


D1 + D2 


= 3-195 


Second Solution, 

. Taking the same data and assuming that the center dis- 
tance remains fixed at 3.375", it is still desired to have Di 
and D2 as nearly equal as possible. 

If iVi=io, 7^2=20, and it is fixed that 
Li=7rXi.429, 

L2=7rX2.858. 


and 
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L. 2C . 

From equation (12) i+^tan -sm 


6.7% . 

1 + 2 tan «i=~^ 


or, 


1 + 2 tan ai = 4*724 


The next step is to substitute trial values of n, until a value 
is found which will make the two sides of the e.,uatK>n equal. 
If the right-hand member comes out greater than the left the 
trial value of is too large; if the left-hand member comes 
out greater than the right the trial value of <v, .s^too sma 1 

Starting with a trial value of «i = 2 b 34 - from the iiist 
solution, it is found to be too large. A few trials lead to the 
value of 23° 5' for «i ^i'^os 


i-(-2X.426i9=4-724X.3y207, 

.-. 1.852 =-i.8,S2. 

Therefore the correct «i = 23° 5', and 
correct «2=90°— 


Correct Di = 
Correct £>2== 


correct £1 
TT sin^rti (correct) 

correct £2 
^os «i (correct) 


I •420 


•302 1 


3 -b 4 .^"- 


2.858 
-9 0)03 


3. 10()". 


Driver gear-blank diameter ==Di + 1-289 3. (>31 - 

Follower gear-blank diameter =^2+ ^ 3 - 

Ni 10 . 

Driver No= . 

smAvi .392 r’ 

calling for B. & S. involute cutter No. i. 
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Follower No — 


Nz 

cos^ai 


20 

.91993 


2S-i> 


calling for B. Sz: S. involute cutter No. 5. 


Driver tooth-helix lead = 7rZ>i tan ai 

= 7rX3.645X.4262 
= 4.88'^ 


calling for B. & S. gear-set, 48, 64, 56, 86. 

Follower tooth-helix lead = 7rD2 cot ai 

=7rX3. 106X2.3463 
-22.9", 

calling for B. & S. gear-set, 72, 44, 56, 40. 


Summary for fixed distance between centers: 


Driver. 

Pitch diameter, 1)1 = 3.645" 
Gear-blank diameter=3.93i" 
Number of teeth, iVi = io 
Helix angle (^1 = 23° 5' 
Diametral pitch ^ = 7 
Cutter, involute No. i 
Lead of tooth helix =4.88" 
Gears, 48, 64, 56, 86 


Follower. 

1)2 = 3.106" 
Blank diameter =3.392" 
^2=20 
0^2=66° ss' 
P -7 

Cutter No. 5 

Lead =22.9" 

Gears, 72, 44, 56, 4c 


D1+D2 


= 3*375 


224. Spiral Gears with Axes at any Angle, jS. — Fig. 22SE 
shows a plan view of such a pair of gears, and also a view of the 
gears developed in the tangent plane. 

From the latter it is evident that a motion ba of the driver 
in its direction of rotation must induce a motion be of the 
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follower in its direction of rotation. This establishes the fact 
that 

circumferential velocity of follower ^ bc^ 
circumferential velocity of driver ha 



Consider the triangle abc. Angle cah-ai, angle acb = a2, 

be ai 

ba sin a2 ’ 

circumferential velocity of follower 71D2 r.p.m.2 
circumferential velocity of driver nDi r.p.m.i' 

7rr)2 r.p.m.2 sin^i 
7rZ)ir.p.m.i sina2^ 

Z>2_r.p.m.i sin «i 
JJi r.p.m.2 sm «2 


(I) 


or, 


TOOTHED IVHEELS OR GEARS. 

r.p.m.2_i3i sin a\ 
r.p.m.i D 2 sin a? 2 * 

Di + 1)2 — 2C, 


D2=2C — Di. 

Substitute in (i) 

2C—D1 r.p.m.i sin ai 
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(2) 

(3) 


Di 

2C — JDi — Jl)\ 


r.p.m.2 sin a2 

r.p.m.i sin a\ 

, r.p.m.2 sin a2. 


)■ 


/ r.p.m.i sin ai 

2 C = Z)i 1+ 

\ r.p.m. 


/. Di 


.p.m.2 sin a2, 
2C 


:)■ 


r.p.m.i sin ai 


(4) 


1+ 


r.p.m.2 sin a2 


Because ai+p+a2=iSo°, sin a2 = sin (/? + ai) and (4) may 
also be written 

( 5 ) 


Di 


1 + 


r.p.m.i sm ai 
r.p.m.2 sin ifi+oci) 


[Note. — Equations (4) or (5) and (3) give us all possible 

solutions for any value of C and — ^ just as when the axes 

r.p.m.2 

were at 90°. In fact (5) reduces to the form used in that case 
when /3=9 o°, for 

2C 2C 


Di 


1 + 


r.p.m.i sin ai 


r.p.m.2 sin (po^ + ai) 
2C 


r.p.m.i sin ai 
r.p.m.2 cos ai 


r.p.m.i 

iH — tancKi. 


r.p.m.2 
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It can be shown (Rculcaiix’s “ Constructor ”) that the 
sliding velocity (along ac) of the teeth upon each other is least 
when ai = a2\ whenever possible these values should be 
given ai and a'2. That is, cvi — a'2= .j(iSo°— /y). 

We have already seen that when an ^ is the 

most ef&cient angle of helix. 

It must be borne in mind tliat these values of an, o'o, Dx 
and D2 may give us impractical values for normal pitch and 
that, in consequence, the values may have to l)e modha^d to get 
a normal helix length which will give an c‘vc‘n niiml)t‘r of teeth 
of stock size.] 

As in spiral gears with axes at 90^ we have 


Li^itDx sin o'l, 
L2 = nD2 sin O' 2. 


• • ( 6 ) 

- ■ ( 7 ) 


But 


Li = NiP^-Nr: 

P 


Di- 


ll 


N, 


■ (H) 


(10) 


;r Sin ^ sin an 
iVi = ^Z>i sin ai; . . 

D 2 = -^, . . . 

p Sin a-z 

N2 = pD2 sin a'a; 

Ni CSC <vi I Nz CSC a-; 

P 


2C— Z)i +2)2= 


/Vi CSC fvi 

1> 

■ . «;) 

N z CSC a'2\ 

P I 


{“) 

( 12 ) 


The foregoing equations may be used to gel the practical 
solution. 


225. Problem. — The following problem will illustrate the 
method. Compute a pair of spiral gears, 

Shaft angle, i9=40°, 
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Exact center distance =3" (not to be changed), 

r.p.m. 1 = 400, 

r.p.m.2 = 3oo, 

^ = 10. 

Solution, 

{ai~\-a2~\-P) = 180% 

0:1 + = 180° — 40^ = 140°, 

_ 140^ ^ 

Try ai = a'2= ==70 j 

2 

From equation (4), 


2C 2C _ 6 

r.p.m.i sin r.p.m.i 4 

iH : iH — 

r.p.m.2 sm a'2 r.p.m.2 3 


2-333 


-=2.57''; 


i?2=2C-Di = 6-2.57=3.43". 

From (9), Ni — pDi sin cti, 

iVi= ioX2.S7X.94=24.i. 

From (10), N‘z=pD2 sin «2, 

iV2= 10X3.43 X. 94 = 32 -I 3 - 

300 

But A/'i and N2 must be whole numbers in ratio of , or 

400 

24 and 32, respectively. 

Use these values of Ni and ‘^2- 
Substitute in (12) 


^ iVi CSC ai +N2csca2 

o = • 

2p 

24X1.064 + 32X1.064 
3 = 777^ =2.979. 


2X10 
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It is evident that new values of ai and a'o will have to be tried 
to make this equation an identity. It is necessary to take trial 
values of ai and 0:2, remembering that the sums of ai and 0:2 
must always be 180°—/? (=140° in this case). 

Try ai = 74^, 012 = 66®. Substitute in (12) 


which will answer. 


^ iViCSCoji 24X1.0403 

From (8) , correct D 1 = = = 2 . 497" 


10 


^ .X N2csca2 32X1.0946 

From (10), correct 1)2= 7 = : =3.503'^ 


P 


10 


Driver gear-blank diameter=jDi+~ = 2.497^''~f .2'' = 2.697". 


Follower gear-blank diameter=i92H — = 3.507" + .2'' = 3.703". 

P 


Lead of tooth-helix and cutter to be used arc found as in spiral 
gears with axes at 90®. For follower, however, use 7rZ>2 tan ^2, 
not nD2 cot ai. 

From the nature of hyperboloidal wheels, two solutions arc 
always possible, depending upon whether /? or its sui)j)lemcnt 
be taken in determining the line of contact of the hy])erboloids. 
In this problem it is evidently just as proper to consider the 
shaft angle to be 140® as 40®. See Fig. 22iF. 

/J+(u: 2 — ai) = i8o®, 

a:2--ai = i8o®“"/?, 

= i8o®-t4o®, 


Here 
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Try«2=70°, ai = 3o°. 


Di = - 


2C 


r.p.m.i sm ai 


= 3-51^ 


I + 


r.p.m.2 sm ^2 
J92=2.49''. 


SPIRALS 
DRIVER LEFT HAND 
FOLLOWER RIGHT HANC 



1—0^" 

Fig. 228F. 


Trial iVi= 17.55, -^^2=23.4 (from (9) and (10)), 
Correct, iVi = i8, iV'2 = 24. 


C= 


Ni CSC ai + iV2 CSC 0:2 

2p 


18X2 + 24X1.064 
3- =3-0768, 


20 


showing necessity of modifying ai and 0:2. 

Try 71° 15' and 31° 15' for ai and 0:2, 

18 X 1.9276 + 24X 1.056 
3 = — =3-002. 

Hence these values of ai and 0:2 will answer. 

Ni CSC ai 


Correct Z)i = ' 


= 3 - 47 ", 


Correct £>2= 


N2 CSC a 2 


= 2.53 
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[It is to be noted that in the two cases the spirals have differ- 
ent relations. In the first case where the spirals arc both of 
the same hand, /9+a'i + a2=i8o°, i.e., 

ai + a'2=i8o°— 

In the second case, where the spirals are of o])posite hands, 

/?+ (a '2 — n'l) = i8o°, 
i.e., a'o — n'l “ i8o°— 

The topic of direction of spirals and direction of rotation 
is well treated in the American Machinist, Oct. 1 1, 1906. ) 

226. Worm-gearing. — ^When the angle ])elween (he shafts is 
made equal to 90°, and one gear has only one, two, (hre^e, or four 
threads, it becomes a special case of spiral gc‘a.ri;ig known as 
Worm-gearing. In this special case the gear with a few threads 
is called the worm, while the other gear, whicli is still a many- 
threaded screw, is called the worm-wheel. Jf a section of a worm 
and worm-wheel be made on a plane i)assing through, the axis 
of the worm, and normal to the axis of the worni wiuad, the form 
of the teeth will be the same as that of a rack and pinion; in 
fact the worm, if moved parallel to its axis, would transmit rotary 
motion to the worm-wheel. From the considtTalion of racks 
and pinions it follows that if the involute system is used, tlH‘ sides 
of the worm-teeth will be straight lines, lids simplilii‘s the cutting 
of the worm, because a tool may be used capal)le of Ixdng shar[)ened 
without special methods. If the addendum eciuals the reciprocal 
of the diametral pitch, it follows from the interference formula 
that a pressure angle of 75° 30' involute system) calls for 

at least 32 teeth on the wheel For wheels with a smaller number 
of teeth than this, the length of worm addendum must l)e shortened 
or the pressure angle made smaller {i.e., tootli. angle increased). 
If the worm-wheel were only a thin plate the teeth would be 
formed like those of a spur-gear of the same pitch and diameter. 
But since the worm-wheel must have greater thidaiess, and 
since all other sections parallel to that through the axis of the 
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worm, as CD and ABj Fig. 229, show a different form and 
location of tooth, it is necessary to make the teeth of the worm- 
wheel different from those of a spur-gear, if there is to be con- 
tact between the worm and worm-wheel anywhere except in 
the plane EF, Fig. 229. This is accomplished in practice as 
follows : A duplicate of the worm is made of tool steel, and “ flutes ” 
are cut in it parallel to the axis, thus making it into a cutter, 
which is tempered. It is then mounted in a frame in the same 
relation to the worm-wheel that the worm is to have when they 
are finished and in position for working. The distance between 
centers, however, is somewhat greater, and is capable of being 
gradually reduced. Both are then rotated with the required 
velocity ratio by means of gearing properly arranged, and the 
cutter or ^^lob ’’ is fed against the worm-wheel till the distance 
between centers becomes the required value. The teeth of the 



Fig. 229 Fig. 230. 


worm-wheel are “roughed out ” before they are “bobbed.’^ By 
the above method the worm is made to cut its own worm- 
wheel.* A more modern method is to use a taper hob, fed 
axially. The w^orm itself is milled, not turned, in many cases. 

The worm may have the basic form corresponding to the 
root circle of the central plane of the wheel. This is known 
in America as the Hindley worm. It gives more teeth in simul- 
taneous engagement than the ordinary cylindrical worm. 

Fig. 230 represents part of the half section of a worm. If it 
is a single worm the thread A, in going once around, comes to 

*This subject is fully treated in Unwin’s “Elements of Machine Design,” 
and in Brown and Sharpe’s “Treatise on Gearing,” 
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B ; twice around to C, and so on. If it is a double worm the thread 
A, in going once around, comes to C, while there is an inter- 
mediate thread, B. It follows that if the single worm turns 
through one revolution it will push one tooth of the worm-vheel 
with which it engages past the line of centers; while the double 
worm will push two teeth of the worm-wheel past tlie line of 
centers. The single worm, therefore, must make as many revolu- 
tions as there are teeth in the worm-wheel, in order to cause 
one revolution of the worm-wheel; while for the same result 
the double worm only needs to make half as many revolutions. 
The ratio of the angular velocity of a single worm to that of 

n 

the worm-wheel with which it engages is==Y? which n equals 

the number of teeth in the worm-wheel. For the double worm 

, . , , n 

this ratio is 

2 

Worm-gearing is particularly well adapted for use where it 
is necessary to get a high velocity ratio in limited space. 

The lead of a worm is measured parallel to the axis of rota- 
tion. The lead of a single worm is P, Fig. 230. It is ecjual 
to the circular pitch of the worm-wheel. The lead of a double 
worm is Pi = 2P = 2 X circular pitch of the worm-wheel. 

227. Design of Worm-gears. — All spiral gears arc forms of 
screw transmission and the formulae for ediciency, etc., developed 
under c, sec. 98, in the chapter on Screws, apply to them di- 
rectly. 

Three points are to be carefully considered in the design of 
worms and wheels: 

I. Speed of rubbing. This is the velocity in feet per minute 
of a point on the pitch line of the worm. The best efliciencies 
are obtained when this is about 200 feet per minute. When 
it exceeds 300 feet there is increasing danger of cutting, and 
the pressure on the teeth must be correspondingly reduced 
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At high speeds (say 1000 feet) only very light pressure can be 
sustained without abrasion unless there is bath lubrication. 

2. Pressure on teeth. This depends on the speed and on the 
angle of helix, 

3. Angle of helix. From the formula for. screw efficiency we 
have seen that this should be made as great as convenient provided 
it does not exceed 45®. Practical conditions make it impossible 
to use the highest values, but 20® gives very excellent results. It 
should never be less than 15® for fair efficiency. 

Oil -bath lubrication should be used wherever possible; failing 
this, a heavy mixture of graphite and oil has been found satis- 
factory. The following table, based on Professor Stribeck’s 
experiments,* applies to a 20° angle of helix and oil-bath lubri- 
cation, using a hardened-steel worm and phosphor-bronze wheel. 

Table XXXIX. 


Rubbing velocity in feet per minute 

200 

300 

400 

500 

600 

Allowable pressure for maximum efficiency 
and continuous operation in pounds 

3500 

2700 

1850 

1250 

1000 


About 60 per cent heavier loads than these were borne, but 
at a loss in efficiency, under continuous operation. For discon- 
tinuous operation, very much heavier loads still are permissible* 
It is largely a question of not allowing the lubidcant to reach 
a temperature at which the pressure will rupture the film and 
permit metallic contact. 

This may be taken as a guide. When the angle is greater 
than 20° the values of the pressure may be slightly increased. 
When the angle is less than 20° they should be rapidly diminished; 
thus for 10° use only one half the value given. 

There is ordinarily little need to examine the strength of 


* Zeitschrift d. Vereins deutscher Ingenieure, 1897; also 1898. 
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worm or wheel teeth. The permissible load (turning force at 
wheel pitch circumference) is limited by questions of number 
of teeth in simultaneous contact, form of tooth profile, nature 
of lubricant and its method of application, allowable rise in 
temperature, etc. It is well to check for the twisting strength 
of the core of the worm. 

Bach and Roser* give the following formula for soft steel 
worm engaging a bronze wheel (helix angle 17° 34'; 15° in- 
volute teeth), flooded lubrication. 

W^KPb; 

Z=i4.233[|a(/i -O+d]; 

13-17 

a =-^+0.4192; 


21,476 

F+S4I 


-24.92. 


IT = tangential force at pitch circumference of wheel, pounds; 
P= circular pitch, inches; 

& = arc length of root of worm-wheel teeth, inches (EF^ 
Fig- 231); 

ii= temperature of oil bath, deg. Fah.; 

/= temperature of air, deg. Fah.; 

V = pitch velocity of worm, feet per minute. 

This is a better formula than Stribeck’s value of 

IF=356P6, for cast-iron wheel, 

= 569P6, for phosphor bronze wheel, 
since it is more general. 

* Z. d. V. d. I., 1903. Prof. Kenersott’s experiments, Trans. A. S. M. E., Vol. 
34, indicate values of K about four times as great. 
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Cast-iron worms and wheels will run satisfactorily under 
certain conditions,* but a worm of a steel which case-hardens 
well, engaging a wheel of best phosphor bronze, seems to give 
best service. Properly designed and installed worms and wheels 
show high efficiencies, t Particular care must be taken with 
the thrust bearings. 

Since worms and wheels are simply spiral gears in which 
one of the gears has a very few teeth, all of the general formulae, 
relating to Di, Doj «], 0L2, p, etc., developed in the preceding 
sections, are directly applicable in their design. However, as 
worms are frequently cut in a lathe (like screw threads) and worm- 
wheels hobbed, it is the axial pitch of the worm, equal to the 
circumferential pitch of the wheel, which is of importance rather 
than the normal pitch. This lead ” must then have u value 
obtainable with the screw-cutting gearing of the lathe. It is 
therefore practically more convenient in the design of worms 
and wheels to follow the method illustrated by the following 
problem : 

228. Problem, — Two shafts about 10 inches apart and at a 
right angle with one another are to have a velocity ratio of 20 to i. 
The worm-shaft makes 300 revolutions per minute. 

Since the velocity ratio is 20 to i, the wheel will have to have 
20, 40, or 60 teeth, depending upon whether the worm is single,- 
double-, or triple-threaded. 

If the shafts are 10 inches apart the greatest allowable pitch 
radius of the wheel will not be far from 8 inches; 50 inches may 
be taken as a trial pitch circumference of the wheel. 

With a single-thread worm this will give a circular pitch of 

= 2| inches. With a double thread the circular pitch would 
be |-§- = inches. 

* Stribeck. Z. d. V. d. I., 1898. 

t See further Kenerson, Trans. A. S. M. E., Vol. XXXIV. Also Bruce, Proc. 
Inst. M. E., 1905. 
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In any case the rise of the pitch helix of the worm will be 
2^ inches for one revolution. 

This value must always be such that the thread may be cut in 
an ordinary lathe. 

If it is required that the helix angle, a', be 20°, then the 
pitch circumference of the woimi must be such that 


pitch circumference of worm; 


/. pitch circumference of worm = 


^ 5 .,, 

0.364 


-6.87 


inches- 


Pitch diameter of worm = 


6.87 

7C 


==2.2 inches. 


Pitch diameter of wh cel = 15.88 inches. 

7Z 


Actual distance between shafts 


115.88 + 2.2 

=9.04 inches. 


The question now arises whether 2.2 indies is a great enough 
pitch diameter for the worm. If the thread is single the [lilch 
= 2.5 inches and the corresponding dedendum =0.92 inch. 

Twice this dedendum = i .84 inches, which subtracted from 
2.2 inches would only leave a central solid core of 0.36 inch diam- 
eter for the worm. It is obvious without comjmtation that this 
would not sustain the tomional moment. If the double thread 
were used the central core would have a diameter of 1.28 inches. 

For each revolution of the worm the length of the jiath of 
the point of contact or the distance rubhal over eciuals the helix 
length on the pitch line. This is the hypothenusc of a right- 
angle triangle whose base =6.87 inchc>s and whose altitude- 
2.5 inches, or 7.3 inches. 

At 300 revolutions per minute the distance rubbed through in 
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7*3 

feet per minute =300 X -^ = 182 feet. At 182 feet the allowable 

pressure, between the teeth may equal 3500 lbs., assuming 
bath lubrication, a steel worm, and a bronze wheel. This is the 
pressure applied at the circumference of the worm-wheel in the 
direction of the axis of the worm. The total work done on the 
worm-wheel in foot-pounds per minute will equal W multiplied 
by the pitch velocity of the wheel in feet per minute. 

This wheel makes revolutions per minute and its 

pitch circumference =11 feet, hence its pitch velocity = 15 X-f-f 
= 62.5 feet per minute. 

3500X62.5 =218,750 ft.-lbs. =6.63 H.P. 

This same amount of energy is transmitted through the worm. 
The twisting moment on the shaft =Fr, where r equals the pitch 
radius of the worm. i^=energy transmitted the velocity of 
the point of application of the force. 


218750 
300 X- 


= 1274 lbs.; 


12 


jPr= 1274X1.1 = 1401 in.-lbs. 

, To resist this there is a circular section whose strength is 
represented by 


ri = radius of core of worm = 0.64 inch; 
/<?=unit stress in outer fiber; 




Fr 


= 3400 lbs. 

.412 


2 

This is a safe value for steel. Therefore the double-threaded 
worm will be used and the wheel will have 40 teeth of i-|- inches 
circular pitch. 
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Had the distance between the shafts been fixed at lo inc'hes 
the helix angle could not have been assumed but must luive been 
calculated. 

The pitch radius of worm would have been 


Pitch circumference = 12.94 inches. 

2.c; 

Tangent of index angle = ' -- 0.1932. 

12.94 

nearly. 

With the center distance fixed at to indies, the helix angle 
need not necessarily be as low as 11°; provided, of course, that 
the axial pitch of the worm may be changed to some oUier value 
greater than 2.5^'. As a check on the final results the general 
formuhe of the preceding sections may be applied to tlie values 
obtained by the method here followed. 

When the worm and worm-wheel are determined, a working 
drawing may be made as follows: Draw AB, Fig. 231, the axis 
of the worm-wheel, and locate 0, the projection of the axis of 
the worm, and P, the pitch-point. With 0 as the ('enter draw the 
pitch, full depth, and addendum circles, G, If, and K; also 
the arcs CD and EF, bounding the tops of the tecdh and the 
bottoms of the spaces of the worm-wheel. Make the angle i)o^. 
Below EF lay off a proper thickness of metal to support the teeth 
and join this by the web LM to the hub N. The tootli outlines 
in the other sectional view are drawn exactly as for an involute 
rack and pinion. Full views might be drawn, l)ut they involve 
difficulties of construction, and do not give any additional infor- 
mation to the workman. The drawing should ('onlain a clear 
statement of the size and form of the worm tooth, the lead, 
whether the worm is single, double, triple, or (juadruple threaded, 
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the number of teeth of the wheel, and its helix angle, in addition 
to all ordinary dimensions. 



229. Compound Spur-gear Chains. — Spur-gear chains may 
be compound, i,e., they may contain links which carry more than 
two elements. Thus in Fig. 232 the links a and d each carry 
three elements. In the latter case the teeth of d must be counted 
as two elements, because by means of them d is paired with both 
b and c. In the case of the three-link spur-gear chain. Fig. 197, 
the wheels h and c meshed with each other, and a point in the 
pitch circle of c moved with the same linear velocity as a point in the 
pitch circle of h, but in the opposite sense. In Fig. 232 points in 
all the pitch circles have the same linear velocity, since the motion 
is equivalent to rolling together of the pitch circles without slip- 
ping; but c and b now rotate in the same direction. Hence it 
is seen that the introduction of the wheel d has reversed the 
direction of rotation, without changing the velocity ratio. The 
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size of the wheel, (f, which is called an “ulk‘r/' has no eflect upon 
the motion of c and h. It simply reecdves upon its pit(‘h circle 
a certain linear velocity from and transmits it imchanired 
to h. Hence the insertion of any number of idlers does not 
affect the velocity ratio of c to hut (‘acii ad<led itiku* rt‘verses 
the direction of the motion, d'hus, with an odd number of 
idlers, c and h will rotate in tlu‘ same diriH'lion; and with an 
even number of idlers c and b will rotate in opposite' directions. 

If parallel lines be drawn through tlu‘ centcu's of rotation of 
a pair of gears, and if distaiua'S be laid oit froiti the centers on 
these lines inversely ])roportional to tlu‘ angular velociti<*s of the 
gears, then a line joining the points so <it1t‘rmint‘d will cut the 
line of centers in a j)oint which is the centro of the gears. In Fig. 
232, since the rotation is in the same direction, tlie lines have to 



be laid off on the same side c)f the line of centc*rs. The pitch 
radii are inversely proportional to the angular vekudties of the 
gears, and hence it is only nect‘ssary todraw a tunge/nt tt)l!u‘ pitch 
circles of h and r, and the intersection of this line witlt the line of 
centers is the centro, he, of e and h. 'Fhe <a*ntrod(*s of e and h are 
Cl and 61, circles througli the point be, aiK>ut the (“enters of e and h. 
Obviously this four-link mechanism may 1 h* replactnl by a three™ 
link mechanism, in which Ci is an annular wlieel mc'shing with a 
pinion bi. The four link mechanism is mon* compact, however, 
and usually more convenient in practic(\ 

The other |)rincipal form of spur giaar chain is shown in 


TOOTHED IVHEELS OR GEARS. 


42^ 

Fig. 233. The wheel d has two sets of teeth of different pitch 
diameter, one pairing with c and the other with 6. The point 
hd now has a different linear velocity from cd, greater or less in 
proportion to the ratio of the radii of those points. The angular 
velocity ratio may be obtained as follows : 

angular velocity d _ C ... cd 
angular velocity c D ... cd^ 

angular velocity b _ D . . .bd 
angular velocity d B ... bd' 

angular velocity b C . . . cdxD . . . bd 
angular velocity c D ... cdxB ... bd' 

The numerator of the last term consists of the product of the 
radii of the ^‘followers,” and the denominator consists of the 
product of the radii of the ‘^drivers.” The diameters or numbers 
of teeth could be substituted for the radii. 

In general, the angular velocity of the first driver is to the 
angular velocity of the last follower as the product of the number 
of teeth of the followers is to the product of the number of teeth 
of the drivers. This applies equally well to compound spur-gear 
trains that have more than three axes.* Therefore, in any spur- 
gear chain the velocity ratio equals the product of the number of 
teeth in the followers divided by the product of the number of 
teeth in the drivers. The direction of rotation is reversed if the 
number of intermediate axes is even, and is not reversed if the 
number is odd. If the train includes annular gears their axes 
would be omitted from the number, because annular gears do 
not reverse the direction of rotation. 

A common modification of the chain of Fig. 233 is shown in 
Fig. 233 A. Here the axis of the gear c is made to coincide with 

* Epicyclic trains excepted. 

Is'? 1 1" ^ o • > 



also. 

Multiplying, 
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the axis of b, and the mechanism is known as a reverted gear train. 

the best known application of this mechanism is that of 
the backgearing of the ordinary engine lathe. The velocity ratio 
of c and b is, of course, not altered by having their axes coincide, 
and it is equally evident that one of them only may be keyed to 
the shaft while the other is free to rotate on it. 



Fig. 233 a. 



230. Epicyclic Gearing.— In the gear trains of the preceding 
sections, the velocity ratios have been studied with reference to 
a fixed member to which each gear is attached by a turning pair. 
Fig. 233 B illustrates such a simple chain of three links, a, b, and 
c. Considering a as fixed it is evident that, if c makccs m turns 
per minute relatively to a, causing b to make n turns jier minute 

relatively to a, for one turn of c relatively to a, h will make ” turns 


relatively to a. The ratio — is called the velocity ratio, and is 
designated by r. 

If, now, one of the gears, c, be considered as the fixed link, 
and it is desired to examine the action of the mechanism when 
a is swung about ac as center, it is evident that a dilTerent 
mechanism is obtained. Sec §8 and § 12. 'Fhe action can he 
explained , under the general laws laid down in tliese sections 
but can be understood more readily by reference to Fig. 233 C- 
Such mechanisms are known as epicyclic gear trains, because 
points in the one gear describe cpicycloidal curves relatively to 
the other gear. The name has no connection with the form of 
the gear teeth which may belong to the cycloidal, involute, or 
any other system. 
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Let it be supposed that the three links can be rigidly locked 
together and while so held are given a complete turn about the 
axis ac, in a clockwise direction. Owing to this, b will make 
one turn in a clockwise direction about its own axis ah. In 
position I the arrow is seen to be horizontal, and to the left of ah^ 
at 2 it is vertical and above ab, at 3 horizontal and to the right, 
at 4 vertical and below, and at i, when the turn about ac has 
been completed, it is once more horizontal and to the left of ab. 



The arrow on b has, therefore, made a complete turn about ab 
as axis, and if one line of the rigid body b has made such a turn 
the whole body b has done so. But in swinging the locked 
mechanism about ac, the link c has been given a complete revo- 
lution in a clockwise direction. This is contrary to the original 
assumption that c be the fixed link, i.e., remain at rest. If, 
now, the mechanism be unlocked and c be given a complete 
revolution in a counter-clockwise direction while a is held sta- 
tionary, the result will be the same as though c had not been 
allowed to move at all. But this counter-clockwise revolution 
of c wiU cause b to have a further clockwise rotation about its 

axis of — = r turns. The total number of turns which b makes 
m 

about its axis while a makes one turn about ac will, therefore, 
equal lA-r. 
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Had an idler been placed between h and c, the result would 
have been to cause h to be given r turns in a counter-clockwise 
or negative direction, when c was brought back to its original 
position and, consequently, h would make r -r revolutions about 
its axis for one revolution of o- about oc- This can be seen 
clearly in Fig. 233 D, where h and c arc purposely made the 


Q 



Fig. 233 l\ 

eame size so that r =i and, hence, 1— r--o. In other words, 
in this special case the gear b docs not rotate about its axis 
at all; its motion, as can be seen from positions i, 2, 3, and 4, 
being merely translation, as the arrow on b remains always iiarallel 
to its original position. 

A second intermediate gear, or idler, would again reverse 
the direction of b’s motion, making the revolutions of h ■= i4r. 

The general law may be stated as follows: — “The number of 
revolutions made by the last wheel of an epicyclic train for each 
revolution of the arm is equal to the one phis the velocity ratio 
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of the train if the number of axes in the train be even, and one 
minus the velocity ratio of the train if the number of the axes be 
odd. In the former case the wheel turns in the same sense as 
the arm ; in the latter in the opposite sense, unless the ratio ;* 
is less than unity.’’ (Kennedy — Mechanics of Machinery.) 

T he same holds if there are no annular gears in the train o 
if there are an even number of them. If, however, there be one 
or any other odd number of annular gears in the train, the effect 
will be to transpose the plus and minus as well as the sense of 
rotation. 

If the first wheel of any epicyclic train has its axis fixed, but 
has itself a motion of rotation about this axis so that, for example, 
it makes k revolutions for each revolution of the arm, then the 
last wheel of the train will make i±r±kr revolutions instead 
of I ±r. The sign of r is determined as before but the sign of 
kr is plus, if the rotation of the first wheel causes the last wheel 
to rotate in the same sense as the arm, and minus, if the rotation 
of the first wheel causes the last wheel to rotate in a sense opposite 
that of the arm. 

The only case which requires special attention for fear of 



Fig. 233 E. 


incorrectly determining the number of axes is where the gear 
train of Fig. 233, which has three axes, is given the reverted form 
shown in Fig. 233 E, which apparently has but two axes. For 
proper analysis it is necessary to consider the reverted train 
the same as the original form, i.e., a double axis is counted as 
two single ones in computing the number of axes in the train. 
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Problem . — Find the number of revolutions c will make about 
its axis for each revolution of the arm a; d being considered as 
the fixed link. 

d has loi teeth and meshes with b which has loo teeth. V is 
keyed to same shaft as b, has 99 teeth, and meshes with Cy which 
has 100 teeth. If this were an ordinary reverted gear train with 
a as fixed link, then, remembering that the angular velocity of 
the last follower is to the angular velocity of the first driver as 
the product of the number of teeth of the drivers is to the product 
of the number of teeth of the followers, for one turn of d, c would 

= . 9999 .. turns in the same sense. This is r, the 
100 X 100 10000 

velocity ratio of the train. Considering the train as an epicyc- 
lic one with d as fixed link, there are three axes and no annular 
gears and the rule would be that for one turn of a in a clock- 
wise direction c would make i — r turns about its axis in 

the same sense, equal to i — 9999 , ^ . 

10000 10000 
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SPRINGS. 

231. Springs Defined. — Usually machine members are required 
to sustain the applied forces without appreciable yielding and are 
designed accordingly; but certain machine members are useful 
because of considerable yielding. They are generally called springs. 

232. Illustrations. — {a) The spring of a safety-valve on a steam- 
boiler holds the valve down until the steam-pressure reaches the 
maximum allowable value; then it yields and allows steam to 
escape until the pressure is reduced, when it closes the valve. 

(6) The springs upon which a locomotive-engine is supported 
prevent the transmission of the full effect of the shocks, due to 
running, to the working parts of the engine, thereby reducing the 
resulting stresses. Car-springs in a similar manner protect 
passengers and freight. 

{c) Bumper’’ springs reduce stresses in cars and their con- 
tents due to axial shocks. 

(d) The springs in certain steam-engine governors yield under 
the increased centrifugal force of the governor weights, due to 
increased rotative speeds, and allow the adjustment of the valve- 
gear to the changes of effort and load. 

{e) Heavy reciprocating parts are often brought to rest without 
shock and are then helped to start on their return travel by the 
expanding spring. 

(/) A power-hammer strikes a ‘‘cushioned blow” because of the 
action of a spring. This spring may be of steel, rubber, or steam. 

{g) Belt connections are really yielding members and tend 
to reduce shocks transmitted through them; while gears (except 
rawhide or “ hard- fiber ”) yield almost imperceptibly and trans- 
mit shocks almost unchanged. 
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(/t) Long bolts may become springs for the reduction of 
stress due to shock. 

(j) Springs may serve for the storing of energy which is 
given out slowly to actuate light-running mechanisms, like clocks. 

233, Cantilever Springs.— Many springs are simple cantilevers 
with end loads. (See Fig. 234.) 


, 

1 


jo 


i 

^ ^ 

K. 



F 



Fig. 234. 



The rectangular spring of constant width h and height (or 
thickness) h, with a load F applied at a distance I from the sup- 
port gives, from the laws of beams, 


F 


61 


and i = 


4FP 

Ebh?' 


ft is the unit stress in the outer fiber in pounds per square inch, 
all forces being expressed in pounds and all dimensions in inches; 
i is the total deflection in inches due to tire application of F\ 
E is the modulus of elasticity of the material used. 

FJ fPV 

The work done or energy stored = — = ■ „ where V = volume, 

2 i8Zi ’ 

bhl, in cubic inches. 

For a flat spring of uniform breadth b, rectangular cross- 
section, top surface flat and lower surface a iiarabola in outline, 
such as is shown in Fig. 235, 


JM^ 

61 


and A 


fiy 

Work done or energy stored 

12E 


6FP 

Eb¥' 
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The same equations hold approximately for the cantilever 
spring shown in Fig. 236. They also hold for the triangular 
spring of constant depth h shown in Fig. 237. 



Fig. 236, Fig. 237. 


In all of these cases obviously the yielding varies inversely 
as and the strength directly as hence, if h be increased 
to obtain required strength, the yielding will be decreased as the 
cube of h while the strength is increased only as the square of h. 
Much of the requisite yielding is therefore sacrificed if the strength 
is obtained by increasing h. 

Inspection of the same equations shows that increasing the 
breadth h to obtain the required strength decreases the deflection 
^Ai in the same proportion. In springs, 

k therefore, where yielding is to be kept 

L ivi\k large, it is better to gain requisite 

4 Strength by varying h] while in a beam 

■ h should be as large as possible because 

I deflection is to be reduced to the 

f smallest value. If the spring is to be of 

I tool steel, hardened and tempered, thin 

" "j material is better suited to the operation 

Fig. 238. of hardening. 

As 6 is increased with a constant 
small value of h, it may become too great for the available 
space. This difficulty is overcome as shown by reference to 
Fig. 238. 

Suppose ABC is a triangular spring designed for certain con- 
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ditions of load and yielding. AB is an inconvenient width. 
Divide AB into equal parts, say six. Concc'ive the portion 
GFHBi cut off and placed in the position and siini- 

larly conceive that EDKA\ occupies the i)()sition A[MKxEiy 
and the two parts arc rigidly joined along the line KxE\. Also 
eonceive the portion ADE moved to A\DiE\., and BFG moved 
to BiDiEi, and that they arc rigidly joined along the line DxEy. 

The amount of material is unchanged. 'Uhe Ixnding force is 
applied in nearly the same way to the portions wliosi^ position is 
changed. The leaj spring is therefore practically e(iuivalent 
to the triangular spring from which it is ma(k^ 

The following equations arc given by Prof. J. B. Peddle * 
for leaf springs having both full and pointed leaves of ecpial base 

number of full length leaves 

width. Let 

total number of leaves 



For semi-elliptic spring, 



31 ’ 

i= number of leaves X width per leaf, inches; 

. A = thickness per leaf, inches; 

/=== unit s tress in outer hirer, pounds per sejuare inch. 

* American Machinist, April 17, igi,,. Prepared for Ilalsi'y's “ IIundl«)Zk for 
Machine Designers.” 
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2lW 


hE ' 

For full elliptic spring, Fig. 238.B. 

fbh^ 


F=-'- 


3 ^’ 
4PfK 
'~hE ’ 


(i -rj^L 2 


-2r(i -r) -r 


-logc?-j. 


234. Springs for Axial Loads. — Many springs are subjected 
to axial loads; they are usually helical in form as shown in 
Fig. 239. 

Fig. 239. 



F may act to stretch or compress the spring. 

Consider the cross-section of the rod to be circular. 

Let J^=load in pounds; 

(i=diametcr of rod in inches; 

<z=mean radius of coil in inches; 

N == number of coils; 

/= developed length of spring in inches = 27 raiV; 

/a = allowable unit shearing stress in outer fiber in pounds 
per square inch; 

Es == modulus of shearing elasticity =f£; 

J=extension or compression in inches. 

Then the following equations may be developed: 


slidFa 




^2FaH 

Ttd^E? 


and N-- 


Jd^E, 

t^Fa^' 


Work done = 


JH 
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In a helical spring for an axial load using a rectangular cross- 
section of wire the axial height of wire = A and radial breadth =b, 
the equations become, approximately, 


A - 

'3a 


Fa^l + 

A =- 2 ,^' > 


and 


N 


AE„ W 

bnFa^ + 


It will take one and a half times as much material to make a spring 
of this type as it would to make a round-wire helical spring of 

equal strength. 

235. Springs for Torsional Movements.— Many springs come 



Fig. 240. 


under class (i) as mentioned above. 'I'lie general case is shown 
in Fig. 240. The spring is a spiral of Hat wire with an axial 
height b and radial depth h. 

1?= turning force in pounds; 
a = lever-arm in inches; 

/;,=unit stress in outer fiber, pounds per sciuarc inch; 

/= developed length of spring; 

1?= angular deflection; 

i= distance inches moved through by the [loint o[ apiili- 
cation of F. 


Then 



and 


A -- « (> 


i2Fl,F 

Eblf' 


. I>rV 

Work done or energy stored ^ . 


236. Materials and Allowable Stresses. Springs may, of 

course, be made of any material having elastic strength; bu< 
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spring steel is the material most frequently used. In its urn 
tempered or soft condition it has an elastic limit of from 70,000 
to 90,000 lbs. per square inch. Tempered, or hard drawn, its 
elastic limit may be from 110,000 to 140,000 lbs. per square 
inch. 

A unit bending stress of 80,000 lbs. and a shearing stress of 
60,000 may be used with safety. 

£ = 30,000,000 and £5=12,500,000. 

For round rod torsional springs the following values may 
be used. 

Diam. of wire, in. Safe unit stress, fs. 

j 70,000 

I 60,000 

i 50,000 

For further information the reader is referred to Reuleaux’s 
Constructor,” Trans. A. S. M. E., Vols. V and XVI, and Hal- 
sey’s Handbook for Machine Designers.” 
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MACHINE SUPPORTS. 

237. General Laws for Machine Supports.— The single-box 
pillar support is best and simplast for machines whose size and 
form admit of its use. When a support is a single continuous 
member, its design should be governed by the following [minciples: 

I. The amount of material in the cross-section is determined 
by the intensity of the load. If vibrations are also to be sus- 
tained, the amount of material must be increased for this purpose. 

II. The vertical center line of the support should coincide 
with the vertical line through the center of gravity of the part 
supported. 

III. The vertical outlines of the support sliould taper slightly 
and uniformly on all sides. If they were i)arallel they would 
appear nearer together at the bottom. 

IV. The external dimensions of the sup])ort must be such 
that the machine has the appearance of being in stable e(]uilibrium. 
The outline of all heavy members of the machine sui)i)ortcd must 
be either carried without break to the foundation, or if they 
overhang, must be joined to the support by means of parabolic 
outlines, or by the straight lines of the brace form. 

238. Illustration. — In Fig. 241 the first three princiiiles may 
be fulfilled, but there is an appearance of instability. It is 
because the outline of the “housing” overhangs. It should be 
carried to the foundation without break in the continuity of the 
metal, as in Fig. 242. 

4.36 
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239. Divided Supports. — ^When the support is divided up into 
several parts, modification of these principles becomes necessary, 
as the divisions require separate treatment. This question may 



Fig. 241. Fig. 242. 

be illustrated by lathe supports. In Fig. 243 are shown three 
forms of support for a lathe, seen from the end. For stability 
the base needs to be broader than the bed. In A the width of 
base necessary is determined and the outlines are straight lines. 
The unnecessary material is cut away on the inside, leaving legs 
which are compression members of correct form. The cross- 
brace is left to check any tendency to buckle. For convenience 
to the workmen it is desirable to narrow this support somewhat 



without narrowing the base. The cross-brace converts the single 
compression member into two compression members. It is allow- 
able to give these different angles with the vertical. This is done 
in B and the straight lines are blended into each other by a curve. 
C shows a common incorrect form of lathe support, the compres- 
sion members from the cross-brace downward being curved. 
There is no reason for this curved form. It is less capable of 
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bearing its compressive load than if it were straight, and is no 
more stable than the form B, the width of base being the same. 



Fig. 244. 


Consider the lathe supports from the front. Four forms are 
shown in Fig. 244. If there were any force tending to move the 
bed of the lathe endwise the forms B and C would be allowable. 
But there is no force of this kind, and the corn^cd form is the 
one shown in D. Carrying the foot out as in A, and C in- 
creases the distance between supports (the bed being a beam 
with end supports and the load between); this increases the de- 
flection and the fiber stress due to tlie load. I'his increase in 
stress is probably not of any serious imporlanc'e, but the prin- 
ciple should be regarded or the ap])eanince of the machine will 
not be right. If the supports were joined l)y a cross-member, 



Fig .-45. 


as in Fig. 245, they would be virtually converted into a single 
support, and should then taper from all sides. 

240. Three-point Support.— If a machine be su])])orted on 
a single-box pillar, change in the form of the foundation cannot 
induce stress in the machine frame tending to change its form. 
If, however, the machine is supported on four or more legs the 
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foundation might sink away from one or more of them and leave 
a part unsupported. This might cause torsional or flexure stress 
in some part of the machine, which might change its form and 
interfere with the accuracy of its action. 

But if the machine is supported on three points this cannot 
occur, because if the foundation should sink under any one of 
the supports the support would follow and the machine would 
still rest on three points. When it is possible, therefore, a ma- 
chine which cannnot be carried on a single pillar should be sup- 
ported on three points. Many machines are too large for three- 
point support, and the resource is to make the bed, or part sup- 
ported, of box section and so rigid that even if some of the legs 
should be left without foundation the part supported would still 
maintain its form. More supports are often used than are necessary. 
Thus, if a lathe has two pairs of legs like those shown in J 5 , 
Fig. 243, and these are bolted firmly to the bed, there will be 
four points of support. But if, as suggested by Professor Sweet, 
one of these pairs be connected to the bed by a pin so that the 
support and the bed are free to move relatively to each other 
about the pin, as in Fig. 246, then this is equivalent to a single 
support, and the bed will have three points of support, and will 
maintain its form independently of any change in the foundation. 
This is of special importance when the machines are to be placed 
upon yielding floors. 

241. Reducing Kumber of Supports. — Fig. 247 shows another 



Fig. 246. 
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case in which the number of supports may be reduced without 
sacrifice. In A three pair^ of legs are used. There arc therefore 
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six points of support. In B two pairs of legs are used and one 
may be connected by a pin, and there will be but three points of 
support. The chance of the bed being strained from changing 
foundation has been reduced from 6 in 4 to o in B. The total 
length of bed is 12 feet, and the unsupported length is 6 feet 
in both cases. 

242. Further Correct Methods. — Figs. 248 and 249 show 
correct methods of support for small lathes and planers, due to 



ui r. 

Fig. 248. 



Professor Sweet. In Fig. 248 the lathe ‘‘head-stock” has its 
outlines carried to the foundation by the box pillar; a rei)resents 
a pair of legs connected to the bed by a })in connection, and 
instead of being placed at the end of the bed it is moved in some- 
what, the end of the bed being carried down to the support by a 
parabohe outline. The unsupported length of bed is thereby 
decreased, the stress on the bed is less, and the bed will maintain 
its form regardless of any yielding of the floor or foundation. 
In Fig. 249 the housings, instead of resting on the bed as is usual 
in small planers, are carried to the foundation, forming two of 
the supports; the other is at a and has a pin connection with the 
bed, which being thus supported on three points cannot be twisted 
or flexed by a yielding foundation. 
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MACHINE FRAMES. 

243. Open-side Frame. — Fig. 250 shows an open-side frame, 
such as is used for punching and shearing machines. During the 
action of the punch or shear a force is applied to the frame tending 
to separate the jaws. This force may be represented in magnitude, 
direction, and line of action by P. It is required to find the 
resulting stresses in the three sections AB^ CDy and EF. Con- 
sider AB. Let the portion above this section be taken as a free 
body. The force P, Fig. 251, and the opposing resistances to 



deformation of the material at the section AB, are in equilibrium. 
Let H be the projection of the gravity axis of the section AB, 
perpendicular to the paper. Two equal and opposite forces. Pi 
and P2, may be applied at H without disturbing the equilibrium. 
Let Pi and P2 be each equal to P, and let their line of action be 
parallel to that of P. The free body is now subjected to the 
action of an external couple, PI, and an external force, P2. The 
couple produces flexure about H, and the force P2 produces tensile 
stress in the section AB. The flexure results in a tensile stress 

varying from a maximum value in the outer fiber at A to zero 
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at H, and a compressive stress varying from a maximum in the 

outer fiber at B to zero at H. This may be shown graphically 

at JK. The ordinates of the line LM represent the varying 

stress due to flexure; while ordinates between LM and NO 

represent the uniform tensile stress. This latter diminishes the 

compressive stress at B, and increases the tensile stress at - 4 . 

The tensile stress per square 

inch at A therefore equals /+/i ; 

where / equals the unit fiber 

B stress due to flexure at A, and /i 

equals the unit tensile stress due 

K Pic P 

o to Pi. Now/-— , and/i==-; 

in which r = the distance from 
the gravity axis to the outer fiber 
= AH, and /—the moment of inertia of the section about i/, and 
A — area of the cross-section AB. 

Were the vertical bounding walls at A and B curved surfaces, 
the locus of neutral axes (centroid) through H would be a curve. 
In this case according to E. S. Andrews: * 



At inner edge of section, /& — P[i + {Klci ■^k^)]^A. 
At outer edge, /c = P[ {Clc2 -^k^) — i]’^A. 


Cl— distance from centroid to inner edge, inches; 

^2= distance from centroid to outer edge, inches; 

Jfe- radius of gyration of section about centroid in inch units; 
4 — cross-sectional area, square inches; 

Z- (7.845+0.42) -f- (85-3); 

C= (5 -0.16) (5 +0.2); 

5 -radius of curvature of centroid divided by (ci+^2). 

244. Problem. — ^Let it be required to design the frame of a 
machine to punch |-inch holes in |-inch steel plates, 18 inches 


^American Machinist, Sept. 5, 1912. 
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from the edge. The surface resisting the shearing action of the 
punch=7rXf''X V' = i.i8 square inch. The ultimate shearing 
strength of the material is^ say, 50,000 lbs. per square inch. The 
total force P, which must be resisted by the punch frame = 50,000 
X 1.18 = 59,000 lbs. 

The material and form for the frame must first be selected. 
The form is such that forged material is excluded, and difficulties 
of casting and high cost exclude steel casting. The material, 
therefore, must be cast iron. Often the same pattern is used 
both for the frame of a punch and shear. In the latter case, 
when the shear blade begins and ends its cut, the force is not 
applied in the middle plane of the frame, but considerably to one 
side, and a torsional stress results in the frame. Combined torsion 
and flexure are best resisted by members of box form. The frame 
will therefore be made of cast iron and of box section. The dimen- 
sion AB may be assumed so that its proportion to the “reach” 
of the punch appears right; the width and thickness of the cross- 
section may also be assumed. From these, data the maximum 
stress in the outer fiber may be determined. If this is a safe 
value for the material used the design will be right. 

Let the assumed dimensions be as shown in Fig. 252. Then 

A =bidi — &2^2 = 78 square inches. 

12 

= 3002 bi-quadratic inches. 


c;=di-J-2=9"; Z = the reach of the punch -=27"; P = 59,000 lbs., 
as determined above. Then 


P _59ooo 


/= 


Pic 


A 78 
59000X27 X 9 


=4776, 


I 3002 

/i + /“5532 = maximum stress in the section. 
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The average strength of cast iron such as is used for machinery 
castings, is about 20,000 lbs. per square inch. The factor of 
safety in the case assumed equals 20,000-^5532=3.65. This is 
too small. There are two reasons why a large factor of safety 
should be used in this design; I. When the punch goes through 
the plate the yielding is sudden and a severe stre'ss results. This 
stress has to be sustained by the frame, which for other reasons 
is made of unresilient material. II. Since the frame is of cast 
iron, there will necessarily be shrinkage stresses which the frame 
must sustain in addition to the stress due to external force's. 
These shrinkage stresses cannot be calculated and therefore can 
only be provided against by a large factor of safety. 

Cast iron is strong to resist compression and weak to resist 
tension, and the maximum fiber stress is tension on the inner 
side. The metal can therefore be more satisfactorily distributed 
than in the assumed section, by being thickened where it sustains 
tension, as at ^ 4 , Fig. 2 53 . If, how- 
ever, there is a veiy thick body 
of metal at a, sponginess and ex- 
cessive shrinkage would result. 

The form B would be better, the 
metal being arranged for proper 
cooling and for the resisting of 
flexure stress. 


Fig. 253. Fig. 254. 

Dimensions may be assigned to a section like B and the 
cross-section may be checked for strength as before. Sec Fig. 254. 
GG, a line through the center of gravity of the section, is found to 
be at a distance of 7.05 inches from the tension side.* The 

* A simple and satisfactory method for obtaining a close approximation to 
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required values are as follows: c = 7.o5 inches; reach of 
punch +£ = 18 + 7.05 = 25.05 inches; ^ = 156.25 square inches; 
7 = 5032.5 bi-quadratic inches; P = 59,ooolbs. 


Then 




Plc 59000X25.05X7.05 


/=T = 


5032-5 


= 2070.4 lbs. 


/i+/ = 2448 lbs. = maximum fiber stress in the section. The 
factor of safety = 20,000-^2448=8.17.* This section, therefore, 
fulfills the requirement for strength, and the material is well 
arranged for. cooling with little shrinkage, and without spongy 
spots. The gravity axis may be located, and the value of / deter- 
mined by graphic methods. See Hoskins’s ^^Graphic Statics.” f 
Let the section CD, Fig. 250, be considered. Fig. 255 shows 
the part at the left of CD free. K is the projection of the gravity 
axis of the section. As before, put in two opposite forces, P3 
and P4, equal to each other and to P, and having their common 
line of action parallel to that of P, at a distance l\ from it. P 
and P4 now form a couple, whose moment =P/i, tending to produce 
flexure about K, P3 must be resolved into two comi)onents, 
one P3/, at right angles to the section considered, tending to 
produce tensile stress; and the other JK, parallel to the section, 
tending to produce shearing stress. The greatest unit tensile 


the true gravity axis of irregular figures is as follows; On a piece of thin but uni. 
form cardboard lay out the figure to scale. Cut it out carefully with a sharp 
knife. Balance the figure exactly, by trial, on a knife-edge. The line of contaci 
with the knife-edge is the gravity axis. Its position may be marked and its loca- 
tion measured to scale. 

* This discussion neglects the action of gravity which would exert a counter, 
balancing moment, reducing the maximum tensile fiber stress below the value 
found. This makes the actual factor of safety greater than the apparent factor 
of safety. 

t The student will be familiar with analytical methods for their determina 
tion from his study of the ‘'Mechanics of Materials.” 
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stress in this section will equal the sum of that due to flexure 
and that due to tension 


The greatest 


=/+/i 


Phc 

I 


• u T 

unit shear 


+ 


id. 

A • 


In the section FB, Fig. 250, which is parallel to the line of 
action of P, equal and opposite forces, each -=P, may be intro- 
duced, as P5 and Pe- P and Pe will then form a couple with an 


Fig. 255. 



arm I2, and P5 will be wholly applied to produce shearing stress. 
The maximum unit tensile stress in this section will be that due 
to flexure, /=P/2C-:-7, and the maximum unit shear will be 
j,=P-i-A. Any section may be thus checked. 
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The dimensions of several sections being found, the outline 
curve bounding them should be drawn carefully, to give good 
appearance. The necessary modifications of the frame to pro- 
vide for support, and for the constrainment of the actuating 
mechanism, may be worked out as in Fig. 256. A is the pi.uon 
on the pulley shaft from which the power is received; B is the 
gear on the main shaft; C, D, and G are parts of the frame added 
to supply bearings for the shafts ; E furnishes the guiding surfaces 
for the punch '‘slide.” The method of supporting the frame is 
shovm, the support being cut under at F for convenience to the 
workman. The parts C, D, £, and G can only be located after 
the mechanism, train has been designed. 



Fig. 257. 


245. Slotting-machine Frame. — Sec Fig. 257. It is specified 
that the slotter shall cut at a certain distance from the edge of 
any piece, and the dimension AH is thus determined. The 
table G must be held at a convenient height above the floor, and 
RK must provide for the required range of "feed.” K is cut 
under for convenience of the workman, and carried to the floor 
line as shown. It is required to "slot ” a piece of given vertical 
dimension, and the distance from the surface of the table to E 
is thus determined. I.et the dimension LM be assumed so that 
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it shall be in proper proportion to the necessary length and height 
of the machine. The curves LS and MT may be drawn for 
bounding lines of a box frame to support the mechanism. M 
should be carried to the floor line as shown, and not cut under. 
None of the part DNE, nor that which serves to support the 
cone and gears on the other side of the frame, should be made 
flush with the surface LSTM, because nothing should interfere 
with the continuity of the curves LS and TM. The supporting 
frame of a machine should he clearly outlined^ and other parts should 
appear as attachments. The member VW should be designed so 
that its inner outline is nearly parallel to the outline of the cone 
pulley, and should be joined to the main frame by a curve. The 
outer outline should be such that the width of the member increases 
slightly from W to 7, and should also be joined to the main 
frame by a curved outline. In any cross-section of the frame, 
as XX, the amount of metal and its arrangement may be con- 
trolled by the core. It is dictated by the maximum force, P, 
which the tool can be required to sustain. The tool is carried by 
the slider of a slider-crank chain. Its velocity varies, therefore, 
from a maximum near mid-stroke, to zero at the upper and lower 
ends of its stroke. The belt which actuates the mechanism runs 
on one side of the steps of the cone pulley, at a constant velocity. 
Suppose that the tool is set (accidentally) so that it strikes the 
table just before the slider has reached the lower end of its stroke. 
The resistance, P, offered by the tool to being stopped, multiplied 
by its (very small) velocity, equals the difference of belt tension 
multiplied by the belt velocity (friction and inertia neglected) 

P, therefore, would vary inversely as the slider velocity, and hence 
may be very great. Its maximum value is indeterminate. A 
“breaking piece ” may be put in between the tool and the crank. 
Then when P reaches a certain value, the breaking piece fails. 


* See Chapter V. 
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The stress in the stress-members of the machine is thereby limited 
to a certain definite value. From this value the frame may be 
designed. Let P= up ward force against the tool when the break- 
ing piece fails.* Let l = the horizontal distance from the line of 
action P to the gravity axis of the section XX, Then the section 
XX sustains flexure stress caused by the moment PI, and tensile 
stress equal to P, The maximum unit stress in the section 


^ Pic P 


A section may be assumed and checked for safety, as for the 
punching-machine in § 244. 

246. Stresses in the Frame of a Side-crank Steam-engine. — 
Fig. 258 is a sketch in plan of a side-crank engine of the ^'girder 



bed type. The supports are under the cylinder C, the main 
bearing E, and the out-board bearing D. A force P is applied 
in the center line of the cylinder, and acts alternately toward the 
right and toward the left. In the first case it tends to separate 
the cylinder and main shaft; and in the second case it tends to 
bring them nearer together. The frame resists these tendencies 
with resulting internal stresses. 

Let the stresses in the section AB be considered. The end of 
ths frame is shown enlarged in Fig. 259. If the pressure from the 
piston is toward the right, the stresses in AB will be: I. Flexure 

* P is limited to the friction due to screwing up the four bolts which hold the 
tool. 
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due to the moment PI, resulting in tensile stress below the gravity 
axis, N, with a maximum value at b, and a compressive stress 
above N with a maximum value at a. II. A direct tensile stress, 
=P, distributed over the entire section, resulting in a unit stress = 
p.^A^ji lbs. per square inch. This is shown graphically at n, 
Fig. 259. fli&i is a datum line whose length equals ab. Tensions 
are laid off toward the right and compressions toward the left. 


Jciei ai 



fin C|di 

(n) 



Fig. 259. 


The stress due to flexure varies directly as the distance from the 
neutral axis iVi, being zero at Ni. If, therefore, biCi reprci:ents 
the tensile stress in the outer fiber, then Ciki drawn through N i 
will be the locus of the ends of horizontal lines, drawn through 
all points of aibi, representing the intensity of stress in all parts 
of the section, due to flexure. If cidi represent the unit stress 
due to direct tension, then, since this is the same in all parts of 
the section, it will be represented by the horizontal distance be- 
tween the parallel lines ciki and die-i. This uniform tension 
increases the tension biCi due to flexure, causing it to become hidi ; 
and reduces the compression ^lai, causing it to become Ciaj. 
The maximum stress in the section is therefore tensile stress in 
the lower outer fiber, and is equal to bidi. 

When the force P is reversed, acting toward the left, the 
stresses in the section are as shown at w. Fig. 259: compression 
due to flexure in the lower outer fiber equal to C2?^2; tension due 
to flexure in the upper outer fiber equal to a2k2; and uniform 
compression over the entire surface equal to 4^2. This latter 
increases the compression in the lower outer fiber from ^2^2 to 
h2d2i and decreases the tension in the upper outer fiber from <22^2 
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to ^2^2- The maximum stress in the section is therefore compres- 
sion in the lower outer fiber equal to 62<^2- The maximum stress, 
therefore, is always in the side of the frame next to the connecting- 
rod. 

If the gravity axis of the cross-section be moved toward the 
connecting-rod, the stress in the upper outer fiber will be increased, 
and that in the lower outer fiber will be proportionately decreased. 
The gravity axis may be moved toward the connecting-rod by 
increasing the amount of material in the lower part of the cross- 
section and decreasing it in the upper part. 

The stress in any other section nearer the cylinder will be due 
to the same force, P, as before; but the moment tending to pro- 
duce flexure will be less, because the lever arm of the moment is 
less and the force constant. 

247. Heavy-duty Engine Frame. — Suppose the engine frame 
to be of the type which is continuous with the supporting part as 
shown in Fig. 260. Let Fig. 261 be a cross-section, say at AB. 
O is the center of the cylinder. The force P is applied at this. 


Fig. 260. 



point perpendicular to the paper. C is the center of gravity of 
the section (the intersection of two gravity axes perpendicular 
to each other, found graphically). Join C and O, and through 
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C draw XX perpendicular to CO. Then XX is the gravity 
axis about which flexure will occur * The dangerous stress will 
be at F, and the value of c will be the perpendicular distance from 
F to XX. The moment of inertia of the cross-section about 
XX may be found, =J; I, the Icvcr-arm of P, =OC. The 
stress at F, f+fi must be of safe value. 

in known terms, 
in known terms. 

248. Closed Frames. — Fig. 262 shows a closed frame. The 
members G and H are bolted rigidly to a cylinder C at the top, and 
to a bedplate, DD, at the bottom. A force P may act in the center 
line, either to separate D and C, or to bring them nearer together. 
The problem is to design G, H, and D for strength. If the three 
members were “pin connected” (see Fig. 263), the reactions of 
C upon A and B at the pins would act in the lines EF and GH. 
Then if P acts to bring D and C nearer together, compression 
results in A, the line of action being EF] compression results 
in B, the line of action being GH. These compressions being in 
equilibrium with the force P, their magnitude may be found by 
the triangle of forces. From these values A and B may be designed. 
C is equivalent to a beam whose length is I, supported at both 


I ’ 


/i = 


area of section 


* This is not strictly true. If OC is a diameter of the “ellipse of inertia,” 
flexure will occur about its conjugate diameter. If the section of the engine frame 
is symmetrical with respect to a vertical axis, OC is vertical, and its conjugate 
diameter XX is horizontal. Flexure would occur about XX, and the angle be- 
tween OC and XX would equal 90®. As the section departs from symmetry 
about a vertical, XX, at right angles to OC, departs from OC’s conjugate, and 
hence does not represent the axis about which flexure occurs. In sections like 
Fig. 259, the error from making /?=9o° is unimportant. When the departure 
from symmetry is very great, however, OC’s conjugate should be located and 
used as the axis about which flexure occurs. For method of drawing “ ellipse of 
inertia’’ see Hoskins’s Graphic Statics.” 
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ends, sustaining a transverse load P, and tension equal to the 
horizontal component of the compression in A or B. The data 
for its design would therefore be available. Reversing the direc- 
tion of P reverses the stresses; the compression in A and B becomes 
tension; the flexure moment tends to bend C convex downward 
instead of upward, and the tension in C becomes compression. 

But when the members are bolted rigidly together, as in 


Fig. 262. 



Fig. 262, the lines of the reactions are indeterminate. Assump- 
tions must therefore be made. Suppose that G is attached to D 
by bolts at E and A. Suppose the bolts to have worked slightly 
loose, and that P tends to bring C and D nearer together. There 
would be a tendency, if the frame yields at all, to relieve pressure 
at E and to concentrate it at T. The line of the reaction would 
pass through A and might be assumed to be perpendicular to 
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the surface AE. Suppose that P is reversed and that the bolts 
at A are loosened, while those at E are tight. The line of the 
reaction would pass through E, and might be assumed to be 
perpendicular to EA. MN is therefore the assumed line of the 
reaction, and the intensity R=P^2. In any section of G, as 
XX, let K' be the projection of the gravity axis. Introduce at 
K' two equal and opposite forces equal to R and with their lines 
of action parallel to that of R. Then in the section there is flex- 
ure stress due to the flexure moment Rl, and tensile stress due to 
the component of i?2 perpendicular to the section, =^Rs. Then 
the maximum stress in the section ==/ + /i. 

I ^3 , 

A^ r 


A section may be assumed, and A, I, and c become known; 
the maximum stress also becomes known, and may be compared 
with the ultimate strength of the material used. 

Obviously this resulting maximum stress is greater when the 
line of the reaction is MN than v^hen it is KL. Also it is greater 
when MN is perpendicular to EA than if it were inclined more 
toward the center line of the frame. The assumptions therefore 
give safety. If the force P could only act downward, as in a 
steam hammer, KL would be used as the line of the reaction. 

The part D in the bolted frame is not equivalent to a beam 
with end supports and a central load like C, Fig. 263, l)ut more 
nearly a beam built in at the ends with central load, and it may 
be so considered, letting the length of the beam eciual the hori- 
zontal distance from E to F', =/i. Then the stress in the mid- 

Pl 

section will be due to the flexure moment -A and the maximum 

O 

PllC 

stress = / == The values c and I may be found for an assumed 
section, and / becomes loiown. 
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249. Steam-hammer Frames. — Steam-hammers are made both 
with “open-side ’’ and “closed ” frames. They may therefore be 
designed by methods already given, if the maximum force applied 
is knov-m. The problem is, therefore, to find the value of this 
maximum force. 

There are two types of steam-hammers: 

Type I. Single-acting. A heavy hammer-head attached to 
a steam-piston is raised to a certain height by steam admitted 
under the piston. The steam is then exhausted and the hammer- 
head with attached parts falls by gravity to its original position. 
The energy of the blow = IT/, where W is the falling weight and 
I is the height of fall. 

Type 2. Double-acting. A lighter hammer-head is lifted by 
steam acting under its attached piston, and during its fall steam 
is admitted above the piston to help gravity to force it downward. 
The energy of the blow Wl (as before) plus the energy received 
from the expansion of the steam; or, if the steam acts throughout 
the entire stroke, the energy of hlow ^Wl-F pAl^ where p is the 
mean pressure per square inch and A is the area of the upper 
side of the piston. 

250. Stresses in Single-acting Frames. — In type i, when the 
action is as described, a force acts downward upon the frame during 
the lifting of the hammer. The intensity of this force ==;^.4 =the 
mean pressure of steam admitted multiplied by area of piston, 
and the line of action is the axis of the piston-rod. During the 
fall of the hammer the cylinder and frame act simply as a guide, 
and no force is applied to the frame except such as may result 
from frictional resistance. The hammer strikes an anvil which 
is not attached to the frame, but rests upon a separate foundation. 

But a greater force than pA may be applied to the frame. 
In order that a cushioned blow may be struck, the design is such 
that steam may be introduced under the piston at any time during 
its downward movement, and this steam is compressed by the 
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advancing piston. A part of the energy of the falling hammer 
is used for this compression. The pressure in the cylinder result- 
ing from this compression is communicated to the lower cylinder- 
head and through it to the frame. Under certain conditions steam 
might be admitted at such a point of the stroke that all of the 
energy of the falling hammer might be used in compressing the 
steam to the end of the stroke. The hammer would then just 
reach the anvil, but would not strike a blow. 

Fig. 26/]., a shows by diagram a hammer of type i. Steam is 
admitted, the piston is raised, the exhaust-valve is opened, and 




Fig. 264. 


the piston falls. But at some point in the stroke steam is again 
admitted, filling the cylinder, and the valve is closed. Com- 
pression occurs and absorbs all or part of the energy Wl. In the 
latter case the hammer will strike the anvil a blow whose energy 
is equal to Wl minus the work of compressing the steam in C. 
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The compression is shown upon a pressure- volume diagram, 
Fig. 264, h. Progress along the vertical axis from B toward E 
corresponds to the downward movement of the hammer. Vertical 
ordinates therefore represent space, 5, moved through by the 
hammer; or, since 5^ = volume displaced by the piston, the 
vertical ordinates may also represent volumes. EF represents 

V2 

the volume V2 of the clearance space, or the piston movement 

which corresponds to the clearance. Horizontal ordinates meas- 
ured from BF represent absolute pressures per scpiare inch. 
Let pi represent the absolute boiler pressure represented by DK. 
TN is the line of atmospheric pressure. During the lifting of the 
hammer the upper surface of the piston is exposed to atmospheric 
pressure and the lower surface is exposed to pressure just sufC- 

W 

cient to raise the hammer, The work of lifting is represented 


by the area NTHG. This work equals the energy, Wl, winch 
the hammer must give out in some way before reaching the anvil 
again. When the piston has fallen to some point, as D, steam 
may be let in below it at boiler pressure, DK. The advancing 
piston will compress this steam, and KM will be the compression 
curve.* The work of compression is represented by the area 
RKMN. If the compression is to absorb all the energy Wl, the 
area which represents the work of compression must equal the 
area which represents Wl. Hence area NTHG must equal 
RKMN: or, since the area RLGN is common to both, the area 
RTHL must equal the area LKMG. The point at which com- 
pression must begin in order to cause this equality may be found 
by trial. The greatest unit pressure reached by compression is. 
represented by EM. The greatest pressure, p2j upon the lower 
cylinder-head is represented by NM, since atmospheric pressure 


* Assuming pV = constant. 
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acts on the outside. The corresponding total force communicated 
to the frame =p2A =P.* 

If compression had begun earlier the energy would have been 
absorbed before the hammer reached the anvil, the piston would 
have stopped short of the end of the stroke, the compression curve 
would have been incomplete, and the greatest pressure would have 
been less than EM, Obviously if compression had begun later 
the greatest pressure would have been less than EM. Therefore 
the force P, ==^2^, with the cylinder’s axis for its line of action, 
is the greatest force that can be applied to the frame in the regular 
working of the hammer. 

A greater force might be accidentally applied. For, suppose 
that water is introduced into the cylinder in such quantity that 
the piston reaches it before the hammer reaches the anvil, then 
all the energy will be given out to overcome the resistance of the 
water. The resulting force is indeterminate, because the space 
through which the resistance acts is unknown. This force may 
be very great. The force applied to the frame may be limited 
by the use of a ^'breaking-piece.” Thus the studs which hold 
on the lower cylinder-head may be drilled f so that they will 
break under a force KP, in which K is a factor of safety and P 
is the force found above. Then the breaking-piece will be safe 
under the maximum working force, but will yield when an acci- 
dental force equals KP, thus limiting its value. The frame may 
be designed for a maximum force KP. 

251. Problem, Type i. — Let W, weight of hammer and 
attached parts, =2000 lbs.; I, maximum length of stroke, ■•=24 
inches; A, effective area of piston, --=50 square inches; clearance 
= 15 per cent; boiler pressure -=85 lbs, by gauge. Steam is 
admitted to lift the hammer, pressure being controlled by throttling. 

* In which A is the effective area of the piston, i.e., area of the piston less 
area of the rod. 

t See page 156. 
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The pressure per square inch that will just lift the hammer == 
2000 lbs. -^50 square inches =40 lbs. In Fig. 264, NG repre- 
sents 40 lbs., and NT represents the volume displaced by the 
piston during a complete stroke. Hence NTHG represents the 
work of lifting the hammer, or the energy that must be absorbed 
just as the hammer reaches the anvil. Trial shows that to 
accomplish this, compression must begin at just about 6 inches 
from the end of the stroke. The maximum resulting pressure, 
represented by NM, equals 258 lbs. per square inch. The total 
pressure acting downward on the frame ^p2A =258 X 50 = 12,900 
lbs.=P. If the factor of safety, is 5, the strength of the 
breaking-piece = irP = 5Xi2, 900=64,500 lbs. This is the maxi- 
mum force, and hence may be used as a basis of the frame design. 

252. Stresses in Double-acting Frames. — In type 2 the 
maximum working force may be found by a similar method. In 
Fig. 265, NG represents the pressure per square inch of piston 
necessary to raise the hammer. The area NTHG represents 
the energy stored in the hammer by lifting. The area HSJL 
represents the work done by steam at boiler pressure acting on 
the upper piston face while the piston descends to D, At this 
point steam is exhausted above the piston and let in below it, and 
compression takes place during the remainder of the stroke. To 
absorb all the energy of the hammer by compression, the areas 
NTS J LG and RKMN must be equal. The area NRLG is 
common to both; hence the area LKMG must equal the area 
RTSJ. The point at which compression must begin in, order 
to cause this equality may be found by trial. 

253. Problem, Type 2. — Let W, weight of hammer and 
attached parts, =600 lbs.; /, maximum length of stroke, =24 
inches; A, effective area of piston (both faces), =50 square 
inches; clearance = 15 per cent; boiler pressure = 85 lbs. by gauge. 
The construction in Fig. 265 shows that compression, beginning 
at 9^ inches before the end of the piston’s stroke, absorbs aU 
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the energy of the hammer, and gives 325 lbs. as a maximum 
pressure per square inch. Then the maximum working force 
=325X50 = 16,250. If K = s, the strength of the breaking-piece 
= 16,250X5 ==81,250 lbs. 




Fig. 265. 

254. Other Stresses in Hammer Frames. — An accidental force 
acting upward may be applied to the hammer frame. The boiler 
pressure is necessarily greater than that which is necessary to 
lift the hammer.* Thus in § 251 a pressure of 40 lbs. per square 
inch is sufficient to lift the hammer, but the boiler pressure is 
85 lbs. per square inch. If the throttle-- valve were opened wide 
and held open during the movement of the hammer upward, the 
energy stored in the hammer when it reaches its upper position 
would equal the product of boiler pressure, piston area, and length 
of stroke, =85 X 50 X 24 = 106,000 in.-lbs. The energy necessary 

* So that it may be possible to work the hammer when the steam-pressure is 
lower in the boiler. 



MACHINE FRAMES. 


461 


to just lift the hammer is 40X50X24=48,000 in. -lbs. The 
difference between these two amounts of energy, =58,000 in.-lbs., 
will exist as kinetic energy of the moving hammer; and it must 
be absorbed before the hammer can be brought to rest in its 
upper position. The force which would result from stopping 
the hammer would be dependent upon the space through which 
the motion of the hammer is resisted. Springs are often provided 
to resist the motion of the hammer when near its upper position. 
These springs increase the space factor of the energy to be given 
out and thereby reduce the resulting force. An automatic 
device for closing the throttle-valve before the end of the stroke 
and introducing steam for compression above the piston may 
be used. The steam is then a fluid spring. 

255. Design of Crane Frames. — A crane frame is to be de- 
signed from the following specifications : Maximum load, 5 tons 
= 10,000 lbs.; radius = maximum distance from the line of lifting 
to the axis of the mast, = 18 feet; height of mast = 20 feet; radial 
travel of hook in its highest position = 5 feet; axis of jib to be 15 
feet above floor line. Fig. 266 shows the crane indicated by the 
center lines of its members. 

The external forces acting on the crane may be considered first. 
A load of 10,000 lbs. acts downward in the line ab. This is held 
in equilibrium by three reactions : one acting horizontally toward 
the left through the upper support, i.e., along the line hc\ another 
acting horizontally toward the right through the lower support, 
i.e.j in the line ai\ a third acting vertically upward at the lower 
support, in the line cd. The crane is a 'Tour-force piece.’’ 
One force, - 4 J 5 , is completely known, the other three are known 
only in line of action. Produce ah and he to their intersection at 
M, The line of action of the resultant of ah and he must pass 
through M. The resultant of cd and da must be equal and 
opposite to the resultant of ah and be, and must have the same 
line of action. But the line of action of the resultant of cd and 
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da must pass through N, Hence MN is the common line of 
action of the resultants of ab and he and of cd and da. Draw 
the vertical line AB * representing 10,000 lbs. upon some assumed 
scale; from B draw BC parallel to be, and from A draw AC parallel 
to MN. The intersection of these two lines locates C and deter- 
mines the magnitude of BC. Now is the resultant of AB 

and BC) and CA, equal and opposite, is the resultant of CD 



and DA. Therefore CA has but to be resolved into vertical and 
horizontal components to determine the magnitudes of CD and 
DA. The force polygon is therefore a rectangle and CD^^AB, 
and BC=DA. 

From the forces AD and CD acting at N, the supporting 
journal and bearing at the base of the crane may be designed; 
and from the force BC, acting at V, the upper journal and bearing 
may be designed. 

256. Jib.— The forces acting on the jib are, first, AB acting 
vertically downward at its end; second, an upward reaction 
*See Force Diagram, Fig. 266. 



machine frames. ^ ^ 

, 1 , ot 77 whose line of action coincides with the axis 

from the brace a^. j; „here the j.b 

ot the brace, fed , 1 ,, l,„e 

TLZ 7t reaultan. o. AS and the brace reacts. LK is 
therefore this line of action. 



Fig. 268. 

In the force diagram draw BE parallel to the center line of the 
bra^ aLd draw EA parallel to LK. Then BE will repres^t he 
brace’ reaction, and EA will represent the reaction at L in the line 
ae. Let RQ, Fig- 267, represent the jib isolated, oc, ® 

are the lines of action of the three forces acting upon it. 1 h 
vertical components of these forces are m equilibrium, and 
to produce flexure in the jib. The 

in equilibrium and tend to produce tension mthejib. The ver 

jib equivalent to a pin con- 

nection. 
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force acting at R is FA* =5000 lbs., the vertical force acting at 
T is FB, =15,000 lbs.,' and the vertical force acting at Q is AB, 
= 10,000 lbs. 

Flexure is also produced in the jib by its OAvn weight acting as 
a uniformly distributed load. 

In order to design the jib, standard rolled forms may be 
selected which will afford convenient support for the sheave car- 
riage. Two channels located as shown in Fig. 268 will serve for 
this crane. For trial 12 -inch heavy channels are chosen. From 
Carnegie’s Hand-book, the moment of inertia for each channel 
about an axis perpendicular to the web at the center =7 = 248; 
c=6 inches; the weight, w, of two channels per inch of length 
=8ilbs. 

The total weight of the two channels =w/ = 8JX 18 X 12 = 
1800 lbs. The vertical reaction. Pi, at R, Fig. 267, due to this 


weight is Pi = 




I2, from the equation of moments. 


due to the weight of jib about the point T. Introducing numerical 
values. Pi =450 lbs. The total reaction at R is therefore 5000 
—450=4550 lbs. A diagram of moments of flexure may now be 
drawn under the jib. Fig. 267. Considering the portion TQ, the 
wli^ 

moment at T=Pli-\ =741,600 in.-lbs. Divide TQ into 

2 


three equal parts. At the division nearest T the moment = 
in which ^3= the distance from Q to the section con- 
sidered. The moment at the other two points may be found 
by similar method. 

The moment at any point at the left of r = 4550X^4 + ^^; 

in which I4 is the distance from P to the section considered. From 
the values thus found the diagram of flexure moments may be 


* See force diagram, Fig. 266. 
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drawn. The maximum value is at T, where M&= 741,600 in.-^bs. 

The resulting fiber stress == / = ==8971 lbs. The 

horizontal component acting at R is equal to FE (see force dia- 
gram, Fig. 266) =12,000 lbs. An equal and opposite horizontal 
force must act at T. Between T and Q there is no tensile stress 
due to the forces AJ 5 , BE, and AE, 



Fig. 270, 


Another force which modifies this result needs to bo considered. 
Let AB, Fig. 269, be the upper surface of the jib. The load is 
supported as shown. The chain which is fastened at B passes 
over the right-hand carriage sheave, down and under the hook 
sheave, up and over the left-hand carriage sheave, horizontally 
to the sheave at A, and thence to the winding drum. If a load 
of 10,000 lbs. is supported by the hook there will be, neglecting 
friction, a tension of 5000 lbs. throughout the entire length of the 
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chain from B to the winding drum. There is therefore a force 
of 5000 lbs. tending to bring A and B nearer together, and hence 
to produce compression in the jib.* The resultant tension be- 
tween R and T is 12,000-5000 = 7000 lbs., while between T and 
Q there is a compression of 5000 lbs. The cross-sectional area 
of the two channels selected = 30 square inches. Hence the unit 
tensile stress =/i =7000-^30 = 233 lbs. The maximum unit ten- 
sile stress in the jib =/ + /i =8971 -f 233 =9204 lbs. per square inch. 

If the channels are of steel, their unit tensile strength will 
probably equal 60,000 lbs. per square inch. The factor of 
safety =60,000^9204=6.5. In a crane a load may drop through 
a certain space by reason of the slipping of a link that has been 
caught up, or the failure of the support under the load while the 
chain is slack. When this occurs a blow is sustciined by the stress 
members of the crane. The energy of this blow equals the load 
multiplied by the height of fall. But the stress members of the 
crane are long, and the yielding is large. Hence the space through 
which the blow is resisted is large and the resulting force is less 
than with small yielding. In other words, the stress members act 
as a spring, reducing the force due to shock. Hence, in a crane 
of this type, the ductile and resilient material is liable to modified 
shock, and a factor of safety =6.5 is large enough. 

The jib might also be checked for shear, but in general it will 
be found to have large excess of strength. 

257. Mast. — Fig. 270 shows the mast by its center line with 
the lines of action of the forces acting upon it. It is equivalent 
to a beam supported at C and D with a load at A. The moment 
of flexure at A equals the force acting in the line be] multiplied 
by the distance CA in inches, =9000 lbs. X 60 inches = 540,000 


* There is also flexure due to this force multiplied by the distance from the 
centre line of the horizontal chain to the gravity axis of the jib. This is small 
and may be neglected. 

t The force BC in Fig. 266. 
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in.-lbs. = The flexure moment is a maximum at this point. 

and decreases unifoi*mly toward both ends. The moment diagram 

is therefore as shown. The maximum fiber stress due to this 

flexure moment =^f Selecting two light 1 2-inch channels, 

r ^ • 1 ' 540000X6 

7 = 176; ^; = 6 inches; / "" - y- — =9200 lbs. 

The tension in the mast equals the vertical component of the 
force acting in the line ae,^ = ^ooo lbs. (Actually reduced to 
4550 by the effect of the weight of the jib.) The compression in 
the mast due to the tension in the chain = 5000 lbs. between A 
and the point of support of the winding drum B. The tension 
and compression therefore neutralize each other, except below B, 
where the flexure moment is small. Hence the maximum unit 
stress in the mast is 9200 lbs. The factor of safety = 60000 ":-92oo 
= 6.5, which is safe as before. This also may be checked for shear. 

258. Brace. — The compression stress in the brace is 19,000 
lbs.,t ^he length, 19 feet, is such that is needs to be treated 
as a “long column.” Because of the yielding of joints and of 
the other stress members, the brace is intermediate between a 
member with “hinged ends” and “flat ends”; therefore for safety 
it should be considered as hinged. In the treatment of long 
columns, the “straight-line formula” will be used.t This 
formula is of the form 




P is the total force that will cause incipient buckling, and hence 
the force that will destroy the column; A is the cross-sectional 
area of the column; p is the unit stress that will cause buckling; 


* The force AE in Fig. 266. 
t See force diagram, Fig. 266. 

J For discussion of long-column formulae see “ Theory and Practice of Mod- 
ern Framed Structures,” by Johnson, Bryan, and Turneaure, page 143. Published 
by John Wiley & Sons. 
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B and C are constants derived from experiments on long columns 
(the values of B and C vary with the method of attachment of the 
ends of the colunin, and with the material of the column) ; I is 
the length of the column in inches; and r is the radius of gyration 
of the cross-section, I being the moment of inertia of 

the cross-section referred to the axis about which buckling takes 
place. 

Values of B and C are as follows: 

For wrought iron, hinged ends, 
flat 

‘ ^ mild steel, hinged ^ ' 
flat 

The brace will be of mild steel channels, and the ends will be 
considered as hinged. The formula to be used is therefore 

P I 

■^-52500-220 

from which 

(52500-220-^^^. 

Channel bars may be selected and values of r and A become 
known from tables. For trial s-inch light channels are chosen. 
Carnegie’s tables give for 2 channels, >'=1.95 inches, and A = 
3.9 square inches. Introducing these values in the above equation, 
with /=i9'Xi 2 = 228", gives P= 106,970 lbs. Since the maxi- 
mum compression force sustained by the brace = 19,000 lbs., 


2=42000-157-. 

-P „ i 

2=42000-1282- 
P 

2 =52500-220 


-=52500-179-. 



MACHINE FRAMES. 


469 


the factor of safety= 106,970-=- 19,000 = 5.6 + . This is a smaller 
value than those for the jib and mast, but it is probably inadvisable 
to use larger channels because of convenience in making the 
connection with the jib and mast. 

But tire brace must be made safe against side buekling. The 
two channels may be considered as’ acting as a single member if 
they are braced laterally. The lateral bracing will be determined 
later. In Fig. 271 the moment of inertia about the axis X for 



each channel = 7 (from table.) If the moment of inertia of each 
about the axis Y be made = 7, the radius of gyration will be the 
same about both axes, the values in the above equation will be 
file same, and there will be the same safety against side buckling 
as against buckling in the plane through the axis of the mast. 
Therefore it is only necessary to make the distance, a, of each 
channel from the axis of Y such that Iy = 1- The moment of 
inertia of one channel about its own gravity axis GG =0.466. Its 
moment of inertia about F = 7 =Ig+Ax’^. Solving, = {ly — 1 (^ 
-hA, whence 




7 


—0.466 

1-95 


= 3 - 35 » 


x = 1.828. 


Hence the distance apart of the gravity axes = 1.828X2 =3.63. 
But the gravity axis is 0.44 inch from the face of the web, i.e., 
X— a =0.44. Therefore the distance, b, between the channels 
=3.65—0.88 = 2.77 inches. Convenience in construction would 
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undoubtedly dictate a greater distance, and hence greater safety 
against side buckling. 

The position of these two channels relative to each other must 
be insured by some such means as diagonal bracing. See Fig. 272. 
The distance, I, must be such that the channels shall not buckle 
separately under half the total load. Solving the long-column 
formula gives 

^=(5^500-2) 


in which P is the load sustained by each channel ( = 19000-^2 = 
9500 lbs.) multiplied by the factor of safety, say 6. The radius of 
gyration, r, is about a gravity axis parallel to the web, == V/ -^A =* 
V 0.466 -^-1.95 =0.488. 


/= 52500- 


9500X6^0.488 


I-9S 


V 


220 


=Si-8- 


The value of /, therefore, must not be greater than 51.8 inches 
but it may be less if convenience, or the use of standard braces 
requires. 

259. Crane Frame with Tension Rods. — The brace in the 
crane just considered may be replaced by tension rods, as shown 
in Fig. 273. This allows the load to be moved radially through- 
out the entire length of the jib. The force polygon, Fig. 274, 
shows tension equal to 37,000 lbs. in the tension rods, and com- 
pression in the jib = 35,800 lbs. If the tension rods arc made of 
mild steel with an ultimate tensile strength of 60,000 lbs., and 
a factor of safety =6, the cross-sectional area must equal 
37,000X64-60,000 = 3.7 square inches. If two rods are used the 
minimum diameter of each = 1.535; say, i-ft inches. 

The mast is a flexure member 20 feet long supported at the 
ends, and sustaining a transverse force of 35,800 lbs. at a distance 
of 5 feet from the upper end- The upper end reaction is there- 



MACHINE FRAMES. 


471 


« 8 <»X«-» 6 , 8 So lbs., and the mMiimum moment of 

SmfriJUd.Ss:xbo = t,btt.o. ln.dbs. 

15-inch heavy eye-beams, / = 75 o^a; c 7 h ■■ I 750X2 

.8055 lbs. -maximum unit stress in the mast. The factoi of 

60000 r 

safety -^-7-4, safe. 

X J TJ.,. ,w, 



Fig. 274- 

TVS moment of flexure in the jib is a maximum when the 

Ld is suspended at its center. The maximum flexure 
maximum load is suspcnut-u a 

moment due to the load and the weight of the jib = M. = - + , 

. p=ioad = io,ooo lbs.; ui=weight of two channels per 

foot length, =100 lbs. if 12-inch heavy channels 
sldmll — 1 values. M..49.0S0 ft-lbs. - sSS.dco m- 

lbs. The resulting maximum fiber stress due to flexure,/- j. 


^5886002^ _ o lbs. 
2X248 
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Compression in jib due to chain tension = 10,000 lbs.; 
Compression in jib due to load =35,800 lbs.; 

Combined compression due to both = 10,000 X 35,800 =45,800 lbs. 
Unit compression = combined compression -^area of the two 

channels — =1526 lbs. 

30 

Maximum fiber stress due to combined flexure and com- 

60000 

pression = 7120 + 1526 =8647 lbs. The factor of safety =—^^- 

= 6.96. If a smaller factor of safety were desired, smaller channels 
could be used. The jib may be checked for shear. 

The load might be moved nearly up to the mast, hence the 
joint at F must be designed for a total shear of 10,000 lbs. The 
pin and bearing at G, as well as the supporting framework for 
the bearing must be capable of sustaining a lateral force = .BC 
=8950 lbs. in any direction. The pivot and step at H must be 
capable of sustaining the lateral force AD^?>g$o lbs., as well as 
a vertical downward thrust of 10,000 lbs. +the weight of the crane. 

260. Pillar-crane Frame. — Fig. 275 shows an outline of the 
frame of a pillar crane. HN represents the floor level; HK 
represents the pillar, which is extended for support to i; KM 
represents one or more tension rods; MH represents the brace. 
The load hangs from M in the line ah. The pillar is supported 
horizontally at -ff, and vertically and horizontally at L. The 
force polygon shows the horizontal forces at H and i = 30,000 lbs., 
and the vertical force at L= 10,000 lbs. From these the sup- 
ports may be designed. These supports should provide for 
rotary motion of the crane about KL, the axis of the pillar. 
The brace may be treated as in the jib crane, the compressive 
force being 21,400 lbs. The tension rods may be designed for 
the force 15,800 lbs. 

The forces sustained by the pillar are as follows (see Fig. 
276): FE, the horizontal component of = 15,000 lbs., acts 
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horizontally toward the right at K, and EF, the horizontal 
component of EB, = 15,000 lbs. acts toward the left at H. BC= 
30,000 lbs. acts toward the left at II, and DA =30,000 lbs. acts 
toward the right at L. CD acts upward at L, producing a total 
compression in the portion LII of 10,000 lbs. The force AF= 
5000 lbs. acts to produce tension between H and K. From 
these data the pillar may be designed by methods already given. 

Fic. 275. 


M 



261. Frame of a Steam Riveter.— Let Fig. 277 represent a 
steam riveter. Both, the fram,c and the stake are acted upon by 
three parallel forces when a rivet is being driven. The lines of 
action of these force's AB, BC, and CA, arc ab^ be, ca. The 
force AB required to drive the rivet — 35,000 lbs. BC and CA 
may be found, the distances Eli and HG being known. The 
moment of flexure on the line ^^ = 35,000 lbs. X 74" = 2,590,000 
inch-pounds. Let the line HF represent this moment. The moment 
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in any horizontal cross-section may be found from the diagram 
EFG. Any section of the frame or stake may therefore be checked. 
The stake needs to be small as possible in order that small boiler 
shells and large flues may be riveted. In order that it may be 
of equal strength with the cast iron frame, it is made of material 
of greater unit strength, as cast steel. 



The two bolts which hold the frame and stake together sus- 
tain a force of 107,000 lbs. The force upon each therefore is 
53,500 lbs. If the unit strength of the material is 50,000 lbs., 
and the factor of safety is 6, the area of cross-section of each bolt 
, , , 6x53500 , 

would be= -^-^^ =6.42 square inches. The diameter corre- 
sponding=2.86 inches. A 31-inch bolt has a diameter at the 
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bottom, of the thread = 2.88 inches, and and hence 3|-inch bolts 
will serve as far as strength is concerned. But the body of the 
bolt is 60 inches long, and each inch of this length will yield 
a certain amount, and the total yielding might exceed an 
allowable value, even if a safe stress were not exceeded. The 
yielding per inch of length, or the unil strain = unit stress-^ 
coefficient of elasticity, or 

but / = ^ ==“^ = 6440 lbs. 

and £ = 28,000,000 

6440 . , 

/ = -r — — = .00002 ^ inch. 

Total yielding^ Ax6o = .ooi 38 inch. 

This amount of yielding is allowable and therefore two 3J-inch 
bolts will serve. 




APPENDIX. 


The following method of determining the position of the 
slider-crank chain corresponding to the maxim um velocity of the 
slider is largely due to Professor L. M. Hoskins. 

Refer to Fig. 278. 



BM = 6 = connecting-rod length, to scale. 

OM = a = crank length, to scale. 

OA = y. 

AM — x. 

OB = d. 

Angle AOB =90°. 

“ MAO^a. 

“ AMO^r- 
“ OMB-^-p. 

i = 2a = length of stroke of slider. 

From our study of the velocity diagram of the slider-crank 
chain (see § 22) we know that the length y will represent the 
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velocity of the slider on the same scale as the length a repre- 
sents the velocity of the center of the crank-pin. The length 

y is determined by erecting at 0 a perpendicular to the line of 
action of the slider and cutting this perpendicular by the con- 
necting-rod h, extended if necessaiy. 

Our problem, then, is to find the position of the mechanism 
corresponding to the maximum value of y. 

Consider the triangle whose sides are y, x, and a. Calling 
the angle included between x and y, a, 

a? = y^ -l-x^ — 2 xy cos a ; (i) 

(2) 

a2=3,2+^2_2j^y^ 

Clearing ( 3 ) of fractions and transposing, 

2xy^ = j -f b ) , 

2xy^=x^+x^+yH+y-b — a-x—a^. ... ( 4 ) 

Differentiating, 

^ dy ^ ^ ^ dy dy 

2y2-l-45i;y— ^ 2hx + y^ 2Xy^ 


Transposing, 


{Axy-2xy-2hy)^ =3a:2-f aJx-f 
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dy 

For maximum value of y, hence we may write o.for 

the left-hand term of (5). 


o 3.V- + 2 hx + — 23/^ ; 
y- ^ ■\'2hx'-a?‘ 


( 6 ) 


Adding x- and sublracling a- from both sides of (6), 

x--^y- — a^==ii^x--^2hx—20?. .... (7) 

From (3), 




x+y 


Substituting this value in (7), 

2xy^ o T o 

/. 2:V7^ ^ (4a;2 + 2/w — 2a2)(::^?+S) (8) 


Substituting in (8) the value of y^ given in (6), 

2x(;^x^ + 2hx — (i^) ^{4x^ + 2bx — 2a^)(x+b); 

“f 4&;v^ — 2a^x ^4X'^^4bx‘^ + 2bx^-{-2b^x—2a^x—2ba^; 
2X'^ — 2 bx^ — 2 b'^x + 2 ba^ = o ; 
x^ — hx^ — l)-^x -f ha^ = o (9) 


Dividing (9) by <2^'* and transposing, 

y^2 ^^3 


p“^+j2' 




(10) 


Equation (10) gives us the relation existing between a, &, 
and X for the maximum velocity of the slider. 
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X 

By taking a series of values of ^ and solving (to) for the 
corresponding values of p Curve A has been constructed. Ordi- 
nates are abscissae are 

For any given problem the values of a and b are known. 
a 

Solve for 

From Curve A find the value of “ corresponding to this value 



X 

From the determined value of ^ and the known value of b 

the numerical value of x is found. 

But equation (6) gives for the maximum value of y the rela- 
tion 

^ ^x^ + 2bx — a^j 

which we can readily solve for y since all of the right-hand terms 
are now known. 

AOB being a right-angled triangle, 

The values of the right-hand member being known we can 
readily solve this for d. 

Let m represent the distance moved through by the slider 
from the beginning of the stroke, then 


m^b+a—d. 
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The portion of the stroke accomplished by the slider at the 
time of its maximum velocity expressed as a fraction of the 
whole stroke, 2a, 

m 
2 a 

d M 

Curve B shows the relation between r- and — . From this 

0 2a 

curve we can see at a glance for any given value of ^ what per 

cent of the slider’s stroke is accomplished when its position of 

a 

maximum velocity is reached. Abscissae are values of ordi- 

m 

nates — . 

2a 

- = ratio of the maximum velocitv of the slider to the velocity 
a 

of the center of the crank-pin. Curve C shows the relation 

d y ^ j* 

between the values of r and Abscissae are values of 7- ; ordi- 
0 a 0 

y y 

nates --1. Add unity to the ordinates for actual values of 
a ^ 

To find the values of /? corresponding to the maximum velocity 

of the slider we have the three sides of the triangle 0 MB, namely, 

6, a, and d. Let 

— . 

2 

Then , from which we can readily get the 

value of 

Curve D is plotted with values of in degrees, as ordinates 
a 

and values of r as abscissae. 
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Table XL.— Assumed Values of p and Corresponding Computed Values 

OF LOLl . and Q, to Plot Curves A, B, C , and J). 
b 20. a 


X 

T 

0.010 

0.015 

0 

0 

0.035 

0.050 

0 

b 

0.100 

0 . 200 

a 

T 

0.1005 

0.1234 

0.1600 

0. 1902 

0 . 2289 

0 ■ 2832 

0.3302 

0,4817 

y 

b 

0. lOI 

0.1243 

0.1621 

0.1936 

0 . 23.48 

0 . 2944 

0.3479 

0.5367 

m 

0.4751 

0 . 4704 

0.4622 

0.4561 

0 . 4484 

0 . 4402 

0.4320 

0.4239 

2a 







L 

a 

1.005 

1.0073 

I. 0131 

I. 0179 

t.0258 

r.0395 

I -0533 

t.1139 


89° 55 ' 

89“ 49 ' 

89^^ 44 ' 

89° 35' 

89° 26' 

88® 50' 

88® 16' 

85® if 

X 


0.300 

0.400 

0.500 

0 . 600 

0.700 

0.800 

0.900 

r 


a 


0.6025 

0.7043 

0.7906 

0.8626 

0.9203 


0.9905 

T 


y 


O.7I2I 

0.8854 

1.0607 

1-2393 

r.4223 

1.6100 

1.8025 

b 


m 


0.4273 

0 . 4409 

0.4597 

0.490T 

0-5374 

0.6044 

0,7221 

2a 


y. 


1.1819 

1-2571 

1.3416 

1.4367 

1-5455 

1.6713 

1.8198 

a 


B 


81° 23' 

76° 41' 

71® 33' 

65° 19' 

57 ° 5 °' 

48° 21' 

35° 8' 

r 
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Steel 

Step, twisted or herring-bone . 

Strength of teeth 

Stub-tooth 

Theory of 

Twisted bevel 

Velocity coefficients 

Worms and wheels 

Torque diagrams 

Tower, Beauchamp 217, 219, 240, 241, 242, 243, 252, 253, 

Traction and Transmission 

Transactions y Amcr. Inst. Min. Engs 

Transactions, Amcr. Soc. Mcch. Ejigs 142, 161, 177, 179, 183, 191, 

210, 213, 230, 232, 242, 254, 271, 273, 280, 293, 301, 316, 336, 338, 

343, 344, 374, 393, 

Transmission, machinery of 

See also Belts; Ropes; Shafting; and Toothed Wheels. 

Turning pair 

Twisting pair 
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363,365 

359 
373, 383 

356 

380 

360 
374, 375 

348 

369 

360 

376,379 

423 

389 

390 

421 

347-380 

376,379 

381 
371 

375 

347 

388 

374,375 

412 

76-78 

254, 255 

219 


417, 435 
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Unwin’s Machine Design 84, 87, 130, 191, 219, 413 


Value of metals, approximate 98 

Vector quantity 25 

Velocity, angular 24 

Definition of 24 
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Velocity, angular {continued). 

Diagrams 26, 28, 79 

Linear ' 24 

Relative 24, 26, 28 

Watertown Arsenal, Tests of Metals 107, m, 123 

Watt parallel motion 41 

Ways. See Sliding Surfaces. 

Weaver, S.H 205 

Weight of Metals 98 

Weisbach’s Mechanics of Materials 50 

Weyrauch, J 83 

White, Maunsel 107 

Whitworth quick-return mechanism 37 

Willis’s Elements of Mechanism 369 

Wohler, A 83 

Work, definition of i 

Worm-gearing 412 

Wrought-iron 88, 98, 99 


Zeitsckrift des Vereins deutscher Ingenieicre. . 217, 219, 269, 273, 378, 379, 416, 417 
Zeitschrift fur Math, und Fhysik 246, 247 




